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A CONSTRUCTIVE PROOF OF THE INVERSION
FORMULA FOR ZONAL FUNCTIONS ON SL(2, R)
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Abstract

A constructive proof is given for the inversion formula for zonal functions on SL(2, R). A
concretely constructed sequence of zonal functions are proved to satisfy the inversion formula
obtained by Harish-Chandra for compact supported infinitely differentiable zonal functions.
Making use of the property of this sequence somehow similar to that of approximation kernels,
the authors deduce that the inversion formula is true for continuous zonal functions on SL(2, R)
under some condition. The classical result can be viewed as a corollary of the results here.
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¢1. Introduction

Let SL(2, R) denote the multiplicative group of all 2 x 2 real matrices with determinant
1. In this paper, we use G to denote both SL(2, R) and the linear Lie group

SU(l,l)_{<% g):|a2—|5|2—1} (1.1)

because they are isomorphic to each other. For j = {0,1/2}, s = % + i\ (where A € R,
and R is the set of all real numbers), let V7* be the principal continuous series of unitary
representations of G (cf. [4]).

Set
1= fu = <exp(és/2) exp(i)iS/Q)) s R, (1.2)
= form (2 BN ) ”
and

SN = {n, = (1 ;7;2 1‘%{%) .re R}, (1.4)

By the Iwasawa decomposition, any g € G can be uniquely written as
g = usain,, us € SK, a; € SA, n, € SN. (1.5)
Also any ¢ in G has a Cartan decomposition as follows:

g =1uUgaity, 0<a<4m, 0<t, 0<y<2m. (1.6)
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A function f on G is said to be a zonal function if it satisfies f(kgk’) = f(g) for each g € G
and k, k' € SK. The set of all complex valued zonal functions on G is denoted by A.
The following inversion formula for a function in C°(G) N A is well known (cf. [2-6]).
Proposition 1.1. If f € C(G) N A, i.e., [ is an infinitely differentiable, compact

supported and zonal function on G, then

1 [t .1 1.
flg) = %/0 f(i +iX)o(g, 5 +iA)AtanhAd\, for each g € G, (1.7)
where
¢(g,8) = (VgO7sf07f0)7 fO = ]-v (18)
and
fs)= [ Ho)ola™ 5)d. (1.9)
G

In this paper, we give a constructive proof for the inversion formula. A concretely con-
structed sequence of zonal functions are proved to satisfy the inversion formula. Making use
of the property of this sequence somehow similar to that of approximation identity kernels,
we can deduce that the inversion formula is true for continuous zonal functions on G under
the condition f € L'(R,Atanhm)). Proposition 1.1 can be viewed as a corollary of our

result.

§2. Construction

For any f € A, set
f @) = f(a), t€R. (2.1)

Since a_; = ura;u;* for any t € R, f* is an even function on R. Therefore the following
definition is meaningful:

£O(x) = f*(t) = f(ar), == cosht. (2.2)
For f € L'(G) N A, it can be proved that (cf. [4])
f(% +i)) = /_Z Fp(t)e ™dt, teR, (2.3)
where
Fy(t) = ebt / " Famny)dr. (2.4)

If ayn, = uzapuy is the Cartan decomposition, we can prove
1
cosht’ = cosht + ietrg. (2.5)
It follows that
(Fp)°(z) = et/2/ fY(cosht + %etTQ)dr

o 1
= / Oz + 532)ds. (2.6)
Forn>1,9 € G, set

M (2.7)

{ (L, —ncosht)?, for0<t<1/n
0, for t > 1/n,



No.1 Xiao, C. B., Zheng, W. X. et al INVERSION FORMULA ON SL(2, R) 83

where g = uga,u, is the Cartan decomposition,

K, =cosh (1/n), L, =nkK,, (2.8)

1

M, = 277/n (L, — ncosht)?sinhtdt > 0. (2.9)
0

It follows from the continuity of the Cartan decomposition that h, € C.(g) N A and we
can easily prove that

h, >0 and / hn(g)dg = 1. (2.10)
G

By the definition (2.7), for any § > 0 there is an N = [$] + 1 such that, when n > N, we
have

o /OO hn(az) sinh tdt = 0. (2.11)
5
Theorem 2.1. If f € C(G)N A, then
Tim (£ ha)(e) = f(e) (2.12)

where e is the identity of G.
Proof. Firstly, we note that the Haar integral on G is given by the formula

/ f(g)dg = 27r/ / f(ka.k') sinh tdkdtdk’, (2.13)
G skJo Jsk
s0

(% ha)(e) — fle) = /G (F(g™) — £())hn(9)dg
=27 /Oo(f(at) — f(e))hn(as)sinh tdt. (2.14)
0

For any € > 0, because f is continuous at e, there exists a § > 0 such that, when 0 <t < 6,

we have
€

5 (2.15)

|f(az) = f(e)| <
It follows from (2.11) that when n > N = [}] 4+ 1,
| (f *hn)(e) = f(e) |

5
< 27r/0 | flay) — f(e) || hn(as) | sinhédt

+on /;O | F(as) = f(e) || hn(as) | sinh tdt

5 0o

< gzw/ | ho(ay) | sinhtdt +2 || f [lo QW/ | hn(ay) | sinhtdt
0 5

< gzw/ | h(ay) | sinh tdt + 0
0

_ £

= 2 €.

Corollary 2.1. For any A € R, we have
-1
lim hn(§ +i\) =1 (2.16)

n—oo
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Proof. By the definitions of ¢ and b, we know
o(g, % +iX) e C(G)N A
and
Bn(% +iA) = (8(-, % X * Ry (e). (2.17)

Therefore, (2.16) follows from Theorem 3.1.
Theorem 2.2. For each n > 1, we have

1 /. 1
hy(e) = —/ hn (= + @A) A tanh TAdA. (2.18)
27T 0 2
Proof. For x = cosht, by the definition of h,,, we have
A (L, —nr), 1<zr<K,
€] ={ i (Lo = na), 1< @< K, (2.19)
0, x> K,.
When 1 <z < K, it follows from (2.6) that
/ R (x + (s%)/2)ds
V2En—a) 1 5012
= —(Lnfn(erfs )) ds
—2(Kn—z) Mn 2
16v/2n? 5/2
= sag, KT

and when z > K,,, we have x 4 s*/2 > K,,, so F} (x) = 0. Therefore

16v20% (), —2)°? 1<2<K,
Fp (x) = { o ek (2.20)
So we have
d 78\/5712 Kn _ 3/2 1< < Kn
R0 (@)= o, BT LS e < K (2.21)
dt n 0, x> K,.
Set
L™ o a1,
H, = ~5- (Fp (2)) (1+ 3 )ds. (2.22)
Then
2 2 Q(Kn_w)
= / (V2(EK, — 1)) — s%)2ds
3Mnﬂ- -V Q(Kn_z)
TL2 2
=, =)
= ha(e). (2.23)
On the other hand, setting s = 2sinh (¢/2) in (2.22), we get
H, = f—/ Fh ) (cosht) cosh (t/2)dt. (2.24)
It is easy to see from (2.20) that
n? 5/2
o) = | SRR oo g <0< (2.25)
Lo 1> 1, |
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so Fy, (t) € C%(R), and it follows from (2.3) that ﬁn(% + ¢A) is the Fourier transform of
Fp, (t) on R. By the classical results about Fourier analysis on R, we have

Fy (cosht) = F}, (1)
1 /. 1
= 7/ hin (= 4 1)) cos AtdA. (2.26)
™ Jo 2
Taking derivative with respect to « = cosht in both sides of (2.26), we get
1 /. /1 1 d
Fy '(cosht) = = hn( = +iA — At))dA. 2.27
oy - [ () (o) emonar o
Making use of (2.23), (2.24), Fubini theorem and the relation

/ (sinh (t/2)) ™! sin Atdt = 27 tanh ), (2.28)

— 00

we obtain

1 <. 1 ° Asin At t
hn(e) = ﬁ/o hn(§ +ZA) ([m sinht cosh idt)dA

1 o0

~ 1
= hn(— + i)\))\tanh TAdN. (2.29)
2 0

2

Thoerem 2.3. For any n > 1, we have

1 [~ 1 1
hn(9) = 5= / hi (5 +iX) ¢ (g, = + X)X tanh TAdA. (3.30)
or Jo 2 2
Proof. For 0 <ty < 0o, set
hi(9) = [ hnlaskg)dk. (2.31)
SK

It is easy to see that hS € C.(G) N A. For z = cosht, we have

(h5)" (@) = R (ar)
1 4

= ; hi (ag, upaz)do. (2.32)

If a, upa; = uyapu, is the Cartan decomposition, then

cosht’ = cosh tg cosh t + sinh ¢ sinh ¢ cos 6. (2.33)
Therefore
1 4
(he)’(@) = — [ hnlay)do
47 0
1 4m
= he (x cosh ty + \/x2 — 1sinh tq cos 0)d6. (2.34)
T Jo

It follows that (h¢)%(z) € C.(R), and we can easily prove that the infinite integral
o0
1
| )y s 5sas
0 2

converges uniformly with respect to # in the support of (h¢)°(z). Hence it follows from the
definition of (Fy,,¢)(z) (cf. (2.6)) that

o0

(Fi)) (@) = [ (065 (w4 352, (2:35)

— 00
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Hence
1 [ 1
- — ((th) ) (= + 25 )ds
/ / hC x+ fs + t2)dtds
1 [e%s) 27
/ / hc x + )rd&dr
0o Jo
(hc)o(x (2.36)
It follows that
h(e) = (h)° (1)
L[> 0y/ 1
=—— (Fp, ") (14 =s%)ds. (2.37)
— 00

2 2

Note that (2.36) is the same as (2.23) with A, so we can prove that (2.29) is true with h¢

replacing h,,, i.e.,

1 [ —,1
he(e) = %/0 (h%)(§ + iA) A tanh TAdA.

For any z,y € G and A € R, we can verify

/ ¢(:ck:y, +z)\)dk—q§(x,l+i/\)¢(y
SK 2

By Fubini theorem, we have

(h”)( + 1)) /h 91)9 (97 1,%+2)\)dgl

1 .
:// hn(atgkgl)(ls(gl_ 7§+Z/\)dkdgl
GJSK
1.
:/ /hn(g1)¢(gf1at0k,§+z/\)dgldk.
SK JG

Since h,, and ¢ are zonal functions on G, it follows from (2.39) and (2.40) that

1
(hC —‘r i) / / n(k™ gl (g;lato’ 5 + Z}\) dkdg,
_ 1
:/ / hn(gl)qb(gl kato>§ —|—z)\)dkdgl
G JSK

1 1
=/ hn(91)9 (97", 3 +z’A)¢>(at0,5 +iN)dg,
G

L1
:hn(5

1
7§+ZA)

+iN) 6 (s

2+z‘/\).

On the other hand, we have
he(e) = / hn(ai k)dk = hy(ag,)-
SK

From (2.38), (2.41) and (2.42), it follows that

1 [*. 1 1
hn(ag,) = Dy / hn(§ + i/\)qs(atm 3 + iA) A tanh wAdA.
™ Jo

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

For any g € G, let g = ugas,uy be the Cartan decomposition. Then ty > 0, so it follows
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from (2.43) that

1 [, 1

= +iX\) (g, L + iA) A tanh TAdA. (2.44)

2

§3. Main Result

Theorem 3.1. Let f € C(G) N A. Iff € LY(R, Mtanh m)), then
1 [ 1
— + i) ( = +iX) Atanh TAdA. (3.1)
271' 0

Proof. It is easy to see that

|¢(g, +i)|<1, g€G,

so the integral on the right side of (3.1) is well defined.
Making use of Theorem 2.4 and Fubini theorem, we get

1 [ .1 ~ 1
(fxhp)(e) = — / [ (5 +iX)hy (5 + iX) A tanh TAdA. (3.2)
or J, 7 \2 2
Hence it follows from Theorem 2.1, Corollary 2.1 and (3.2) that
1 Rl |
fle)= —/ f(5 +iX)Atanh TAdA. (3.3)
2 0 2
For any g € G, if
g = UgQyUy
is the Cartan decomposition, set
9 = | flawkg)dk. (3.4)

SK
It can be shown that f€¢ satisfies the conditions demanded for f, so (3.3) is also true with

f¢ replacing f. Therefore we get

fele) = flaz,) = f(g)
= /OOO fC(% +i\) Atanh wAdA. (3.5)
We can prove (cf. the proof of (2. 41)) that
fC( + z/\)qS( 1y iN). (3.6)

And (3.1) follows from (3.4) and (3.5).
Remark. If f € C.°°(G) N A, then f satisfies the conditions required in Theorem 3.1.
So Proposition 1.1 (the known result) can be viewed as a corollary of our Theorem 3.1.
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