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ON THE LEAST DOMINANT CONTINUOUS
MODULUS AND ITS APPLICATION**
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Abstract

This paper discusses pointwise error estimates for the approximation by bounded linear op-
erators of continuous functions defined on compact metric spaces (X, d). The authors introduce
a new majorant of the modulus of the continuity which is the smallest among those g(£)’s which
have the following properties w(f, €) < g(f, €) and g(f, Ae) < (14+N)g(f, €) and by this majorant

a new quantitative Korovkin type theorem on any compact metric space is proved.
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§0. Introduction

In this paper we deal with quantitative Korovkin type theorems for the approximation
by bounded linear operators defined on C(X), and in particular by positive ones. Here
C(X) = Cr(X,d) denotes the Banach lattice of real-valued continuous functions defined on
the compact metric space (X,d) with norm given by ||f||x = max|f(z)|,z € X. We also
assume that X has diameter d(X) > 0. The first such theorem for general positive linear
operators and X = [a,b] equipped with the euclidian distance is due to R. Mamedov4.
For spaces (X, d) being metrically convex in the sense of K. Menger®!, D. Newman and

6], More recently M. Jimenez

M. Shapiro proved a theorem similar to that of Mamedov!
Pozo introduced the compact spaces having a coefficient of convex deformation p < co and
generalized the theorem to these spaces®!. Furthermore, H.Gonska proved the theorem of
this type in terms of the least concave majorant of the modulus of continuity on any compact
metric space as follows.

Theorem A.Y Let A be of the form A(f,y) = ¥a(y) and let L be a bounded linear

operator, both mapping C(X) into B(Y). Then for f € C(X),y €Y and 0 < ¢, we have

(L= A)(f9)] < maX{%(IILII HILAX)y), e (@dX)(|®y 0 L] = L(1x,Y)))}
+IL(d(, ga W)l (f€) + (L = A)(1x, y)[[ f(ga (V)]
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Here 1x denotes the function X 3 ¢ — 1 € R, ®, denotes the operator C(Y) 3 f — f(y) €
R, and &(f,€) denotes the least concave majorant of w given by

sup (e—x)w(f,y)—i—(y—e)w(f,x) fO?”OS € Sd(X)7
O(f, €) := { 0<e<e<y<d(X) yoe
TFY
w(f,d(X)) for € > d(X).

Gonska’s results are achieved via the use of a certain K-functional, and the least concave
majorant he used is not the best majorant in terms of the property @(f, Ae) < (1+N)o(f,e€).
So in this paper we will introduce a new majorant of the modulus of continuity and prove
a new quantitative theorem by direct method.The new majorant and its properties will be

given in §1, and in §2 we prove the new quantitative theorem in terms of it.

§1. The Majorant and Its Properties

Definition 1.1. The n-majorant of w(f,€) is defined by
@n(f,€) == max(wn(f,€),w(f,€)),

where
wn(f,0) :=w(f,0),
wn(f d(2 )) =K ( ), where K1 = f{K:Kezw(f,e) for e > %},
wn(f,€) :( ( )—wn(f,O))Tﬁ for OSESd(;f).

More general, if we have defined wy, (f,

)

wn(f7 (k+1)d(X )) {K (k—i—l) (f?kd(X))}7

on 2n
where
mf{ : Ke +wn(f, X ))Zw(f,e) for GZW},
S TS TS S
kd(X) (k+1)d(X).

for — <e<

Lemma 1.1. w,(f,¢€) is a Cauchy sequence.

n

Proof. We will prove it by three steps.
In step 1, we prove that for any ¢ > 0 there exists an N such that for any n > N,

(f, (k+1)d(X)> —wn(f, de(i())’ <

Without loss of generality we can assume

w(f,0) =0, lii}})(f’f) =w(f,0), w(f,e)<1landd(X)=

1
Thus there exists a d, and if 0 < € < §, we have w(f,e) < €. Let N satisfy SN < % If
k ! k 0
n > N, we have w(f,2—n) < % for on < % Thus

on (1 DY (1 )| <)

2n
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/
1
For 2% > ?, we have Kj41 < 5 where K} is as in Definition 1.1. Thus
(k+ 1)) ( k ), ( 1 ) 1 ,
_ — )< — )| < —X<
w"<f’ on wnlfogm )| < Breilgn) < Jaw <€

and all these conclude the proof.
In step 2, we prove that for the N in step 1 and any n > N we have

k k ,
an(fge) —en(fg)] <<
We prove it by inductive method. First it is obvious that |w,(f,0) — wn(f,0)] = 0. Now

assuming
k k
wn(f727n) _wN(f727)‘ < €,
by Definition 1.1 we know

k2n—N 4 on=N _ 1 k
Wn, (f, 2n ) — WN (f, 27) > _6,

and

(BT (0 D) <o

So by Definition 1.1 we have

(1 20 (1 20 <.

In step 3, we prove

lwn(f ) —wn(f,€)| <2¢  for 2% <e< (k;;l)
From
(1 ) 2505 (1 B)
and
(1) <otz n(3, 4520

it can be seen that

|wn (f,€) —wn (fe€)l
<o (2 ) (1)

(1 557) = (13|

Because o |
on(15520) = (130)]
<o (2 ) o (2 ) o () a1 ) <20

and similarly

anr EE0) (5. ) 2

we arrive at the estimate of step 3.
Finally, if n,m > N,
|wn(f; €) —wm(f; )] < |wn(f,€) —wn(f, )l + lwn (f€) —wn(f €
< 2¢ 4 2€ = 4€,
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and this concludes the proof.
Lemma 1.2. For any linear function f(x), if f(z) < (1+£)f(e) and f(y) < (1—|—y)f(e),
€ €

then for any z = ax + by,a +b =1, we have f(z) < (1+ E)f(g).
€
Proof.
f(z) = flaz +by) = af(z) + bf(y)
x z
<a(l+2)f() +b(1+ )f(e) = (1+2)f(e)
Lemma 1.3. For w,(f,¢€) as in Definition 1.1, we have
wn(f; A€) < (14 Nwn(f;€).
Proof. For A <1, it is the consequence of the nondecreasing of w, (f,¢€). For A > 1, we

assume € € [L H'il} and e € {2%,(]62—:1)

on’ on

By Definition 1.1, we know K; > K;y1. Thus

on(Frge) < ewn(,0)

}. If [ = k, the proof is simple, so let [ < k.

and

on(p DY < B2, (g

2n 2n
By Lemma 1.2 we arrive at the estimate.

Corollary 1.1. &, (f,€) is a Cauchy sequence and it satisfies
@n(f, Ae) < (14 Nwn(f,€).

Proof. It can be easily seen from Lemma 1.1 and Lemma 1.3.

Definition 1.2. We define the least 1-majorant of the modulus of the continuity w(f,€)
as W(f,€) =limw,(f,¢€).

Theorem 1.1. &(f, Ae) < (1 + AN)w(f,€).

Proof. 1t is trivial from Corollary 1.1.

Lemma 1.4. If w(f,€) satisfies w(f, Ae) < (1+ Nw(f,€), we have &(f,€) = w(f,€).

Proof. By Lemma 1.1, it can be seen that if n is large enough,we have
wn(f, (k +;3Ld(X)> B wn<f, kd2(;LX)
We also use the inductive method. First w(f,0) = w,(f,0). Now assume

>’<e’ for any ¢ > 0.

o H90) oy )
For wj, ( 7 kd;f )) <w(f, kdz(f )), it can be easily seen from Definition 1.1 that
(1 ) (1 B90) (5 900)
< w(ﬁ UH;%) +€.
For wy, (f, kd;f)) > w(f, kd;f)), we also have
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All these show that
o1 5500) S (57500 2u(n 157

When n — oo, we have &(f, €) = w(f,€) almost everywhere.

Theorem 1.2. If g(f,€) satisfies

(1) g(f,€) is non-decreasing,

(2) 9(f;Ae) < (1+N)g(f,e),

(3) w(f,e) < g(f,e).
Then we have &(f,€) < g(f,€) almost everywhere.

Proof. We can also define §(f, ¢) as in Definition 1.1, and by Lemma 1.4 §(f,€) = g(f,¢€),
so we can use the following Lemma 1.5 to get the result.

Lemma 1.5. If g1(f,¢) < g2(f,€) then we have §1(f,€) < ga(f, €) almost everywhere.
Proof. The spirit is the same as that of Lemma 1.4, so we omit it here.
Lemma 1.6. &(f,¢€) satisfies O(f, Ae) < (1 4+ No(f,e).
Proof. By Brundyi’s Lemma,
5(f,€) = 2K(¢/2, f, C(X), Lipl),
where K satisfies K (At, f) < max(1, \)K (¢, f), which yields the proof.
Lemma 1.4, Lemma 1.5 and Lemma 1.6 show that @(f,e) can be estimated above by

@(f,€), the converse estimate is also true.
Theorem 1.3. &(f, Xe) < O(f, Ae) < (L+N)w(f,€). In particular if A =1 this reduces to

w(fre) <@(f,e) <20(fe).
Proof. If one of A € is equal to zero, it is obviously true. So let A\;e > 0, and 0 < e <
d(X). From the definition,
(Ae —z)w(f,y) + (y — AJw(f, z)

w(f, Ae) = sup )
0<z<e<y<d(X) y—x
T#y
so we have
e — T Y — e Ne—T . Y — A€,
w(f,y) + w(f,r) < (f,y) + w(f,z)
y—x y— y—a y—
e —x Yo . Y — e T, .

< 1 1+ —
<20+ Do+ L=Ea+ Dalo

For e > d(X), we have
. . d(X)\ . .
B(f.2e) = &(£,d(X)) < (1+ Z22)a(f.9) < (L+a(f,e).
Remark 1.1. We can also define the least p-majorant which satisfies @(f, Ae) < (1 4+
pA)&(f,€) corresponding to the compact metric space with a coefficient of convex defor-
mation p < oo and get the similar results as in Theorem 1.1, Theorem 1.2 and Theorem
1.3.

§2. Quantitative Theorem and Its Proof

Using @(f,¢€), we can now give the quantitative theorem on any compact metric space
(X,d). The proof is as that of Pozo.
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Theorem 2.1. Let (X,d) be a compact metric space, A be of the form A(f,y) =
YVa(y)f(galy)) and L be a bounded linear operator, both mapping C(X) in B(Y). IfyeY
is such that L(1x,y) # 0, then for all f € C(X) and all € > 0 we have

L(1Xay) 6_1
o) (1 €A

L(1x,y)| o )
L(lX,y)T\(I)y oL (L(1) + € L(d(ga(y)), y))w(fy€)

+ (L = A)Ax, ) f(gaw))].
Proof. If f € C(X), then for all t € X,
1F(8) = flga)] < w(f,d(t, 9a(y))) < &(f, d(t, d(t, ga(Y)))

< (1+ d(t,g:(y)))@(ﬁ .
For fixed y € Y, if t € X, we define
hu(t) = fgaly)) — (1+ =290

(L= A)(f,p)] < By 0Ll (1~

ha(t) : = f(ga(y)) + (1 + T

The continuous functions hi,i =1,2, satisfy hi(t) < f(t) < ha(t) and
[f(t) = @) = f{t) = ha(t)
<170~ Flaat)] + (1+ L2255 o
<2(1+ d) (e).

w
Here d denotes d(t,ga(y)),w(e) denotes w(f,e). Also we have
)

o) — 1)1 < 2(1+ (o)

max{||f — hill,i = 1,2} < 2(1 + @)@(e).

The assumption L(1x,y) # 0 allows one to introduce the auxilary function 7.

1) = Ty(4) = G P L)

For fixed y € Y this is a continuous linear functional on C(X). Hence by Riesz’s repre-

sentation theorem, there exists a y = u™ — pu~, where u™, u~ are positive measures such
that
1) = [ s = [ st~ [ gant.
X X X
+ [ gaw = [t =0
X X
We estimate [, fdu~ as follows:

[ s <1l / Ldi™ = Ifllx [ gt bl

Hfllx (=T (1x, ) + llel)-

Hence

We have
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Moveover
Il =sun{| [ ] £ € CCOIANx < 1} = 1@, 0T
Thus 0 < T(f,y) + [x fdu~ or T(f.y) = —|fllx3(~T(1x,y) + [[@y o T|). This implies
L(1
T(f,y)+ I fllx3(1—M) >0, where M := M < 1. Applying the latter inequality to
y ]
f — hy and hy — f shows that

T(f b))+ 1f = all 3 (1= M) >0,

and
T(ha = f) + bz = 50— M) > 0.
Consequently
T(F) ~ Floal)T(1x) > ~If ~ b5 (1~ 30) ~ T+ Da(s,o)
> —max(|f ~ hilli = 1,2)5(0— M) = T(+ D, o)
Similarly

T() ~ FoaT(x) < max(lf — hull i = 1,202 (1 M)+ 7(1+ D).
Thus
[7(F) ~ Floal) T < (1= M)+ D(f ) + T+ Dt s, o).
Recalling the definition of T', we obtain
(L= A 0)] < L0 9) — L, ) (aalo)] + 12— A)1x, 1)1 (9aW))

and

IL(fy) = L(1x, ) f(ga(y))]
< 1@y o LI(T(f,y) = flga(w)T(1x)]

<@y, 0 L|[(1 — M)(1+ e td(X)) + |L(1x,y)|

dy .
L(ley)||<I’y0L||L(1+E)w(va)

IL(1x,y)l
L(1x,y)||®, o L

< (1, 0 L]l - L(Ly,»)(1 + < d(X)) + L(1+9ats.e,

which yields the theorem.
Corollary 2.1. As is immediately seen from Theorem 2.1 we have
(1) Under the conditions of Theorem 2.1, we have

(L= A0l < (12, 0 1] - Lep)(1+ 22)

+[L(1) + e L(d(t, ga (). p)|@(e) + (L — A)(1x, 9)|If (g9a ()]
(2) If L is a positive linear operator, and hence |®, o L|| = |L(1x,y)|, then the above

estimate reduces to

(L —a)(f.y)l < L+ e d(t, ga(m)))a(e) + (L — A)(1x, y)|| f(ga®))]-

(3) If (X,d) is metrically convex, we can use w(f,€) instead of &(f,€) in all the above
estimates.
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Remark 2.1. Comparing Theorem 2.1 with Theorem A, we consider the case ¥ =
X, A=1d, L(1x,z) = 1. Theorem A implies that

IL(f,x) = f(2)] < max(1, e L(d(t, ga(y)), 2)d(f,€)
and Corollary 2.2 implies that

IL(f,2) — f(x)] < (L + e L(d(t, 9a(y)), 2))(f. ).
If f satisfies w(f,€) = &(f,¢€), the first estimate is sharper. If f satisfies ©(f,€) = 20(f,€),
the second estimate is sharper.
Remark 2.2. We can apply Theorem 2.1 on many operators. For example, we can

consider Berstain—type operator on X = [0, 1] J[2, 3] which is not metrically convex.
2n—1

(Ln Zf wani(w,0) + Y (F)(2 - %) +f(2)(% 1) Jwsnia, )

i=n

+Zf.w3nzxa)

1=2n

Here we have

Then we have
|Lo(fo2) = f(@)] < 1+ €71 (3n) 7 1+ a) (1 + 3an)z; (1 — ) 2@(f, €).

The other applications will appear elsewhere.
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