Chin. Ann. of Math.
16B: 4(1995),509-518.

VIRTUAL SYSTEM METHOD FOR SYSTEM TREE**

7ZHENG ZHONGGUO*
Abstract

A machine, or other type of “system”, can often be divided into several subsystems (compo-
nents) and these subsystems again can be divided into sevreral subsystems (second generation).
This process forms a system tree. To assess the reliability of the machine based on data from
the trials of components of the machine, virtual system method is employed. It is proved in the
paper that the lower confident limit of the reliability of the machine set by the virtual system
method is level consistent and asymptotically optimal while the one set by Lindstrom-Maddens
method is not.
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§1. Introduction and Main result

In practice, a system usually is divided into several subsystems and subsystems agian can
be also divided into the second generation subsystems, - - - . Finally, a system tree is formed.
An example of system tree is explained in Fig. 1.
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Fig.1 An Example of System Tree
In Fig.1, system A; is divided into subsystems A;; and A5 where subsystem Ap; is
again divided into A111 and Aj12 and Ao has only one system Ajs; as its subsystem. In
this paper, we denote the system tree by {A4,, : m € M} where M is a finite set of indices

satisfying
(i) m=(1) € M,
(ii) m = (i1, -+ ,4) € M => i1 = 1, where i1, - ,4; are positivre integers,
(iii) (i1, ,it) € M = (i1, vig_1) € M, (in,- ,i1_1,) € M, i=1,-- 1.
Difinition 1.1. Ag is said to be the subsystem of A, if m = (i1, - ,ix) and m =
(i1, ik, ikt1, - 91). Am is said to be the first generation subsystem of Ay, if m =
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(i1, yik), m = (i1, ik, lg+1). System A,, is said to be the last generation subsystem
if no system in the tree {A,, : m € M} is a subsystem of A,,. Subsystem A, is said to be
the next to the last generation subsystem if all the subystems of A,, are the last generation
subsystems.

In Fig. 1, Ay11, A112 and Ao are the last generation subsystems, A7 and A5 are next
to last generation systems. Denote

My ={m € M : A,, is the last generation subsystem},
M(m) = {m : Az is the first generation subsystem of A4,,}. (1.1)
Let R,, be the reliability of A,,, i.e., R,, is the probability that A,, will work perfectly.
For the relation between R,,’s, we have
Assumption 1.1. Suppose that m ¢ My and M(m) = {my,--- ,m;}. Then
Rm :Rm(lea 7le}a (12)
where the function R, (R, -+, Rm,) is a known function with continuous partial driva-
tives.
l
If the system structure is the series structure, then R,, = [][ Rm,. It is easy to know
i=1
that among the parameters R,,, m € M, the independent parameters are {R,,, m € My}.

Suppose that for every subsystem, A,,, we have n,, trials with S,, successes. The joint
distribution of the experiment is

fsr)y = 1] (g:)Ri’"(l—Rm)"m‘Sm, (1.3)

meM
where s = (Sp,m € M), r = (R, m € Mp). The informaton matrix of this model is

N, OR,, OR,,
Itr) = W;/[ R,(1—R,) Or Or ' (14)

To estimate the reliability R(;) of the system A(;), it is well known from the estimation
theorem that the efficient estimator ﬁ(l) should be asymptotically normal with asymptotic
distribution

N(Ru)» %I(T)‘l%)- (1.5)

In this paper we present an iterative method to calculate the asymptotic variance. Let
{Am,,  Am,} = {Am,m € My} and A,,, be a subsystem next to the last generation
subsystems with its offsprings {A,, ., -+, Am, } = {Am : m € M(mo)}. Denote

M(l) - M\{ml+17 e 7mk}7
T(l) = (lev te ,le,RmO)T = (Rmam € M(gl))Tv

1.6
Ny m%m(% ( )
(D
Nimyg +7:Lm07 m =y,
where
m 1- m
Ty = B (1 = Bom) . (1.7)

R,,(1-R,,) [ ORm 2
Z (nm : ( OR O)

meM (mg) "
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For the new system {A,,,m € M (1)}, which is called a virtual system tree, we define

"Y' BR,, OR,,

I(rW) = L. (1.8)
it R,,(1 = Ry,) 0r() or()
Theorem 1.1. For {A,,,m € M} and its virtual system {A,,,m € MM}, we have
ORa) . 19Bq) _ 9By 0y, 1980
o 1 = g 1) g (1.9)

The proof will be given in Section 2.
Remark. For the virtual system {A,,,m € MM} we rewrite the vector (!) into the
form

P — {R o), R o} (1.10)
k

my

where the number £k = [ + 1 in (1.6). Similarly, there exists a system Am<1) such that
0

MOy c MY = {mV, - ,mg)}. Without loss of generality, we may let MM (m{") =

1 1
{ml(_t,-)p T amg; )}
Furthermore we define M®),r(2) n&%) by
M® = MO\MO (WD), +@ = (R an, - R_w,R_m),
1 L 0
n? — ! m # mél)v
m n')(q'l],) +ﬁ£rlL)7 m = ,'n(()l)7
where
(1) Rm(1)(1 — Rm(l))
n = 0 0 .
md" k Rm(_1)(1—Rm’(_1)) 8Rmél) 2
i=l+1 (D <8Rm§1) )
By Theorem 1.1, we obtain
IRay - 1yy-19B0) _ Bay ;o 2198
oo ) 5w = g () g
Using Theorem 1.1 repeatedly, we obtain
ORu) . 19R) By — Rqy)
I(r)- = 1.11
aTT (T) 6?” ’n,glf)) ) ( )

where u is an integer such that M) = {(1)}.
From practical point of view, we need to set a lower confidence limit for R y), the reliability
of A¢1). Here we present a virtual system method. Define N,, recursively. Let

Nm, me M07
N,, = B ) (1.12)
Ny + Nm, Otherwise,

where

_—— R, (1 —Ry)
R~(1-R~) (9R,, 2

> T(a}T)

meM(m) m m

For the last generation subsystem m € My, Am, ]%m, and §m are defined by

~ o~

Npw =y S =Sm,  Rp = S /1. (1.13)
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Now suppose that m is not a last generation system and that, for all its sons m € M (m), the
corresponding N, R, and S have been defined. Without loss of generality, let M (m) =
{mi, - ,my}. Nm,R\m, and S,, are defined by

Ro = R(Rm,, -+, Rm,), (1.14)
< 2 j%m 1 — ﬁm
Ny = Ny + Ny, = Ny, + A( = )/\ 55 (1.15)
5 R~(1-R-) (ng)
meMm)  Vm m
A/Sy\m = Sm + ﬁmﬁma (116)
where Ry (-) and % stand for the functions of the arguments ﬁﬁll S }A%ﬁ”. By induction,

for all the subsystems m € M, ]\Afm7 Em, and §m are defined. Let 3(1) be the solution of the
following equation

No 5

N i N(iy—i
> ( ;1)>(1)(1R(1))N“) = a (1.17)

=S5,
Actually, when N(l) ans §(1) are not integers, we solve the following
fOEm t§<1>*1(1 NS0 gt

)
— — a (1.18)
Jo 507 1 = t)yNo—Sw gt

instead of (1.17).
Theorem 1.2. For the system tree {A,,,m € M}, we have

min{n., meM}—oo
Theorem 1.3. Under the condition of Theorem 1.2
6R 1 _ 8R 1 _% d
( 8r(7)1(r) 1 8; >> (Ry — Ray) = N(—u1-a,1), (1.20)
where u1—_q is the (1 — «) quantile of the standardized normal distribution function ®.
According to the point estimation theory, when o = %, R is the efficient estimator of
Ry).

§2. Proofs
Proof of Theorem 1.1. Let
()
T2
where
R, )
= y T2 = 5
Ry, Ry,
and {my41, -+ ,mr} = M(mg). By using the notation of partitioned matrix, I(r) can be

rewritten into the form of

= (5, o)
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where
Nm OR,, OR,,
Dy = Z >
meMM\{mo} Rm(l N Rm) 87’1 arl
n OR,, OR,, OR
Do — m m m mo
2 2 Rn(1— Ryy) 0ry OR,,, Or5 '
meMM\{mo}
Da1 = Diy,
2
o
meMM\{mo} m( N m) mo "2 "2
n Nmg ORy ORm,
Ry (1 — Ryyy) Oro Or3
nm nn c
+diag( s Ly L )
Rmz+1 (1 - le+1) ng(l - Rmk)
Similarly, the information matrix I(r(!)) is partitioned into
(1) (1)
ey = (2 D). (22)
D3y Dy,
where
%) OR, OR
D(l) - D D(l) — 'm m m
S 12 2 Ry(1—Ry) 9r1 Ry,
meMM\{mo}
(1) 2
M _ p" ) _ M Ry
D21 _‘D21 ’ D22 - Z Rm(lme) (aR'mO) .
meM (1)
By the inverse formula of partitioned matrix
flz(Dﬁ+£mTMA]?ﬂDﬁ DED”A1>
—A_1D12D;1 A1 ’
where A = (Dag — DngﬁlDlg), we obtain
aR(l) (I_l(r))aR(l) _ (8R(1) 8R(1) 8Rm0).
orT or orT " ORy, Or
_ _ _ _ 9R)
(D' 4+ D' D12AT Dy Dy =Dy Dip AT o
—A_1D12D1_11 A1 9Rmy ORm
87’2 3Rm0
_ <3R<1) é”%)),
~\ 0r] "OR,,
Dy + D' D1sA~ Dy D' Dy Dyp A=t 2l ) <3§;j> 03
: OR, _ — OR, _10R,, o . :
— mgﬂ A 1D12Dn1 argo AT Do 31};(,:

From the definition of D;;, we know that

DV =Dy, Dyy=DY

Subtituting these formulas into (2.3) we obtain
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ORuy 1, ORn)  ORgu
B ) = g

1)1t 1)t (1) ORmy A —1 ORm 1 1)t )7t (1) ORmy A —1O0Rm
DU+ DY DY YA e p D) _p{y Dfy e A1 2
ORmy A —10Rmy (1) 9(1) " ORmy A —10Rm
- argUA ! ars P12 D1y 8T§°A 1 e
L)
ort”’
from which we know that to prove (1.9) it sufficies to prove the following equation
ORy, 1 9Ry, 1 1 )7 (1) =1~ -1
8r§0A ! 87"20 :(Dé2) 7Dé1)D§1) Dgz)) 1:A(1) : (2~4)
By using the formula for matrices
ATTU)VTATL
A T\—1 _ A*l o (
A+ v T+ VAT
where V' and U are vectors, we have
8R,ZO A_laRmo _ GRTO (diag( My gy o N, )
ory Orsy ory Ry (1 =Ry y) Ry, (1 —Rp,)
n Z Ny ( OR,, )26Rm0 OR, n N ORy OR
R, (1 — R,,) \ORp, ory  0r} Ry (1 — Ry,,) Ore 003

meM M\ {mo}

_ —1
— Dy iy piy Sl e ) 7 Ol

Ory Orl Ory
_ aRTO (diag(le“(l - Rmz“)’.” 7 Ry, (1 — Rmk)>
or] . Ny,
_ diaug(Rm”rl(1 — R ... Ry, (1 — Rmk)) OBy
Moy B Ty, Ors

O (Pl =) | P 1= )

T ) b
org Moy gs N,

Ty N, ORm \2 1) 51" /(D)
(e -D3plY D
(Rm (1—-Ry,) + Z Rm(l—Rm)(aRm ) 21 12)
0 0 meM M\ {mq} °

Nmg

(+ (2 Y mam e
meMM\{mo}

1 1)1t 1 Rm (I_Rm) -1 8-Rm
oo ) B (L )y O

Mg 87’2
= RmO(l _Rm[)) _ (Rmﬂ(l _Rmo))z( Timyg
ﬁmo ﬁmo Rmo (]_ — Rmo)
Nm aRm 2 (1) (1)—1 (1)
* — D5’ D D).
Z Rm(l - Rm) (81{7%) 21 ~11 12 )

meM M\ {mo}
i (e Pme P (ORm\?
[ (Rmo(l —Rpy,) mGM%:\{mg} R,.(1 - R,) (8Rm0)

R, (1 —Rmo)}*l

Nimg

1 1)~ (1
~ D" DY)
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— Rmo(l _Rmo)_
Ty
nm Rmg(1=Rmy) T 9Rom 2 1 1)~ 5
ﬁ+ O’ﬁm . ( > Jk'%m,(l—Pm)(81?m ) *Dél)Dgl) Dgz))
1 ’ © Nmem\(mo) 0
Nn Ring (1=Rmy) m IR, 2 1) H(1)~1 (1
14 5mo 4 Bmol=Bmd (52 o (2Ea )" DO DT DR
meM O\ {mo}
Ring (1= Rung)
= Mmg
omg | Ry (1= Ryny) . OR,, )2 1) (1)1 (1
1+ﬁ+ Uﬁmo . ( > Rm(l—Rm)<81§m0) _Dél)Dgl) Di;)

meMM\{mo}

Mg + Mg N OR;, \2 (1) (1)~ () !
S L L — — D57’ D D
(Rm (1= R | 2 Ro(1— Ro) (aRm ) 21 211 12)
0 0 meM M\ {mo} 0

= (p§y - DYDY DY)
which shows that (2.4) holds.
For the proof of Theorem 1.2 and Theorem 1.3, we need some preparations. Suppose that

)

there exists a series of iid trials for every m € M such that, for every n,,, S, is the number
of successes of the first n,,, trials in this series.
Lemma 2.1. When min{n,,,m € M} — oo,

E’l’ﬂ
R — 1, wpl, (2.5)
J\A]: — R, wpl, (2.6)
No
Spm — NuRp,
= 4 N(0,1), (2.8)
NmBm(1 — Ryy)
Ry — Ry
4 N(0,1), m ¢ M,. (2.9)

Rm(l_Rm)
N,
Proof. We prove this lemma by induction. When m € My, according to the definition

Of Ewu Sm?
~ S, -

Rm:Fa Sm:Sm; Nm:Nm:nm
So (2.5)-(2.8) hold for m € Mgy. Suppose that (2.5)-(2.8) hold for all m € M(m). Let
M(m) = {mq,---,m;}. By induction we know that
5 S S
Rm:Rm(/\la"'a/\l)%Rm(Rﬁlla"'vRﬁll):Rnh wp17
Nz, Nz,
i.e., (2.5) holds for m. From the following expressions
N7 Am 1- Am
Ny, = Ny, + L Bm)

R;(-Ry) (a§m>2’

meM(m)  Vm
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516
Rm 1 - RnL
Nm:nm+ R((lR)) 5
n(I-R2) (0R,
_ 2 NS (3R;>
meM(m) '
where
ORp A ORp (S, S, R,
= = Ty = Rﬁla"'aRﬁ"b )
ORy  ORn (le ﬁ”) 7 OR,, )

we obtain (2.7). According to the definition of §m, §m =S+ %mﬁm, we have

S S+ imBom

—_— = — R,
Np, N + N
i.e., (2.6) holds for m. By Taylor expansion
~ G- g~
Rm_Rm:Rm Aml P 7/\7"” _Rm R~17"' 7R~
(R 52) ~ Bl B
1
OR., [ Sw,
e (S, Yo s
5
B zl: OR, [Ry,(1— v
DR, N

Since ﬁ’ﬁ, 1=1,---

m;

,1, are independently distributed and

we obtain

By the same reason,
S — Ny Ron
NopRo(1 = Ryy)
S~ + " — Rm) <4 N(0,1).
VO + 5m) Bon(1 = B) /(g + ) Bn(1 = Ro)
Proof of Teorem 1.2. Without loss of generality, we assume that ﬁm and §m are

integers so that R is the solution of (1.17). Let

~ o~

Nao 5
Na i Niy—i
D= sup{s : Z ( z( )> (11— RN > a}.

i=s

It is easy to see that P{R(1) > Ry} = P{§(1) < D}. By Central Limit Theorem, we know
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that

Dzﬁm3m+ukwmnVMn&mU—Rm%

where u,, is the a quantile of the standardized normal distribution and o(1) — 0 as N(l) —
oo. Hence by Lemma 2.1.

Say = NoyRay
¢Mn&nﬂ—Rm)

Proof of Theorem 1.3. Let Z;, i =1,--- ,N(l), be a sequence of iid random variables
with

P{Rqy > Ry} =P SUL_ato(1) ¢ 2> 1 —a.

P{Z; =1} = Ry, P{Z;=0}=1-Rg,.
From (1.17) we know that
No

Z;— NoR s o
= W Sw — Ny By,

P{—= > ——
\/N(l)E(l)(]- —Ry)) \/N(I)E(l)(1 — Ry

=a, (2.10)

where P{A} is the conditional probability of A for given §(1), N(l). From (2.6) and (1.17)
we know that By — R(1), wpl. By Berry Essen Theorem, it is easy to show that for almost
all sequence of trials, the sequence of conditional distributions of

Ny .
; Z; = NyR

\/N(1)E(1) (1-Ryy)

tends to standardized normal distribution function ®(z). Therefore by (2.10)
S — N L

\/ﬁ(l)ﬁu) (1-Ry))

— Ul—q; ’LUpl

or

VN0 (R — Ray) Say — NoyR
S (1) \Lx(1) ) A(l) (1) 41(1) 0, wpl,
VEOA=Ba)  [NoyRay(1 - Ry)
by which, combined with (2.5), (2.8), the following holds

By — Ry
Bay(I-Ba))
Ny
or (1.20) holds.

Remark. In practice, the commonly used method is Lindstrom and Maddens method!

— N(*’ul_o” ].),

for series structure. In [2],, we discussed the asymptotic behaviour of Lindstrom and Mad-
dens method. Let {A(), A1), A12)} be a system tree. It is proved in [2] that R;,,, the
lower confidence limit of R(;) set by Lindstrom and Maddens method is not level consistence,
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ie.,
1
>l—a, a< 3
lim  P{Ru) > Rpy} 1
e g <l—-a a>-=
N (12)—>00 3 2~

The method offered in this paper is an improvement of Lindstrom and Maddens method.

Example. Let a system tree be expressed in Fig.2,

TN

Fig.2 An Example of System Tree
where 0,01, 02,03 are the reliabilities of m 1y, m(1,1), m(1,2) and m; 3). The structure of the
system is connected in series, i.e., = 01 -0 -63. In the system n() =0, nu1) =2, n@2) =
3, n@1,3) = 4. Let 0,5 be the lower confidence limit of 6 by virtual system method. Let
a = 0.3. The actual level of 0y, is given by

PO > 0y}, (2.11)
which is a function of parameters 61, 62, 63. As a comparison, let 8; ,, be the lower confidence
limit of @ by the traditional Lindstrom and Maddens method. The actual level of 8;,, is
P{0 > 0.} For simplicity, let §; = 0.9,05 = 0.9. In Fig.3, it is shown that 6, ¢ is better
than 0; ,,, since the actual level of 8,4 is smaller than that of 0;,,.

Fig.3 Lower Bound of the Reliability of Binary System Connected
in Series 6; = (0.9), 6 = (0.9), n = (2,3,4)
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be

6R(1)

or (u) u o
6R(11) L Mgy u M™ N, = —ui_a, U_o

aRmO

—1

ORomg

1
Dy



