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ALMOST PERIODIC SOLUTIONS OF NEUTRAL
FUNCTIONAL DIFFERENTIAL EQUATIONS
WITH NONAUTONOMOUS OPERATOR**
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Abstract

This paper presents some existence theorems on almost periodic solutions for almost peri-
odic neutral functional differential equation and its perturbed systems by means of Liapunov
functional, and extends the corresponding results in [2,4,5,10,11].
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The existence on almost periodic solutions has been widely investigated. There have been
many theorems on the existence of almost periodic solutions to almost periodic functional
differential equations by means of Liapunov functional (see [2, 4-6, 8, 10-12]). In [11], the
author established some theorems on the existence of almost periodic solutions to NFDE,
neutral functional differential equations, by Liapunov functional (where the operator is au-
tonomous). Up to now, the author has not seen any existence theorems on almost periodic
solutions to NFDE with nonautonomous operator. Using the inherence of stable operator
and the same idea as [11], we can still establish some existence theorems on almost periodic
solutions to NFDE with nonautonomous operator by means of Liapunov functional. Now,
all the theorems are generalization of the theorems of [2, 4, 5, 10, 11].

Consider NFDE

d
aD(ﬁ)l’t = f(t,x) (1)

and its product systems

d d

*D(t)xt = f(tvxt)7 D(t)yt = f(tvyt) (1*)

dt dt
We also consider the perturbed systems
d
ED(t)a = f(t,20) + h(0), )
d
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and its product systems

& D)= f(t,0) +h(0), D= 1t w) + A, (2)
d d

aD(t)mt = f(t’mt) + ng(tvl't)v %D(t)yt = f(tvyt) + ng(t’yt)v (3*)

where h : R — R™ is continuous; f,g : R x C — R"™ are continuous and local Lipschitzian
in ¢; C = C([-r,0], R"). We define x; € C by x+(0) = z(t +0),0 € [-r,0] for a given
continuous function z : R — R". For any given norm |- | in R™, (C,||-||) is a Banach space

with ||¢|| = sup |¢(0)]. D : R — C*, where C* denotes the dual space of C' with the
oe[—r,0]
operator norm. For any ¢ € R, we define linear operator D(t) : C' — R"™ by

0

D(t)é = $(0) — / (dopu(t +0)6(8), Vo eC,

where p(t,0) is an n x n bounded variation matrix function, and there exists a continuous
nondecreasing function I(s), s € [0,r],1(0) = 0, such that

0

[ ldmteo)| <) swp jo@). o
s —5<0<0
We always suppose that D : R — C* is almost periodic (see [7]); the Frechét derivative of

D exists on R (denoted by D(t)) and is uniformly continuous on R; h(t) is almost periodic;
fyg : Rx Cg« — R™ are almost periodic in ¢ uniformly for ¢ € Cg- (see [7,9]) and for
a > 0, there is n(a) > 0 such that

|7t 0)] < n(a), [|6]] < aand (t,¢) € R x Cp~,

with Cy« = {¢ € C;||¢|| < H*}.

Clearly, for each t € R, D(t) : Cyg» — R™ is a continuous linear operator. Under the
above hypotheses, it is well known that D : R — C* is uniformly bounded on R and D(t)
is also almost periodic (see [7]). So, D(t) is a bounded operator. Thus, there exists L > 0
such that

|D(t2) — D(t1)|| < Ltz — ta].

It is also well known that there is a unique solution x:(c,¢) of (1) through every initial
value (o,¢) € R x Cp+, the solution (o, ¢) is continuous in (¢, o, ¢), and x¢(o, ¢) exists on
[0,400) whenever |z:(0,¢)| < H < H* (see [1,3]).

Let C([r,4+00), R™) be the set that consists of continuous functions H : [, +o0) — R",
where 7 is a fixed number. For H € C([r,4+00), R"), we consider

D(t)xy = D(o)p+ H(t)— H(o), t>o>T,
{ To = Q.

Let z(0, ¢, H)(t),t > o, denote a solution of (4).

Definition 1. Suppose that H c C([r,00), R"). We say that the operator D(t) is
uniformly stable with respect to H if there are constants K, M such that for any ¢ € C,0 €
[1,+00) and H € H, the solution x(o, ¢, H) of (4) satisfies

las(o, 6, )| < K] + Moo [H(w) = H(o)]|. 5)

(4)
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Lemma 11U, If D(t) is a uniformly stable operator with respect to C([r,00), R"), then
there are positive constants a,b,c,d such that for any h € C([1,+00), R"), 0 € [, 4+00), the
solution (o, ¢, h) of the equation

D(t)z; = h(t), t>0,2,=¢
satisfies

lze(, 6, )| < e (0lg]| +c- iugtﬁl(U)l)er- sup |h(u)|,  t>0.  (6)

o<u<t

Furthermore, the constants a,b,c,d can be chosen so that for any s € [0, ),
|zi(o, ¢, )| < e (b]|¢]| + ¢ sup [h(w)]) +d- sup |h(u)] (7)
o<u<t s<o<t

fort>s+r.

Remark 1. Clearly, if the operator D(¢) is uniformly stable with respect to C([r, c0),
R™), then for any o > 0, the operator D(t + o) is also uniformly stable with respect to
C([r,00), R™) with the same numbers K, M, a,b, c,d as Definition 1 and Lemma 1.

Lemma 213!, Suppose that D(t) is a uniformly stable operator with respect to H. If
x(t) s a solution of Equation (1), ||z¢|| < a,t € R, and fot f(s,xs)ds € H, then for any
t1,t2 € R, we have

|22, — 20, || < M - [n(a) + La] - [t2 — ta].

Here M is the number in (5).

Lemma 3. Suppose that the operator D(t) is uniformly stable with respect to C((—oo,
+00); R™),u: R — R™ is a solution of Equation (1) and ||u¢|| < H < H* fort € R™. Then
the closure cl{us;t € R} is a compact set in C.

Proof. By Lemma 1, u; is uniformly continuous on R*. Take any sequence {uy, },tx
> 0. Clearly, the sequence of function {u(t; 4+ 6)} is uniformly bounded and equicontinuous

n [—r,0]. Hence, cl{us;t € R} is a compact set in C' by Arzela-Ascoli theorem.

Let AP = {¢ € C(R,R"); ¢(t) is an almost periodic function }. For § > 0 and N > 0,

we set

Bgn = {¢ € AP||¢(t)| < B,t € R;[d(t1) — ¢(t2)| < N|t1 — Lo
for t1,t, € R; and mod(¢) C mod(D, f, g)}.

Similar to the proof in [11], we can obtain

Lemma 4. For 8 >0 and N > 0, Bg ny is a compact set in Banach space Co(R, R™),
where Co(R, R™) is the set that consists of continuously bounded functions from R into R"
with supremum norm || - ||°°. Furthermore, if ¢ € Bg n and t € R, then g(t,¢;) € AP and
is bounded uniformly on ¢ € Bg n andt € R.

From the condition that g is local Lipschitzian in ¢ and Lemma 3, it follows that there
is a K > 0, such that

l9(t, é0) — g(t,v0)| < Kl — o[
for any ¢,v € Bg y and t € R.

Similar to the proof in [11], we can obtain
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Theorem 1. Suppose that D(t) is uniformly stable with respect to C((—o0,+00); R™)
and Equation (1) has a solution £(t),|&| < H < H*,t > 0. If £(t) is asymptotically almost
periodic (see [2,5]), then Equation (1) has an almost periodic solution.

Suppose that V : RT x Cg+ x Cg+ — R is continuous. We define the derivative of V'
along the solution of Equation (1*) by

Vet 6.6) = Timsup V(04 (8 ). g (8. 0)) = V(1,6 9),
where (z(t, ¢),y(t, 1)) is a solution of Equation (1*) through (¢, (¢,v)), ,¢ € Cpr=.

Theorem 2. Suppose that D(t) is uniformly stable with respect to C((—o0,+00); R™),
and there is V : Rt x Cy+ x Cy« — R such that

() u(| D)6 — D)) < V(£ 6,) < u(ll6 — ¥l]). u,v € CIP,v(0) = 0:

(i) [V(t, d1,91) = V(L, 2,v2)| < LI D(t)¢1 — D(t)d2| + [D(t)1 — D(t)t2]];

(iii) V(’l*)(t,qi),lb) < —coV(t, &,0), for some constant co > 0.

If there is a solution £(t) of Equation (1) such that |&| < H < H* fort >ty > 0, then
Equation (1) has a unique almost periodic solution p(t) which is uniformly asymptotically
stable, and mod(p) C mod(D, f). Furthermore, if D(t+w) = D(t) and f(t+w,¢) = f(t, @),
then Equation (1) has an w-periodic solution.

Proof. Let a,b,c,d be the numbers in Lemma 2. We complete the proof by dividing it
into four steps.

(1) Prove that Equation (1) has an almost periodic solution.

We can assume to > 0. Put Wy = cl{&;t > 0}. It follows from Lemma 3 that W; is a
compact set in C. Let a = {an}, o, — 00 as n — 00, be any sequence. We can suppose that
{an} is increase (if necessary, take subsequence). Since D(t) and D(t) are almost periodic
and f(t, ) is almost periodic in ¢ uniformly for ¢ € Cy+, we can suppose that D(t + o)
and D(t + a,) converge uniformly on R as n — oo and f(t + @y, @) converges uniformly
on R x W7 as n — oo (if necessary, take subsequence). Thus, for any € > 0 (¢ < H), there
exists lp = lo(€, W1) such that when m > k > Iy, we have oy > r,

2He ““{b+ [I(r) + 1]c} < €/2,

5+ a,0) = St +am o) < LD 19y € Ry,

u(e/2d)co

ID(t + ) = D(t + am)|| < 6L [n(H) + TH]'

teR,

and

. . u(e/2d)eg
_ < 20
[|1D(t+ ax) — D(t + am)]| < SIH

Now, we consider functional V' (¢,&:, &t 4a,,—ay )t > 0,m >k > lo.
VIt &, Ebvam—anr)

. 1
= lim sup E[V(t + h Etns Seram—anth) — V(6 & Eram—ar)]

h—0t

t € R.

X 1
<limsup —[V(t + b, eqn(t, &)y Yern (t Gram—ar)) — V(E & ram—ar)]
h—0t h

i 1
+ lim sup E[V(t + 1y Einn Stvam—anth) = V(E+ R 2 n(t6), Yern (b &t am—an )]

h—0t
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< —coV (t, &, Ettam—ay,) + limsup %HD(t + ) (Eean — wegn(t, &)l

h—0t

+ Dt + h) (e tram—arth = Yern(t Eranm —ai))l]
= —COV(t, gta §t+a7n_ak)

. L
+ lim Sup — [D(t + oy — op + h)£t+am*ak+h - D(t + oy — ak)gtJram*ak]
h—0+ h

— [D(t + D) Ytsn(ts Etram—ar) — DE)Et+am—as]
+ [D(t + h) - D(t + oy — ap + h)}(ftJramfakJrh - €t+a"ﬁak>
+{[D({t+h)—D(t)] — [D(t+ om —ar +h) = Dt + am — o) Yttan—arl- (8)

Since £(t) is a solution of Equation (1), £(t + au, — ay) is a solution of the system

d
ﬁD(t +  — agp)wy = f(tE+ apm — ag, wy). (9)

Using Remark 1 and Lemma 2, we obtain

€+ am—ar+h = Et+an—aill < M[n(H) + LH]h.
From (8), it follows that

V/(t, gtv ftJramfak) < _COV(ta gt» £t+amfak) +
By using differential inequality, we have
u(e/2d) n u(e/2d)

V(taftagt—&-am—ak) < e~ oot |:V(07€0’€0(m,_01k) - 9 9 )

For the above € > 0, there exists T" > 0 such that when t > T, we have

—eot u(e/2d)
e “'w(2H) < 5

u(e/2d)co
—

t>0.

Thus, when t > T', we have

VIt &t Ettram—ar) < ule/2d).
It implies that

ID(t) (& = Ettam—arn)| < €/2d, t=>T.
It follows from (7) that

1€ — Ettam—au ]

< e {2Hb 4 2H[I(r) + e} +d  sup D)€ — Eurar-a,)
t<u<t+oap

<e, Vi>T,m>k>l.
In this time, there is an Iy such that for any t € RT we have t + a;, > T. So, we obtain
||£t+05l1+0¢k - £t+azl+am” < vt e R+’m >k >lo.

This implies that 7(t) = £(t + «y,) is an asymptotically almost periodic function (see [2,5]).
Clearly, £(t) is also an asymptotically almost periodic function. It follows from Theorem 1
that Equation (1) has an almost periodic solution p(t).

(2) Show that p(t) is uniformly stable for ¢ > to(tg € R).

Put

H+H*
5—, H* <oo.

) {H—i-l, H* = o,
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For any € > 0 (e < H), we take 6 : bd < ¢/2 and v(6) < su(e/2(c+d)). For any tg € R, ¢ €
Cu» : ||¢ —pe,l| <9, let z(t) = z(to, ¢)(¢) be a solution of Equation (1) through (¢, ¢). Let

B =sup{t;t > toand {x,;s € [to,t)} C Cp}. Then
Wy = cl{z;t € [to, B)} Ucl{ps;t € R}

is a compact set in C' by Lemma 3. Since D(t) and D(t) are almost periodic and f(t, ¢) is

almost periodic in ¢ uniformly for ¢ € Cg«, there is 71,7 + tg > 0, such that

1+ 71,0) — ) < UL DD iy gy e pocm,
DGt +7) — D)) < SHet Aoy p
12LM[n(H) + LA
and
. . u(e/2(c+ d))eo
||D(t+n)—D(t)||§W t € R.
Now

V'(t + 71,24, p1)

. 1
=limsup — [V (¢t + 71 + h, Teqn, Pen) — V(E+ 71, 24, Dt)]
hoot N

1
< limsup EHD(t + h)xern(t, ) — D(t)xs]

h—0t

— D+ 71+ h) Xt pn(t+ 11, 28) — D+ T1)Tpry (84 71, 2]

1
+ lim sup EHD(t + 71+ h) — D(t+ h)[(@r4n — x1)]

h—0t

+ lim sup %|{[D(t + 4 h) = D(t+ )] — [D(t + h) — D@)]}a].

h—0+
Since z(t) is a solution of Equation (1), we have

l2en — il| < Min(H) + THJ,  t€ [to, B).

Thus, we have

; 1 u(e/2(c+ d))¢
limsup - |D(t + 71 + h)[@e4n — T 40 (E+ 71, 24)]| < M.
h—0t h 4L
Similarly, we obtain
; 1 u(e/2(c+d))c
limsup —[D(t + 71 + B)[Pr+n — Yegr +1(t + 71, p1)]| < M-
h—0t+ h 4L
It follows that
2(c+d
V’(t —+ Tl,xt,pt) < —COV(t —+ Tlaxtapt) + M

Using this differential inequality, we obtain
V(t+ 71,2, pt)
u(e/2(c+ d))} N u(e/2(c+ d))
2 2

<u(e/2(c+d)),  Vte[to,B).

< eco(t=to) V(to + 71, Ty, Pty) —
u(e/2(c + d))
< AT R
<w(d) + 5
It imples that
|ID(t + 71)(z: — pt)| < €/2(c+ d), vt € [to, B).

(10)
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By (6) in Lemma 1, we obtain

llor = pell < e Bl@r, — proll + ¢ sup [D(u+m)(@e —pa)l]
to<u<t

+d- sup |D(U+Tl)(xu_pu)| <¢, vt € [t075)'
to<u<t

So, it is easy to know that 8 = +oo. Thus, we have
(1) —p(t)] <€, t>to.

This implies that p(¢) is uniformly stable.
(3) Show that p(t) is quasi-uniformly asymptotically stable for t > to(to € R).
Since p(¢) is uniformly stable, there is a dy > 0 such that when ||¢ — py,|| < do,

||ze(to, ¢) — pel| < H(< H* — H) for t > tg
by the second step. Put x; = x¢(to, ¢). Thus,
W3 = cl{x;t € [to,0)} Ucl{pi;t € R}

is a compact set in C' by lemma. For any € > 0 (e < H), there is 79,72 +t > 0, such that

Ft+m,0) — f(t, 9) < 20

12, ) V(L(ZS) € Rx W3a

u(e/2d)co

D(t + —-D@)| < — — , te R,
1D+ 72) = DI < 12LM[n(H + H) + L(H + H))
and
. . u(e/2d)coy
Dt +7)— D) < —L=2D0 4 e R,
1D+ m) = Do) < P
Similar to (10), we can obtain
2d
VIt + 72,0, 1) < —coV(t+ T2, 20, p) + ule/2d) 21

— 2 )
Using this differential inequality, we have

V(t+ 72, 0,p) < e 0lH0) [V(to + T2y Tigs Prg) — u(eé2d)} + u(€é2d), vt > to
Take a T7 > 0 such that it satisfies
ey < L2
and
e~ [boo + c(I(r) + 1)H] < €/2.
Then, when t > tg + T, we have
|D(t + 72)(z¢ — pt)| < €/2d.
Let T'= 2T;. Hence, when t > to + T, we have
llze = pell < €T (bl|aey — peoll + ¢+ sup |D(u+7)(wu — pu)l)
to<u<t
+d- sup  |D(u+7)(@y —pu)| <e YVt >tog+T.

to+T1 <u<t

It implies that
|x(t) — p(t)| < e, t>tg+ T,
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i.e., p(t) is quasi-uniformly asymptotically stable.
(4) From the third step proof, it follows that for any almost periodic solution p(t) of
Equation (1), t € R, we have

Ip(t) —p(t)] =0,  ast— cc.
Using the almost periodicity, we obtain
p(t) =p(t), VteR.

This means that the almost periodic solution of Equation (1) is unique. Now, we want to
show

mod(p) C mod(D, f).

Suppose {7yx} is any sequence and satisfies the condition that, for any compact W in
Cr~, f(t+7k, @) converges to f(t, ¢) uniformly on Rx W as k — oo and D(t++;) converges
to D(t) uniformly on R as k — oo. Since p(t) is an almost periodic solution, there exists
{7, } € {7} such that p(t + ;) is uniformly convergent on R as j — oo. Put

Q) = jliggO p(t +r;)-

Then, Q(t) is an almost periodic function (see [2, 5]). It is easy to show that Q(¢) is
a solution of Equation (1) . We obtain Q(¢) = p(t) by the uniqueness. It implies that
mod(p) C mod(D, f) (see [2, 5]).

Clearly, when D(t + w) = D(t) and f(t + w,¢) = f(t,¢) for (t,¢) € R x Cg~, we can
show that Equation (1) has an w-periodic solution.

Theorem 3. Suppose that D(t) is uniformly stable with respect to C'((—o0,00); R™), and
there is V : RT x Cg~ x Cp~ — RY such that it satisfies the conditions (i) and (iii) of
Theorem 2 and

(i) [V(t, b1, 1) — V(£ ¢2,92)| < LI[D(t)¢1 — D(t)¢2] — [D(E)¢r — D(t)¢2]], for some

constant L > 0 on Rt x Cg- x Cy~.
Assume that there is a solution £(t) of Equation (1) such that ||&|] < H < H* for all
t>to>0. Ifu'(LK/co)(c+d)+ H < Hy < H* (where |h(t)| < K,t € R, and c,d are the
numbers in Lemma 2 ), then Equation (2) has a unique almost periodic solution p(t) which is
uniformly asymptotically stable and mod(p) C mod(D, f,h). Furthermore, if D(t), f(t, d),
and h(t) are w-periodic in t, then Equation (2) has an w-periodic solution.

Proof. Let a,b, ¢,d be the numbers in Lemma 2. Suppose that (x (1)(t0, o), (1)(t0, ¥)) is
a solution of Equation (1*) through (¢o,(¢,v)) and (z; ) (to, 9),y (2) (to,?)) is a solution of
Equation (2*) through (¢o, (¢,%)). By the condition (ii)’, we have

‘/(/2*) (t7 ¢, 1/1)
T 1 2) ) B
hmsup h[v(t + h,xt_t,_h(t,d)) yt+h( ﬂj)) V(taf?ﬂ/))}

h—0+t
< limsup £V (t+ a4 (t.0). 90, (10) = Vit.6,0) (1)
+liinsolip }IL[ (t+h $t+h(t ?), yt+h(t Y)) = V(t+h, xt+h( ?), yt+h( V)]

< _COV(t7¢7'¢))7 V(t,(ﬁ,’(/)) € R+ X C'H* X CVH*-
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It suffices to show that Equation (2) has a solution n(t),|n| < H < H*, on [tg,00) by
Theorem 2. Let ¢ = &, m = x?) (to, @) be the solution of Equation (2) through (¢o,¢) and
[to, B) be its maximal existence interval to the right.

. 1
V/(ta €t7 77t) = lim sup E[V(t + h’a €t+ha 77t+h) - V(tv €t7 nt)]

h—0t

. 1
< lim sup E[V(t + hvgtJrh» :L'E_lt,_)h(tv ﬂt)) - V(tv gtv nt)]

h—0t

. 1
+ lim sup 7[V(t + ha €t+h7 77t+h) - V(t + h’ €t+ha mgi)h (t7 Ut))}
hoot N

S _COV(taghnt) +LK’ vVt € [t07ﬁ)
By this differential inequality, we obtain

(h— LK LK LK
V(&) < e 000 Vit gmy) = —— | + = < ==, VEE [to, B).
Co Co Co
Thus, we have
L
u(|D(t)&r — D(t)m]) < = € [to, B)-

It follows that

1€ — nel| < e [b]|&g, — meol| + ¢+ sup [D(w)(Ew — 1))
to<u<t

+d- sup |D(u)(§u — M)l

tgéugt

< (ec+d) sup |D(u)(& — 1)l
to<u<t

< (EEyevd),  Vielp).
0

It implies
/LK .
Il < w™ (== e+ d)+ H < Hy < H', Vi€ [to, B).
0

Clearly, 8 = +o0.

Theorem 4. Suppose that D(t) is uniformly stable with respect to C((—o0,0), R"), and
there is V : RT x Cg« x Cg~ — RT such that it satisfies the condition (i)’ of Theorem 3,
the condition (iii) of Theorem 2, and

(i) Mo|D(t)p — D)y < V(t,9,9) <v(l|¢ —¢||),v € CIP,v(0) =0, for some constant
My > 0.

If Equation (1) has a solution £(t),||&|| < H < H*,t > tg, then for any §: H < § < H*
and N > (n(H) + L)M (here M stands for the number in definition), there exists ng > 0
such that when 0 < n < no, Equation (3) has a unique solution in Bg n. Furthermore, if
D(t), f(t,¢), and g(t,¢) are w-periodic in t, then when 0 < n < no Equation (3) has an
w-periodic solution.

Proof. For 8 > H and N > M[n(H) + L], we first show that there is an 7, > 0 such
that when 0 <1 < 2, for any ¢ € Bg, n, the system

Dty = f(t.20) + mgl 00 (12)
has a unique solution in Bg y.
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Put Cy = sup{|g(t,é:)|;t € R,¢ € Bgn}. It follows from Lemma 4 that C; < +o0.
Suppose that x(t) is a solution of Equation (12) which satisfies x¢, = &, and its maximal
existence interval to the right is [tg, ). We have

. 1
V/(tv Tt, St) = lim sup E[V(t + h7 Lt+h, §t+h) - V(tv Lt, ft)]

h—0t

1
< —coV (¢, zt, &) + limsup EL|D(t + h)xppn — D(t+ h)xii)h(u xt)| (13)
h—0t+

< _COV(ta Tt, gt) + anl vt € [t07 Oé).
By this differential inequality, we have

: LnC LnC ILnC
V(tvmtvgt) S e—co(t—to) V(t07xt07§to) - n 1:| + n ! S n 17 vt S [t()ua)'
Co Co Co
It follows from the condition (i)’ that
LT]Cl
D(t —D(t < Vtelt .
Dz~ D& < 2L, Veeltoa)
By Lemma 2, we obtain
|z = &il| < e bl[wy, — &, ||+ ¢+ sup [D(w)(zy — &)]
togugt
+d- sup [D(u)(zy — &)l
to<u<t
LnC
<(c+d) sup |D()(wy — &) < (c+ d) =22 vt € [to, a).
to<u<t coMpy
It implies that
anl
< H.
ol < e+ ) At +
By the assumptions, we know that there is an 177 > 0 such that when 0 < n < ny,
nLCl *
d)——+H H*.
(c+ )COMO +H<p<

Thus, z(t) is infinite continuation to the right, i.e., @ = 4+00. Assume that (12*) denotes
the product system of Equation (12). Similar to (11), we have

V(Ilz*)(tvqsﬂ/)) < —coV(t, ¢, 7).
It follows from Theorem 2 that Equation (12) has a unique almost periodic solution p(t)
that is uniformly asymptotically stable, mod(p) Cmod(D, f, g), and
nLCy
coMo

[Ipel] < (¢ + d) +H. (14)

For any t1,t2 € R,

/ £ (5,ps) + (s, pa)lds

t1

|D(t2)pe, — D(t1)pt, | =

< [”(ZOLJ\% (c+d)+ H) + 7701} Ity — t].

It follows that
|D(t2)(pto — pt,)| < [D(t2)pe, — D(t1)pe, | +|[D(t2) — D(t1)]ps, |
nL01
<
- |:n(CoM0

(c+d)+H) +nCy + L[tz — ta].
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Thus, we obtain

nLCy
e = vl < M| (T2 (0

Since 3 > H,N > M[n(H) + L], we can take an 7y such that, when 0 < 1 < 7, Equation
(12) has a unique solution in Bg n.

(c+d)+ H) +nCy + L[tz — ta]. (15)

For any ¢ € Bg n, let T'¢ stand for a unique solution of Equation (12) in Bg . Thus, T
is a mapping from Bg y into Bg y. For any ¢, € Bg , we have

V'(t,(T)e, (TP))
= lim sup %[V(t + 1 (TO)ih, (TV)ign) = V(E, (T)e, (T):)]

h—0+
< —coV(t, (To)s, (T)e) + LnK]|¢ — ||,
By this differential inequality, we obtain
V(t, (To)., (T),)

< = [V 0, @00, @)0) ~ 2 g — 1] + L g — .
It follows from the condition (i)’ that
ID(E)(T6), — D(E)(T).)
70075 _ 16
U= I | D e (16)

< M,
Since T'¢, Ty € Bg n and D(t) is almost periodic, there is a sequence {a,}, a, — 00 as
n — 0o, such that

To(t + an) = Tt + an) = To(t) — T(t)

uniformly on R as n — oo and D(t + a,) — D(¢) uniformly on R as n — co. Replacing ¢
by t + a;, in (16), we obtain

D(1)(T), — DUYTW),| < L”K||¢ B,

It follows from Lemma 2 that

10 — @)l
< e BTSN — (Tholl + sup, [D()(T9) — D(w)(T¥)a]
+d-0333t|D<u><T¢>u— (W(T0).]

i o0 nK ~
Bl (T )0 — (T)o \|+C |I¢ YIIF| +d—r |I¢ il
If we replace ¢ by t + «,, on the above, and n — 00, we can obtam

K
dn

(T¢)e — (T):l| < ||¢ Y, teR

Let 19 = min {ny,n2, CoMy/dLK}. Then, when 0 < n < no,T is a contraction mapping
from Bg n into Bg . Hence, T' has a unique fixed point in Bg n.

Clearly, if D, f and g are w-periodic in ¢, there is an 7y such that when 0 < n < ng,
Equation (3) has an w-periodic solution.
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Remark 2. Clearly, the theorems in [11] are special cases of the above theorems when
D(t) = D and the theorems in [4,10] are special cases of the above theorems when D(t)¢ =
¢(0) for ¢ € C.
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