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GEOMETRIC METHOD OF SEQUENTIAL ESTIMATION
RELATED TO MULTINOMIAL DISTRIBUTION MODELS***

WEI BOCHENG* LI SHOUYE**

Abstract

In 1980’s, differential geometric methods are successfully used to study curved exponential
families and normal nonlinear regression models. This paper presents a new geometric structure
to study multinomial distribution models which contain a set of nonlinear parameters. Based
on this geometric structure, the authors study several asymptotic properties for sequential
estimation. The bias, the variance and the information loss of the sequential estimates are
given from geometric viewpoint, and a limit theorem connected with the observed and expected
Fisher information is obtained in terms of curvature measures. The results show that the
sequential estimation procedure has some better properties which are generally impossible for
nonsequential estimation procedures.
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¢1. Introduction

Multinomial distributions are widely used in statistical inference. In this paper, we present
a differential geometric method to study a kind of multinomial distribution models in which a
set of nonlinear parameters are of interest. The differential geometric method in statistical
inference had been well studied in 1980’s and a nice review was given by Kassl!l. There
are two approaches and two kinds of models which are widely accepted and proved to

Bl for curved

be successful in statistical analysis. One was given by Efron? and Amari
exponential families by introducing a Riemannian geometric framework; the other was given
by Bates and Watts!*l for nonlinear regression models by proposing two kinds of curvature
measures in Euclidean space. The geometry and models discussed in this paper are different
from those of Efron and Amari (EA) and Bates and Watts (BW). The models we study are
close to those of EA, but here the multinomial distribution model can not be regarded as
a full, regular and minimally represented exponential family and may cause some problems
from EA viewpoint[®l. The geometry we present is close to that of BW, but we introduce a
Fisher information inner product as a metric to Euclidean space. Besides, the models, and
the problems of sequential maximum likelihood estimates we shall study in this paper, are
substantially different from nonlinear regression models studied by BW. We try to combine
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the advantages of both EA and BW approaches, and apply our geometric method to study
asymptotics of sequential estimation, which have not been seen in the literature.

In Section 2, we first review some basic results for multinomial distributions, and then
propose a differential geometric framework in Euclidean inner product space for these mod-
els. In Section 3, the stochastic expansions for the sequential estimates are obtained from
geometric viewpoint. Section 4 studies the information loss, the bias and the asymptotic
variance of the sequential estimate. A limit theorem connected with the observed and ex-

pected Fisher information is also given in terms of curvature measures.

§2. Geometry of Multinomial Distribution Models
Let {X*} be a set of n independent m x 1 vectors where each X*¥ = (2% ... x,,5)T
satisfies

PF=1)=m, Par=0=1-m, 0<m<1,

Zmzl, fozl(k:1,~~,n; i=1,---,m).

Then the joint density function of X = (X!,--- ,X™)T has the form

m m
P(a,m) =[] vi=) af, (2.1)
i=1 =1

where Y = (y1,- - ,ym)T = > X is a sufficient statistic. It is easily seen that
k
EXF) =7, Var(X¥)=®, &=g—an’, (2.2)

where m = (71, , 7)) , g = diag(my, -+ ,mn). Let the log likelihood of X be I(7) =
log[P(x,7)]. Then the score function [ and the observed information —I of X for model
(2.1) satisty

i(m) = g7'Y, —i(r) = g *diag(y1,-- , ym),
where Y = (y1,--- ,¥m)T . In what follows, dots over the functions will denote the derivatives.

Note that since there is constraint on 7: Y m; = 1, equations E[l(r)] = 0 and E[—i(7)] =

Var[i(r)] do not hold. This is not the regular case. Now we assume that for model (2.1),

7 is a function of a vector parameter 6 = (61,---,6,)7 of interest (p < m — 1). This is a
commonly encountered situations (see, for example, [6] and [1]). In this case, model (2.1)
can be denoted by

P(a,m(0)) = H{m(@y"}» (2.3)

m=m(0), Zﬂ'i(H) =1 (2.4)

Our discussions will be based on this model. We assume that 7(6) is thrice continuously
differentiable with respect to 6 in some neighborhood O, of parameter space ©. The first
two derivatives of 7(6) are denoted by

om *n
a0t " T 90007
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where D(6) is an m x p full rank matrix and W(6) is an m x p X p array with elements

D,, = gg: and Wi = %géb respectively, where ¢ = 1,--- ,m and a,b = 1,--- ,p. By
equation (2.4), D(6) and W (0) have the following specific properties:

g 'D=1"D=0, [rTg "W]=[T]W]=0, (2.5)
where 1 = (1,---,1)T is an n-vector, [-][-] indicates array multiplication as defined in [4]

(1980). For the sake of simplicity, we denote I(7(#)) and g(7(6)) by 1(6) and ¢(#) respectively.
Similar notation are used for some other quantities in the rest of this paper. It follows from
(2.3)-(2.5) that the score function (f) and the observed information -I(#) of X for model
(2.1) satisty

[=D"g~(O)r(6), El(9)] =0, (2.6)
@)=Y —nr(d), (Y-m(0)—0 (as.), (2.7)

n*%r(G)iN(O,CI)), d=g—nrl as n— oo,

where Y = n~1Y, “a.s.” denotes the convergence almost surely, “L” denotes the conver-
gence by law. Thus from the above equations we have

() =nDTg D — [FTg YW - T, (2.8)

I =DT¢g'Gg™'D, (2.9)

where G is an m X m X m array with G;; = 7; and zeros elsewhere.

Now let 6 be the maximum likelihood estimate of # based on X. We assume that -[(6)
is positive definite in a neighborhood ©, of 6 in ©. It follows from equations (2.6) that 0
satisfies

DT (0)g~*(H)r(d) = 0. (2.10)

The geometric interpretation of (2.10) can be described as follows: In Euclidean space
R™, the “residual vector” # = r(0) is orthogonal to all column vectors of D(6) with respect
to the matrix ¢~'(f) inner product.

Now we can introduce a geometric framework for model (2.1) based on this interpretation.

Take m = (71, -+ ,mm) T as a coordinate in Euclidean space R™. Then z,, = n7(6) denotes
a p-dimensional surface in R, which is denoted by M,, and may be called the solution locus
(see [4]). Tt is easily seen that the tangent space Ty of M, at 6 is spanned by the columns of
D(0). For any two vectors a and b in R™, we define an inner product as {(a,b) = a® g=1(0)b.
Under this inner product, the corresponding normal space is denoted by 7). Now we can
define curvatures for the solution locus z = nz(6). To this aim, we choose orthonormal basis
for spaces Ty and T}. Suppose that the QR decomposition of D(6) is given by

D) = @ M)(3) = R

where R and L = R™! are p x p nonsingular upper triangular matrices and the columns
of @ and N are orthonormal basis for the tangent space and normal space of solution
locus 2z, = nm(#) at 6 in R™. The matrices @ and N satisfy QTg7'Q = I,, QTg~'N =0,
NTg=IN = I—p, where I, and I,,,, are identity matrices of order p and m—p respectively.
For the solution locus z, = nn(f), we have D, = W =nD = QR,, R, = nR;
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W, = ai;g‘g(}ﬁ)) = nW. Denoting U, = (L,)"W, L,, where L, = (R,)~", we define the

intrinsic curvature array A and the parameter-effects curvature array AL as follows
AL =[NTg U], A =1QTg™1Unl.
It follows that
AL =n=tAl AP =n71AP, (2.11)

AT=INTg U], AT =[QTg~ U], (2.12)

where U = LTW L. Al and AT are curvature arrays for the surface z = 7(6). If the sample
size n is fixed, the solution locus z, = nw(f) can be regarded as a similar transformation
of the surface z = m(0). It is easy to see from (2.5) that the unit vector m() is always in
normal space T"g. Then we can set N = (7(6), N1), 71 g~ * Ny = 0.

By (2.10), the residual vector # is in normal space of solution locus at 6 so that # can be
represented as

F=Y —nn(d) =nN@)A , Y —n(0) = N, (2.13)
where n\ is the coordinate of # in normal space in which the columns of N (é) are an
orthonormal basis. So we may extend (2.13) in following way (see [15]).

Let u be an arbitrary point in R™ by the solution locus M,,. Then under some conditions
there exists a point nm(f) on M, such that u — nw(0) = nN(6)\. Denoting w = (0, \),
& =(0,)), we = (6,0), we have

u = nh(w) = nm(0) + nN (),
Y = (@) = h(,)), 7(0) = h(wo) = h(0,0). (2.14)

In this paper, we suppose that the following conditions hold:

(A) X is defined on an open set A which contains A = 0. Denote the closure of A by A.

(B) w(#) and N(0) are continuous on © and thrice differentiable with respect to 6 in ©
and Oh(w)/0w’ is a nonsingular matrix.

Under the above assumptions, w can be uniquely represented as w = g(u), where g(-) is
the inverse function of h(-). In particular, we have

w=g(Y), wo=g(r()) (2.15)
It follows from (2.7) that
(0,)) = (0,0), (as.) asn— oo.
Lemma 2.1. Let F = (Fy,) = %VTZ’ and N = (Ny) (i=1,---,m; a=1,---,p; v=

1,--+,m —p). Then under the conditions stated above we have
DTg 'F = —RTA'R, (2.16)
Al = Al -1 1! = [NTg Y[LTTL]. (2.17)

Proof. Denote D = (D;,). Then DT¢g=!N = 0, which implies

iDmNiv’”;l =0
=1
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for any a and v. Differentiating these equations with respect to 6 and denoting W = (W)
give
Z(meNwal + Do Fopm ' — 72 Diq Dit Niyy) = 0,
i=1
this equation implies
[INTg W]+ DTg™'F — [NTg~1[DTg~'Gg™' D] = 0.
Thus we obtain

DT¢™'F = —R(A" - T))R.

Note that A = A7 — 'l is also an intrinsic curvature. In fact, let ~;(6) = logm;(6),
(i=1,---,m),v(0) = (71(0), - ,vm(0))T, then v() can be regarded as the dual parameter
of m(0) (see [5]). Now take 7 as a coordinate in R™ and define an inner product for any two
vectors a and b as (a,b) = aT gb. The solution locus M., is defined as v = (7 (#)) in this
space. Then the tangent space of M, at 0 is spanned by columns of D, = dv/ 007 . We can
define curvature arrays as follows. Suppose that the ()R decomposition of D. with respect
to above inner product is D, = (QWNV)(R;F,O) = @QyR, which satisfies Q:{gQW = I,
Q?;gNV =0, Nng,y = I,,_p respectively. Then A,IY and Af are respectively defined as

AL = NTgllU,), AP = [QTg(Us). Uy = LIW,L,,

2
where L, = R;' and W, = 637%. By direct calculations we have

D"/ = g_1D> W’Y = [g_l][W - F]a Q’y = g_1Q>

R,=R, N,=g'N, U, =g ' U-L'TL].
Therefore the curvature arrays A,IY and A,IYD can be expressed as
I _ FI _ gl I I _ nT,—17T
A, =A"=A -1V, I"=[N"g J[L'T'L],
P _ 4P P P _ (AT, —117T
AL =A" -T7, T7 =[Q g ']J[L" L] (2.18)

83. Sequential Estimation and Stochastic Expansions

Sequential estimation procedures can be defined in two stages (a) definition of a stopping
rule, and (b) definition of the estimation procedure once the stopping rule is determined.
Following [8] and [9], we adopt a stopping rule by which the random sample size n satisfies

Ey(n) = Kii(n(0)) + O(1),

where K is a large number playing the role of the average number of observations and v (-)
is a smooth positive scalar function (see [7],[8] and [9]). Similar to [9], we assume that the
number n of observations is determined by our stopping rule such that

n(K)=Ku(Y)+ci1(Y)+e

holds, where ¢;(Y) is a function of order 1 and e is a small order term asymptotically
independent of Y satisfying E(¢) = o(1).
By equation (2.14) and assumptions stated above, n(K) can be represented as

n(K) = Kv(,\) +c(0,)) +¢, (3.1)
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where v(6,)) = v1(h(0,))) and ¢(0,)\) = ¢1(h(d,)\)) and 6§ is the maximum likelihood
estimator of 6.

From geometric point of view, when sample size is fixed, the surface z,, = n7(0) is a similar
transformation of z = 7(0). Thus by (2.11) the curvatures of the surface z, = nn(6) are 1/n
of that of z = 7(0). In sequential case, however, the sample size n is a random variable so that
the surface z, = nm () is the conformal transformation of z = 7(6) and it is possible from
geometrical viewpoint to determine n such that the sequential estimation procedure has some
better properties which are generally impossible for nonsequential estimation procedure.

By (2.1) and (2.7), 7(#) can be represented as

n

r(0) = ZT =) (X' —=(0)). (3.2)

i=1
It is easy to see from Wald identity!*?! that
E(r) =0, Var(r) = Kv[r + O(K™ 1)), (3.3)

J(X) = E[-1(0)] = Kv[DTg~'D + O(K~1)]. (3.4)
Lemma 3.1. Under the assumptions stated above we have
K 'n(K) 5 v(0,0) and e=[Kv(0,0)] *r % N(0,®) (3.5)
as K — oo , where “p” denotes the convergence in probability.
Proof. Let Q = {X = (X!,--- X", .- ): igl(f[l/(é, A)] > 0}. It follows from (2.7) and
(2.14) that
Y - 7(0) (as), w0, —v(,0)>0 (as) as n— oo,
which implies that Pyp(Q2) = 1. Hence it is easy to see from (3.1) that n(K) — oo and
K~'n(K) % 1v(6,0) as K — co. Then we obtain (3.5) by using Lemma 4.3.6 in [11].
It is easily seen from (3.5) that

e=0,(1), (Kv):[Y —n(8)] = 0,(1),
and it follows from (2.15) that
(év 5‘) -

(0,0) = g(Y) — g(m(0)) = O, (K~%),
A= (Kv)2(0—0) = 0,(1), X=(Kv)2A=0,(1).

Now we derive the stochastic expansions for the sequential ML estimator 0 from geomet-
rical viewpoint.

Theorem 3.1. Under the assumptions stated above, the second order expansion ofé may
be given by

A0 = (KN)“2Lr+ (KN ' L{nT[A"]r - %TTAPP (r751) 7 — (N s2)T}+ O, (K~ 7), (3.6)

where 7 = QTg e and n = NTg e are uncorrelated and T has asymptotically normal
distribution N(0,L,) ; n* = (n1,nL), m =0 (a.s.) and n2 has asymptotically normal distri-
bution N(0,I,_p_1); 51 = LTsq, 51 = %; So = %; all the quantities are evaluated
at (0,0).
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Proof. It follows from (3.5) and (2.13) that
e=n(Kv)~ {Y —7(0) +7(0) — w(0)}
= n(Kv)  {N(@X + DOSE+ 3 (Kv)~* (56)TW(B6) + O,(K~)).
Expanding N (6) and (3.1) we obtain
N(0) = N(0) + (Kv) "2 F(0)A0 4+ O, (K1),

n(Kv)™ =1+ (Kv) 3 (A0 s1+ X sp) + Oy (K1), (3.7)
Substituting these two equations into the expression of e gives
e = NX+ DA+ (Kv)" %[\ |[F]AG + = (KV)"(AG)TW(AQ)
+(Kv) (A0 5+ 52)(NX+DA9)+OP( -, (3.8)

Multiplying this equation by Q¢ and N7 g~ respectively gives
A =Lr+0,(K~ %), X =n+0,(K%). (3.9)
Substituting these equations into quadratic terms of (3.8) gives
e=NX+DAO + (Kv) "2 [nT][F]LT + %(KVY%TTUT

+ (Kv) 2 (7L s1 40" s2) (N + Q) + O (K 7).
Multiplying this equation by QT ¢~ ! gives

1

T=RAG+ (Kv) 2 [n"][Q"g ' FILT + 5 (Ku)*%(QTgfl)(TTUT)
+ (Kv) "2 (1T LT sy + 0T so)m + Op(KY).

Using (2.12) and (2.16), we can obtain (3.6) from the above equations. The asymptotic
normality of 7 and 7 can be obtained from (3.5). The asymptotic variances of 7 and 7 are
given by

Var(r) = Qg g —nr")g Q=1

Var(n) = NTg ' (g —ax")g"'N =L, — NTg 'nn"g™'N

= Ipp—p — diag(1,0,---,0).

Hence we have Var(n;) =0, 1 = 0 (a.s.). Similarly, we have Cov(r,n) = 0 so that 7 and
are asymptotically independent. Then the theorem is proved.

84. Some Characteristics of Sequential
Estimates Related to Statistical Curvatures

By Theorem 3.1 we have

(1) (Kv)2(6 —0) = A = (DTg~'D)"'DTg'e + O,(K~2) has asymptotically normal
distribution N(0,(DTg=tD)71) .

(2) The asymptotic distribution of A does not depend on # so that A is an asymptotic
ancillary statistic.

(3) The bias of MLE § can be given by

bias(0) = B(0 — 0) = ~(2Kv) " L{tr[A”] + 2L"s1} + O, (K ),
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where tr[AF] = (tr(A]), - tr(A}))T, and A; is the i-th face of A” (i=1,---,p).

Now we study some asymptotic properties of sequential MLE 0 related to the statistical
curvatures.

For our models, the information loss of 0 is defined as

AJ(0) = J(X) = J (),
where J(X) and J(f) are Fisher information matrices of the observed vector X and the
MLE 6 respectively. It can be shown that AJ(f) can be expressed as ([2], [3])

AJ() = Eg{Varg (%’é) }

Theorem 4.1. Under the assumptions stated above, the information loss ofé may be

given by
AJ(0)~RT ArsR, (4.1)
m—p
Ars =Y {(A])? + 55,1, — 252, A}, (4.2)
=2

where g{ 18 the i-th face of ZI, and 421 is the i-th component of ss.
Proof. Now we first derive the stochastic expansion for %. It follows from (2.6) and
(3.5) that

% =DTglr = (Ku)%DTgfle.
The substitution of (3.8) into this equation gives
ol 1 S — 1 — _
o5 = (Kv)¥DTg™' DAG + N DTy~ FIAG + SDTgTH{(B0) W (B9)}

+ (B0 51+ X 55)DTg DAG + O, (K~ )
— ")[-RTATR|A0 + s,RT RAO + (Kv)2 RTRAG
+ (A6)"siRTRAG — %DTg_l{(M)TW(E)} + O, (K™ 2).
Substituting this equation into (4.11) gives
Var(% ‘9) ~ Var{[y"|[~RT A’ R|A0 + n" s, RT RAG)|0}

m—p
é + Va; RTRE illi
b+ var{ ( gj =)
0}
0}
~ mz_:p{RTE{ RAG(AG)TRT ALR + RTRAG(AG)T RT Rs?,
i=2

— RTAIRAG(AO)" 52, — RTRAG(AO)" RT Al Rsy, ). (4.3)
Substituting (3.9) into this equation we obtain (4.2) and (4.3). So the theorem is proved.

mep
~ Var{ ( ; RTAiIRAGn,)

)

m—p

~ Cov{ (> R" Al RAD, mip RT RAOs3m;)
=2
(

2
—p

3 .

m—p
RTRAGsm;, Y | RTAL Rﬂm)
1=2

7=

[ V)

— Cov{
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Theorem 4.1 shows that in the sequential case, the information loss not only depends on
the intrinsic curvature A7 but also depends on s; which is determined by the stopping rule
so that it is possible to minimize the loss of information in some sense by adapting a suitable
stopping rule.

Theorem 4.2. The trace of relative loss of information is minimized by the stopping
rule satisfying so; = al = p‘ltr(gf), (i=2,---,m—p).

Proof. From (3.4) and (4.3) we have

Kuvtr{AJ(0)J 1 (X))} ~ tr{RT A;s R(RTR)™"} ~ tr(Ars)

m—p

= > {tr(A])? + ps3, — 2psxial}
=2
m—p _

= > A{tr(A))* + p(s2i — a})?* — p(aj)*}-
=2

Obviously, the trace attains its minimum when sy; = a/. This completes the proof.

It can be shown that the loss of information of nonsequential MLE is given by mzp tr(gf )2.
Hence p(al)? corresponds to the information recovered by the sequential estimlatzion. This
shows that the sequential procedure is better than nonsequential procedure for our model
from the viewpoint of reducing loss of information.

Corollary 4.1. If 6 is a one-dimensional parameter, then when sq; = tr([lil), (i =
2,---,m — 1), the information loss vanishes approximately.

The relationship between the observed information and the expected information is a
commonly concerned problem in statistical inference, which has been studied by Efron'?
Efron and Hinkley['3l, Amaril'¥, Weil'5! and so on. For our models, let

Q= (Kv)V/2{~1(0) 7 (X) = L} 4—p (4.4)
which can be rewritten as (Kv)Y/2{—[(f) — J(X)}J~*(X), and represents the relative dif-
ference between the observed information and the expected information of # contained in
X. For the sake of convenience, let vec[A] be a p? x k matrix whose i-th column is vec(4;)
for a k x p x p array A, where vec(4;) is the vectorization of A;, ¢ =1,--- | k. Then we have

Theorem 4.3. Under the notation and assumptions stated above, vec(2) and tr() are
asymptotically normal and satisfy

vee() =5 N(0,%), (4.5)

tr(Q) - N(0,02), (4.6)
where ¥ = VI p VT, 02 = 0TT,,_, 10, V = {(L ® RT (vec[A]) — vec(I,) @ s3}, v =
tr[AT] — psa, and I,;,—,—1 = diag(0,1,--- ,1) is an (m — p) x (m — p) matriz.

Proof. Expanding (3.1) gives
n=Kv+ (KV)%55X+ 0,(1),
where v, 55 are evaluated at (6,0). Hence we have

(Kv) {(5=)1 — I} = 55 (6,007, + O,(K

1

5. (4.7)
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Substituting (2.8) and (3.4) into (4.4) gives
1 n — _ _ _ _1
Q= (Kv)* {(5)Ip = (Kv) " rg ! [W = T)(DTg™ D) ™! = I}, + Op(K~2).
From 6 — 0 = O,(K~%) , we have D(0) = D(f) + O,(K~%). Similar relations hold for W, g
and T'. Substituting these and (4.7) into Q given above we have
Q=sIAL, — [7g W —T|LL" + 0, (K~ %),
where é = (Kv)~27 and it follows from (3.8) that é = NX + Op(K K~2). Hence it follows
from (2.12), (2.17) and (3.9) that
Q= sinl, — R"["[A"IL" + 0, (K %), (4.8)
Vec(Q2) = sanVec(I,) — (L @ R Vec([n T1A") + O (K ~2)
= {Vec(L,) @ s3 — (L ® RT)(Vec[A'])}n + Oy (K~2).
Thus we obtain (4.5) from the asymptotic normality of 7.
From (4.8) we have
() = psin — tr([n"J[A"]) + Op(K2)
= (ps2 — A1) + O, (K %),
which results in (4.6).

Corollary 4.2. Ifsq; = p~1tr(Al) (i=2,--- ,m—p), then tr(Q) ~ 0(a.s.). In particular,
for a one-dimensional parameter 0, if so; = AL(i =2,--- ,m —p), then Q ~ 0 (a.s.).

This corollary shows that in the sequential case the observed information is approximately
equal to the expected information in some sense while it is generally impossible for the fixed
sample case.

Now we calculate the asymptotic variance of 0.

Lemma 4.1. Under the assumptions stated above, we have

E(7aTy) = ap + O, (K™ 7)),
E(ramyre) = (Kv) "3 (T, + A%,) + Op(K %), (4.9)

E(ramy7eTa) = (Sab0ed + GacObd + 0aadhe) + Op(K %) (4.10)
fora,bye,d=1,---,p, where dqp = 1(a =b),dqp = 0(a # D), AZ,. = 51406¢+ S1604c + S1c0ab,
A® = (A3,) is apxpxp array, and I'T is given in (2.18).

Proof. It is easily seen that for our model the fundamental lemma of [10] holds. It is

similar to Lemma 2.1 of [8] that we have

T:Z,% % :QTg_l(iﬁgo)), (4.11)
p} (Kv)z
E(tamye) = E(n)E(z1021021c) + E(nz14) E(21021¢)
+ E(nz1p)(21021c) + E(nz10) E(210210)5 (4.12)

where 214, 21, and 2. are the components of z;. Denote H = QT¢g~!. Then the moment-

generating function of z; is
P

t) = imeAi, Al = i(Kl/)ié ZHaitaa
i=1 a=1

a=1
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and hence the first four derivatives of M (t) are given by
m

E(z14) = M'(0) = Zm@

T =0,
- Kz

E(zlazlb) = M(IIIb(O) = (Kl/)_l ZwiHaiHbi = (Kz/)_léab,
i=1

E(z1a210210) = M)

abe

(0) = (Kv)~2 > i Hai HyiHe;
i=1
= (Kv)"2T%,,
E(z1a21021021d) = Méézd(ﬂ) =O0(K™?).
It follows from E(n) = Kv + O,(1) that
n(Kv)™h =1+ (5{7 +s3n)/(Kv)'/* + Oy (K1),

E(nzla)E(zleIC) = 5bcE{Zla + (E{T'Zla + SzTnzla)/(KV)l/Q} + OP(K_l)

= 6bCE{Z Zgltzltzla/(KV)l/z} = O(Kil)
t=1 i=1
= 0he ) 51, E(n)E(21021a) /(K)/? + O(K 1)

t=1

p
= 6(10 Zglt(sat/(KV)l/Q + O(Kil)
t=1

= §1t550/(KV)1/2 + O(K_l)

Substituting the above equations into (4.12) gives (4.9) and (4.10) can be obtained by the
derivation similar to the Lemma 2.1 of [8].

Theorem 4.4. Under the assumptions stated above, the asymptotic variance ofé can be
approrzimately represented as

Var(f) ~ J~HX) 4+ JHX)AJ(0) T H(X)
+ (Kv) LV, + Vi + Voo + Vo) LT, (4.13)
where
(Vy)ij = gtr(AVAZ — ATTZ — APTY),
Vi = (s] LL"s1)I, + L"sys] L — 2[s] L][T? + A?],
Vs = APLT s + (APLT 51)7,

1 S S
(Vps)ij = —gtr(AfAj + ATA7),

(Vp)ij and (V ps)i; denote the elements of Vi, and Vs at (i,5) position; AY, T'F and AS are
the i—th face of arrays AT, T'T, and A® respectively.

Proof. To calculate Var(f), we use the following well-known formula
Var(f) = E[Var(d|7)] + Var[E(6]7)].
By Theorem 3.1, n and 7 are asymptotically normal and asymptotically independent. Thus
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from (3.6) we have
Var(0|7) ~ (Kv) *LVar{([y"][A"]r — n"so7)|7} L,
E{Var(0|7)} ~ (Kv)"2LA;, LT ~ J"YX)AJ(0)J 1 (X).
It follows from (3.6) that

1

Var{E(|7)} = LVar{(Kv)~ 271 — %(Ku)*lTTAPT — (Kv) YTy LT, (4.14)

3, (=2Kv) 7T AP 7Y at (i,5) is

p
p
E AjleiTle}

=1

The element of Cov{7(K

M~

V)~
%(Ku —%E{
k

Il
_

M@
(SIS
~

k=11

= —%(Ku)*Qtr(AéTf + APAY) + O(K %),

By similar derivations we can get other terms in (4.14) and the details are omitted here.

Al (Thy + Afy) + O(K ™

I
-

Combining all above results, we can get (4.13) to complete the proof of the theorem.

Theorem 4.4 shows that the first term of Var(d) is C-R lower bound and the second term
indicates the relationship between the variance of 6 and the information loss of 6. This
term depends only on the intrinsic curvature. The other terms of Var(é) depend on the
parameter-effects curvature and the stopping rule.
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