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OSCILLATION CRITERIA FOR NONLINEAR SECOND
ORDER ELLIPTIC DIFFERENTIAL EQUATIONS****
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Abstract

The second order elliptic differential equations

Li(y;x) = Y Di[Aij(@)D;y] + p(z)f(y) = 0 (1.1)
i,j=1
and
La(y;z) = Ay + p(z)|y| signy = 0,1 #v >0 (1.2)

are considered in an exterior domain Q C R™ , n > 2, where p can chang sign. Some new
sufficient conditions for the oscillation of solutions of (1.1) and (1.2) are established.

Keywords Oscillation, Nonlinear elliptic equation, Riccati inequality
1991 MR Subject Classification 35J60
Chinese Library Classification O175.25

¢1. Introduction

Oscillation theory for elliptic differential equations with variable coefficients has been
extensively developed in recent years by many authors (see e.g., Allegrettol2], Bugir?!,
Fiedler®: Kitamura and Kusano!”, Kural¥) Kusano and Naito'% Naito and Yoshidal'2:
Noussair and Swanson!'34> Swanson!516] and the references cited therein). In this paper,
we are concerned with the oscillatory behavior of solutions of second order elliptic differential

equations
Li(y;z) = Z Di[Aqj () Djy] + p(x) f(y) =0 (L.1)
ij=1
and
Lo(y;x) = Ay + p(x)|y["signy = 0,1 # v >0 (1.2)

with alternating coefficients.

As usual, points in n-dimensional Euclidean space R™ will be denoted by = = (x1,x2, -,
Zy), the Euclidean length of z is denoted by |z|, and differentiation with respect to x; is
denoted by D;,i =1,2,--- ,n.
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We denoted by A the n-dimensional Laplace operator.

Definition 1.1. For Q C R, uu € (0,1), a function y € CLt*(Q) which satisfies (1.1) for
all x € Q is called a solution of (1.1) in Q.

In this paper we will consider (1.1) in an exterior domain  C R™, that is, a domain which
contains the complement of some n-ball. Regarding the question of existence of solutions of
(1.1) we refer the reader to the monograph [6].

Definition 1.2. A nontrivial solution y of (1.1) is said to be oscillatory in Q if the set
{z € Q: y(x) = 0} is unbounded. Then equation (1.1) is called oscillatory in Q0 if every
solution of (1.1) is oscillatory in €.

The purpose of this paper is to establish some new sufficient conditions for the oscillation
of solutions of (1.1) and (1.2) in Q. In section 2 we use the method of Riccati transformation
developed by Noussair and Swanson!*®! to reduce the problem of oscillation for (1.1) to that
for some ordinary differential equations. By doing so we obtain some new oscillation criteria
for (1.1). Section 3 contains some new oscillation criteria for (1.2) when p has a variable
sign. To the best of our knowledge very little is known about the oscillation of (1.2) when

p has a variable sign, especially, in the superlinear case.

§2. Oscillation Criteria for Equation (1.1)

Throughout this section we assume that the following conditions holds:

(A1) f € C(R)UCHR\{0}), f(=7) = —f(r),r > 0,f(r) >0, f'(r) > k > 0 for r > 0;

(A2) pe CL.(Q),0 < pu < 1;

(As) A(z) = (ai;(z)) is a real symmetric positive definite matrix function with a;; €
Crtf(Q),i,5 =1,2,--- ,n, and p € (0, 1).

Denote by pmax () the largest eigenvalue of A(x). We suppose that there is a positive
function A\ € C1((0,00)) such that \(r) > m‘ax Pmax(2). Let y be a positive solution of (1.1)
=r

|z

in QUGy, where G, = {z € R" : 0 < b < |z] < oo}. Since Q2 is an exterior domain, for
suitably large b, G, C €. Define

and
i(z) = w(@) + 20 (o)), (2

where a € C?(0,00) is an arbitrary positive function, 7y denotes the gradient of y, n(z) =
= x # 0, denotes the outward unit normal. By direct calculation we get

BR
A(r) A(r)[a’ (r)]? k

div i(z) > div—-=a’(r)n(z) + a(r)p(z) — 4ka(r) a(r)A(r)

= @, (23)

where r = |z|.
Lemma 2.1. Let y be a positive solution of (1.1) in G . Put
z(r) :/ w*(z)n(z)do, r >0, (2.4)
s

r

where S, = {x € R™ : |z| =1}, r > 0, do denotes the spherical integral element in R", and
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w*(x) is the transpose of w(x). Then z satisfies the Riccati inequality
2 (r) > p(r) + h(r)22(r), (2.5)
where
; Azl (J]))* :
_ _ L
B(r) /;Tqum@g | do L),
n—1
L(r) = so A (),
kol
hir)= ————
() w a(r)\(r) >0,
w = the sur face measure of unit sphere. (2.6)
Proof. Using Green’s formula in (2.4) we get
d
2(r)=— (/ w*(z)n(x)do) 2/ div @*(z)do
dr \Js, S,
In view of (2.3), it follows that
A(r)la’ (r)]?
/ d1v n*(z)do + /ST [a(r)p(x) = dka(r) do
klw( )
+/ 7(10 2.7
s, a(A() 27
By the Cauchy-Schwartz inequality
-n 2 ,rl—n
[ o [ @@t =20
S, S, w
and by Green’s formula
d
/ST div%a’(r)n*(x)dc = [/ST )\;I?a’(r)n*(:c)n(m)da]
= dir [AQ(;)a’(r)wrnl] =L'(r).
Thus, (2.7) reduces to (2.5).
We now establish the main result of this section.
Theorem 2.1. If the second order differential equation
1, r
—_— = 2.
Y 0] + 800 =0 (28)
is oscillatory then so is (1.1) in Q ,where h(r) and p(r) are as defined in (2.6).
Proof. Assume the contrary, and let y be a positive solution of (1.1) in G,. Then z
satisfies
2(r) > p(r) + h(r)2%(r), r>b. (2.9)

Consequently (see [17]) (2.8) has a nonoscillatory solution, which is a contradiction.

Remark 2.1. Noussair and Swanson (see [13, Theorem 4]) have shown that the condi-

tions

[mmﬂm:

(2.10)
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and
/ p(r)dr = oo (2.11)

are sufficient for the oscillation of (1.1) in 2. Obviously, if (2.10) and (2.11) hold then (2.8)
is oscillatory (see [11]), and hence it follows from Theorem 2.2 that (1.1) is oscillatory in .
Thus, Theorem 4 in [13] is included in Theorem 2.2.

Now we consider the case when (2.10) holds and

t
lim [ p(r)dr < . (2.12)

t—o0 T

We put

(2.13)

A(t) = /too B {Ao(r) + A1 ()}, J2dr, m = 2,3,

where fi(t) = max{f(t),0}, and prove the following:

Theorem 2.2. Suppose that (2.10) and (2.12) hold. Then each of the following conditions
imply the oscillation of (1.1) in Q:

(i) there exists an integer m > 1 such that Ao(t), A1(t), -+, Apm—1(t) exist and A, (t)

does not exist;

(i) A;(t),i=0,1,2,---, exists and for each T there exists a t* > T such that
lim A,,(t*) = cc.
m—o0

Proof. We can use Theorem 2.2 of Yan['! to conclude that (2.8) is oscillatory in Q.
Theorem 2.3. In addition to (2.10) and (2.12), suppose there exists a positive twice
continuously differentiable function a defined on (0,00) such that the inequality

o Ar)a%(r
/T {/S la(r)p(m) — (éllza(r()) do + L’(r)} dr
ko 1
! A ')'dr’ o>y O<7<l (2.14)

holds. Then (1.1) is oscillatory in 2.
Proof. Asin [19] we can show that lim A,,(T) = oo. Thus, Theorem 2.3 follows from
m—00
Theorem 2.2.

Corollary 2.1. Suppose that (2.10) holds and that

: NEDICAED)S Wono1 W o1
tlggo{/cw) [a(|z|)p(1’) ~ S el ) gt N0 — T (T)A(T)}
ko
> (2.15)
fTT wf{f’))\(r)dr

Then (1.1) is oscillatory in Q. Here G(T,t) = {z € R": T < |z| < t}.
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Remark 2.2. Corollary 2.1 improves Theorem 4 in [13].
The following is an oscillation criterion for the equation

Ay +p(x)y = 0. (2.16)
Corollary 2.2. Suppose that the conditions
lim t[r (1) — ——Jdr > 0% o (2.17)
t—oo | 4rlnr’ ~ In(InT)’ ’
and
¢ 2
tliglo . [rpm(r) - %} dr > lkrjlo—;,n > 3, (2.18)
where
1 1
Pm (1) = w(Sr)/srp(x)dJ’ ko > 1 (2.19)

hold. Then (2.16) is oscillatory in .
Proof. The assertion of Corollary 2.2 follows from that of Corollary 2.1 if we choose
Inr forn =2,
a(r) = {Tg_n forn >3 (2.20)
Remark 2.3. Corollary 2.2 improves some results in [13] and [18] given for (2.16).

Remark 2.4. In case (2.10) holds and
t
lim [ p(r)dr does not exist, (2.21)

t—o0 T
we can obtain some oscillation criteria for (1.1) by using the method given in [4]. We omit
the details.
Finally we consider the case when instead of (2.10) we have

/T Wdr < 00. (2.22)

w=s(t) = (/too h(r)dr>_1 - (Zj /too a(;l)):(lr)dr)_l.

Since s is a monotone increasing function, s~ exists. Note that

Let

du _
i u?h(s7(u)).
Now set
v(u) = —% + %z(sil(u)), (2.23)

where z satisfies (2.5). From (2.23) it follows that

dv 1 2z 1 dz
w_1 2 1dz 2.24
du u? ud + u? du ( )

Since
dz dzdt 9 1
%S0k L 2.2
du " drdu = PO R (mu?h(s*l(u))’ (229)
by substituting this into (2.24) we get the following Riccati inequality
d A e—1
v(u) > 1]2(U)—|— p(S (U)) (226)

du — uth(s=1(u))’
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Now from (2.26) we deduce the following result.
Theorem 2.4. Suppose that there exists a positive twice continuously differentiable func-
tion a on (0,00) satisfying (2.22) If

B )

o) ?0 (2.27)

. 1
lim ko > T

t—oo [ T4h(s™

then (1.1) is oscillatory in Q.
Remark 2.5. In case hm fT r)dr does not exist, we can derive some oscillation creteria

for (1.1) by using the method given in [20]. We omit the details.

§3. Oscillation of Equation (1.2)

First we consider a generalized sublinear equation
Ay(z) +p(@)fy) =0, =€, (3.1)

and prove the following

Lemma 3.1. Assume that

(i) fe C( YUCHR\{0}), f(r) >0 forr >0, f(—r)=—f(r);

(11) IOC(Q)7 0< < ]'
(iii) O<fsfdz) < o0, 0<f gf(u < oo for every e > 0;
(iv) there exists ¢ > 0 such that
F"(t)F(t) 1
< - 3.2
Fop S 42
where F(t ft f‘éu) ,t > 0. For a positive solution y of (3.1) in Gy and an arbitrary function
m € 6'2(07 00), put u(x) = m?(r)y(z) with
1
= <L 3.3
V=1re (3.3)
Then u satisfies
1o 1 0 Fu;]?
Au(z) +m” (r)p(z) < —= m”_Q(r)— [mF' Y —(1- V)m’xz}
e o0x; r
veip—1 |1 "
+vm"F {rm +m ] ,x € Gy, (3.4)

Proof. By directly calculating Au(z) we have
Au(z) + m”(T)P(fE)

2
— Z{ VF/I a + V( )my—2Fm/2% + 2ymy—1F/m/
ZCZ r

ﬁay}

r 0x;
v—1p—1 (1~ 1 / "
+vm" ™ F —m +m" .
r
From (3.2) and (3.3)

F'(t) < —=——F*(t), c=——
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Therefore
1 1 y ;12
v < _ = v—2 — / _ _ / 1
Au(z) +m”(r)p(x) < - g m [mF oz, (1—v)m FT’ ]

i=1

-1
4 Vmulefl (Lml + m//) )
r
Now we establish the following result.
Theorem 3.1. Suppose that (i)-(iv) and (3.3) hold. If there exists a function m such
that
m(r) >0, meC*0,00),

_ 3.5
i 1m’(7‘)+m"(r)§0, r>0 (3:5)

r
and

/00 Y (1) pm (r)dr = oo, (3.6)

then equation (3.1) is oscillatory in €.
Proof. Suppose that y is a positive solution of (3.1) in G,. Using Lemma 3.1 we have

Au(z) +m”(r)p(z) <0, u(z) >0, x € Gy.

If
() = =i [ o (37)
U (1) = o(50) Sru x)do,
then
dfnad _ 11 /
o {7‘ drum(r)} =r o) STAu(x)dU
< =" (7)o (). (3.8)
First, we suppose that n = 2, in which case equation (3.8) reduces to
f% [r%um(r)} > rm” (r)pm(r). (3.9)

Integrating (3.9) from ¢y to t we have

—tul (t) + toul, (to) > /t rm” (r)pom (r)dr.

From assumption (3.6), it follows that there exist K1 > 0 and T > ty such that

—tu, (t) > Ky for t>T,

which leads to tlim Um (t) = —oo, which contradicts the fact that w,,(¢) > 0.
—o0

Now we suppose that n > 3. We use the Liouville transformation

r=pB(s) = (Is)!, U(s) = sum(B(s)), 1= - i 5" (3.10)

By a straight forward calculation, from (3.8) we obtain
2

~U"(5) 2 (5o (5(6))575). (3.11)
Now we integrate (3.11) and get

U5+ U s0) 2 [ (o) (B(0) o)

S0
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Setting B(c) = 7 in the integration, then we get

(s

—U'(s)+ U'(s0) > l/ Tm” (7)ppm (T)dT, (3.12)

where a = (so), = B(s) and [ > 0.
In view of conditions (3.6), (3.12) implies
—U'(s) > 1 for all large s,
and so
U(s) > —o0 as s— 400,
which is a contradiction. Thus equation (3.1) is oscillatory in .
Corollory 3.1. Suppose that (iii) holds and 0 < v < 1. If

/ rIn” rP,,(r)dr = 0o, for n =2,
and
/ 7Py (r)dr = oo, for n >3,

then equation (1.2) is oscillatory in Q.

Proof. In (3.1) we choose f(y) = |y|"sgny, v =7, 0 <~y <1 and

m(r) = Inr for n=2,
)1 for n > 3.

Then m(r) satisfies (3.5) and hence the conclusion follows from Theorem 3.1.

Remark 3.1. Corollory 3.1 extends Theorem 1 in [16] when 0 < v < 1, where p(z) > 0
is required.

Now we consider equation (1.2) with v > 1.

Let y be a positive solution of (1.2) in G} and let

u(z) = [y(«)]' . (3.13)

By a direct calculation, we get

Au(zx) = yop(z +%Z ((%) (3.14)

where vo =v— 1,11 = % > 1. Put

Wi(r) = /Sru(:z:)da, m(r,u) = Zaln(fi (3.15)
Then
d n—1_1 o l/
e [r" = m/(r,u)] = o)y Audo
and hence

a[r”*lm’(r,u)]:Zj’ / / Z 8% o. (3.16)

Lemma 3.2. If y is a positive solution of equation (1.2) in Gy, then Wy defined in (3.15)
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satisfies

Wi(r) <

Y +ﬁ\l§:/ 33:1 r>b

and

m@g@@“wlmmwij JZ/

Proof. Since Wy (r fs x)do, we have

W{(r):n_lWl(r)—i—/S Z8u i o

r = ox; r

By the Cauchy-Schwartz inequality

ou xl / /
s, 0xi T &rl

i, JZ/ ” ﬂz/
LT

m+¢J2/ a%

Hence

and

Wi(r) <

We let 22(r) = Wy(r), and get

Jry <" +J§:/ ()
z(r) < <:0>n21 2(ro) + % /T:(;; \IZ/ axl da dr

v () [ () S 4

and the proof of the lemma is complete.
Theorem 3.2. Letn =2 and p € C (

loc

and

Thus

(@, € (0.1). If

liminf — / / TIn TPy, (7)drdr > 0,

t—o00

then equation (1.2) with v > 1 is oscillatory in Q .

2
8:61 dad7:| .

2
(r“)xz dcr dT] ,

(3.17)

(3.18)

(3.19)
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Proof. Suppose the contrary and assume without loss of generality that there exists a
positive solution y of (1.2) in G. With u(x), Wi (r) and m(r) defined in (3.3) and (3.15) we
get, for n = 2, from (3.16) the following

d , Yo ’yl/ 2.1/ 0un\2
= =1 + 203 . 2
o [rm/(r,u)] /Srp(a?)da ipo u( l) do,r >b (3.20)

Multipling both sides of (3.20) by Inr and integrating from ro to r we get

rinrm’(r,u) — m(r,u) — co

/ Int / z)dodr + = / / Z axz dadr (3.21)

where cg = rolnrom/(ro, u) — m(ro, u).
Divide both sides of (3.21) by r, integrate from r( to ¢ and finally divide by ¢ to get

lnt / m(r,u) co t Co
— - = — n

701/ /TIDT/ x)dodrdr
/ / InT / Z a” *dodrdr, (3.22)

"7,1

where ¢o = Inrom/(rg, u).

Using the Cauchy-Schwartz inequality in (3.18) we have
r 70 1 ou 2
< Ve )2 }
Wi(r) < o 1(ro) + 5 / Z/ 8391 dodt
r 7“0 1 ou 2
(ro) + — InT / 2dadT]
o ) / VrlnT Z 3567

T To
7"0{ 1(ro) + — / Th’lT/ IHTZ/ axl da dT}

B Wl(ro) 1 Inr
_r{ro hm)/ Z/ 8% dadT} r>b.

IN
\

IA
\

(3.23)
We now consider two cases:
Case (i) In7 [ Z ( ) do € L(0,00).
Then there ex1sts a constant K > 0 such that
/ Int / Z deT <K, (3.24)

and hence from (3.23) we have

Wl(T)ST{W—FKln(lnT)}.

Inrg
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So
Wi(r) 1 Wwi(r) K Inr
< = < — -
0 < m(ru) wr T w o + 2 ln(lnro)
Thus
1
lim —Int-m(t,u) = 0.
t—oot
From (3.24) it follows that
352075/ / InT / Z axz dader—()
From (3.22) we have
lim — / / TIn7py, (7)dr dr =0,
t—oot
which contradicts (3.19).
Case (ii)
1n7/ a“ *do ¢ 1(0, o). (3.25)
Sr = 1
We define
/ / 1mZ/ 8% da dr dr.
From (3.22)
11
T / / 710 TPy, (7)drdr
r
[ B(t +2/m ) drint - m(tu)}f—l e (3.26)
w t 70 t
Now if
hmsup )+ 2/ m(r ) —Int- m(hu)} >0, (3.27)
t—o0

then by (3.26)

t—o0

L[t
lim inf 7/ f/ TIn Ty, (7)drdr <0,
tSry T Jrg

which contradicts (3.19). And if (3.27) does not hold, then for ¢ sufficiently large we have

{Z}l@ +2/ mru)d —1Int-m(t, u)}<0

Therefore

Int
71 P(t) Swlnt - -m(t,u) = LWl( t)

(3.28)

(3.29)
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and

wit) 1
=/ —=). 3.30
m <W1 (t) t) (3.30)
From (3.25), it follows that ®(t) — oo as t — oo. Thus, for a sufficiently large t; we get

®(t1) > 1. Integrating (3.30) from ¢; to ¢ and using the Cauchy-Schwartz inequality in the
left side, we have

an@))\/ln@(t) > /7 [InWi(t) —Int]

£/ (
> /7 [In®(t) — Inlnt

or
b (t
/ . /
td (t) Z Cgm,cg == tl@ (tl) (331)
Integrate (3.31) from T to ¢, T > t1, to get
1 [ 1 1 ] > c3 [ 1 1
11—y Lon=1(t) &n—1T)] = 1— 2y L(Int)?n—1 (InT)2n-1 '

Since 41 > 1 and ®(t) — oo as t — oo,

2v1-1 2y1 —1 757
O(T) < ea(InT) 51T, ¢ :[7} : 3.32
) <albDFT, o= [ (3.32
We want to show that
Int
lim inf ——m(t, u) = 0. (3.33)
t—o0 t
In case (3.33) does not hold, there exists a ¢5 > 0 such that
Int
nTm(t, u) > ¢35 for all sufficiently large ¢.
Then
2
t) > —_—
Wi(t) C5wlnt
From (3.23)
t? Wi(ro) 1 Int
Y oow <t{ 71( )t’t},
C5w1n - 1()_ To 2 nro ()
SO
’ CsW
(t) = Int
lntln(lnro)
or
B(t) > B(ty) + — (= 1), £ > . (3.34)
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This contradicts (3.32). Thus (3.33) must hold. From (3.26) we have

liminf — / /Tlnrpm Ydrdr <0,

t—o00

which contradicts (3.19). Hence equation (1.2) is oscillatory in 2.

§4. Discussion, an Open Problem

Example 4.1. Consider the linear equation
Ay+p(r)y=0, n=2, (4.1)

where

1 sinr
4212 rlnr
Here no matter how we choose a(r), it is impossible to have

/wrj(m -

/ p(r)dr = oo simultaneously.

p(r) =

and

Thus, the results in [13] cannot apply to (4.1) . But if we take a(r) = lnr, then p(r) = sinr
is a periodic function. Moreover

T < dr
—00 < lim inf/ p(r)dr and / =00
T—o0

ra(r)

hold. Thus by Theorem 2.1 and a known result for (2.8) in [4] equation (4 .1) is oscillatory
in an exterior domain 2.

Example 4.2. Consider the superlinear equation

2 +4sinr + 3rcosr — rsinr

Ay + ly|"sgny =0, n=2, v>1. (4.2)
rinr

Then

2+4sinr + 3rcosr —r2sinr

Pm(r) = rinr

is an alternating function. So Theorem 1 in [16] does not ensure the oscillation of equation
(4.2) in an exterior domain 2. Since

lim inf — / / TIn TPy (7)dr dr =1 > 0,

t—oo t

it follows from Theorem 3.2 that equation (4.2) is oscillatory in 2. For n > 3, to the best
of our knowledge, there is no corresponding result, and thus it remains an open problem.
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