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Abstract

Let X = {X(t), t > 0} be a process with independent increments (PII) such that

EX(M] =0, Dx()2EX®MP <oo, Jim Dx® _

—00 t

and there exists a majoring measure G for the jump AX of X. Under these assumptions, using
rather a direct method, a Strassen’s law of the iterated logarithm (Strassen LIL) is established.
As some special cases, the Strassen LIL for homogeneous PII and for partial sum process of
i.i.d. random variables are comprised.
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60. Introduction

Let {W(¢), t > 0} be a Brownian motion,
W (nt)
V2nllgn’
where llgz = log(log(z V e¢)). Strassen®) proved that with probability one (W,, = {W,(t),
t > 0}, n > 1) is relatively compact in C([0, 1]) endowed with uniform norm and the set of

its limit points coincides with the following Ky:

W (t) = tel0,1, n>1,

(02t <1},

This is also called functional law of the iterated logarithm for Brownian motion. We shall

K= {f: f is absolutely continuous on [0, 1] and f(0) = O,/
[0,1]

abbreviate conclusions of this form by
{W,} == K4, a.s. (0.1)
If {V,,, n > 1} is a sequence of i.i.d. random variables with E[V,,] = 0, E[V;?] = 1, write

" S[nt] + (nt - [nt])(s[nt]+1 - S[nt])
Sy = Vi, n(t) = ’
’ J; ! n(®) V2nllgn

telo,1], n>1.
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Strassen!®! also used Skorokhod embedding technique to prove the following similar result

for {&,}:
{&n, n > 1} »— Ky a.s.

This is called the Strassen law of the iterated logarithm (in brief, Strassen LIL) or a.s.
invariance principle (cf. [1]). As an immediate consequence, if ¢ is any continuous functional
on C[0,1], then with probability one {¢(&,), n > 1} is relatively compact and the set of
its limit points is ¢(Kq). In particular, if ¢(z) = x(1), then the Hartman-Wintner law of
the iterated logarithm is just a corollary of the Strassen LIL. A vast array of other a.s.
limit results follows immediately from the Strassen LIL by choosing suitable continuous
functionals ¢. Hence the Strassen LIL is one of the most important results in strong limit
theory.

By using the large deviation theorem for Brownian motion Deuschel and Stroock!®
strengthened Strassen’s result (0.1). Let C(0,00) be the set of continuous functions on
[0, 00) endowed with the following norm

|z(t)]
o = sup ==
Then for [0, 00) instead of [0, 1], {W,} —— K, a.s.
Khoshnevisan!® established a result to embedding compound Poisson processes into a

Brownian motion. As a by-product, he also proved the Strassen LIL for compensated com-
pound Poisson process on D|0, 1] endowed with uniform norm.

In this paper, we shall establish the Strassen LIL for more general (non-homogeneous
or homogeneous) processes with independent increments (in brief, PII). As some special
cases, this result also comprises the Strassen LIL for partial sum processes of i.i.d. random
variables and for homogeneous PII. The method we used is a more direct method based
on the stochastic calculus of PII, a similar procedure is also used to discuss the asymptotic

(121 The next section describes some

behaviour of locally square integrable martingales
notations and states the main theorem. The proof will be given in §2 and §3. In the last

section, we will give some useful corollaries of main theorem.

§1. Notations and Main Theorem

In this paper we shall use the usual notations and symbols in stochastic calculus of PII
according to [4] and [5], unless stated otherwise.

The general setting of this paper is a complete probability space (2, F, P). Let X =
{X(t),t > 0} be a PII with mean zero and E[X(¢)]? < co. Therefore X is a martingale
and also locally square integrable. We always take its cadlag (right continuous and with
finite left hand limits) version. Denote the continuous martingale part of X by X¢ and the
predictable quadratic variation of X¢ by (X¢) = C, where C is a deterministic increasing
continuous function. Assume that the jump measure of X is 1, i.e., = > €(s ax(s)), Where

S
€{q} is the unit measure concentrated on a. Then the dual predictable projection v of yu is
also deterministic and v = E[u], X© and p are independent mutually and X has the following
integral representation (Lévy-It6 decomposition):

X=X4zx(u—v),
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where z % (u — v) denotes the stochastic integral of z with respect to martingale measure
1 — v. Meanwhile, the distribution of X is determined by (C,v) uniquely. In particular,

Dx(t) 2 E[X(1)]? = (X), = C(t) + 2° % 1. (1.1)
The v has the following canonical predictable decomposition (see, e.g., [4, p. 381]):
v(dt,dx) = Ny(dz)Dx (dt), (1.2)

where N;(dz) is a transition o-finite measure from (R, B) to (R, B) with
/ 22Ny (dx) = 1, Vte R,. (1.3)
R

Definition. For a family of o-finite measure {N¢, t € I} on R, if there exists a finite
measure G such that
Ne({z:|z| > a}) <G{z:|z| > a}) <0 Ya>1, tel,

then we say that there exists a majoring measure G for the AX or for {Ny, t € I} and
denote it by (Ny) < N.

The following Lemma is evident (cf. [11]).

Lemma 1.1. 1) Suppose that for some 6 > 0 {N;} satisfies

sup/ |z|*O N, (dz) = C < o0
t JR

and G(dz) = 1,>1C(2(2 + 0)z*°)Ydx. Then (Ny) < G and [ 22 G(dz) < cc.
2) If {N:} < G and f is a nondecreasing non-negative function on Ry with f(1) = 0,
then

/fIyI Ny(dy) < /flyl @), v (1.4)

In this paper we consider the PII X = {X(¢),t > 0} which satisfies the following more
general assumption.

Assumption A. Let X = {X(¢), t > 0} be a PII with EX (t) = 0, Dx(t) = E[X(t)]?,
Dx(t)

lim =1, (1.5)
t—00 t

and there exists a majoring G for the jump AX of X with
/sz(d:c) < 0. (1.6)

Since the trajectories of a PII with mean zero are cadlag, instead of the space of continuous
functions we shall consider the set of all cadlag functions on [0, 00). Let

C= {f: f is continuous on [0, 00), f(0) = 0, 1 % O} . (1.7)
f is right continuous and with finite left ‘ £
b= {f: limits on [0, 00), f(0) = 0, lim —llfff)lj =0 } Il = b1t (18)

Then both C and D endowed with norm | - ||, are Banach spaces. C is a closed set of D.
Let

B {f' fis absolutely contlnuous on [0, 00) } (1.9)

and f(0) =0, fo t))%dt <1
Similar to the case of C[0,1] (see, e.g., [2, Lemma 1.2]), K is a compact subset of C.
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The main result of this paper is the following theorem:
Main Theorem. Suppose that X satisfies Assumption A and
X (nt)
n(t) = ———, t>0, > 1. 1.10
&n(t) = o Tan n (1.10)
Then (&, = {&x(t), t > 0}, n > 1) is relatively compact in D with probability one and almost
surely the set of its limit points is IC, i.e.,

{fvu n > 1} —— K, a.s. (111)

§2. The Case of Processes with Restricted Jumps

In this section we will consider the process with independent increments Y = {Y(¢), ¢t >
0} which satisfies the following Assumption B.
Assumption B. Let Y = {Y(t), t > 0} be a process with independent increments such
that E[Y (t)] = 0, E[Y (¢)]? = D(t),
D(t
lim L

t—oo

=1 (2.1)
and

sup |AY (s)| < e(t)v/t/llgt, V>0, a.s.

s<t

where £(t) is a positive function with
tlggo e(t)=0. (2.2)

Obviously, if Y satisfies Assumption B, then Y is a locally square integrable martingale.

To begin with, we need the following inequality of probability of large deviation for
martingale in [8], it will be one of important tools in this section.

Lemma 2.1.578%] Let T be a positive number and M = {M(t), t > 0} be a PII such
that

EM(#)] =0, EMD)P2<bT), supAM()| < d(T).

t<T
Then
a? ad(T)
P M) >a) <2 ——Y | —= ], Ya > 0, 2.3
(i =) < 20 |-y (57 ) |- ve 23
where
Yo odz 2(14+z)log(l+z) — 2z
7x2// Sy - L a0, (2.4)
From (2.4) it is easy to know that v is a decreasing continuous function and
< i = 1. .
ba) <1 lmu(e) =1 (2:5)

For a stochastic process X, write

w(d,t,X)= sup |X,— Xl
0<u,v<t
lo—ul<6

From this definition it is easy to see that

w(d,t, X) <3 sup sup | X (s) — X (jo)] (2.6)
J:36<t §o<s<(j+1)SAL
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We are going to establish the asymptotic behaviour of w(d,t,Y") firstly.
Proposition 2.1. Let Y be a PII satisfying Assumption B. Then for each « € (0, 1]

tg&‘% < 3ya. (2.7)
Proof. Firstly, for p > 1 and positive integer n write
t; = jap™, j=0,1,2---.
Due to (2.1) for given ¢ > 0 there exists ng > 0 such that
5 < s
By direct calculating it deduces that
D(tj41) = D(t;) < (1 +0)(tj1 —t;),  Vi<[l/a], n=no
Consider Z;(t) =Y (tVt;) =Y (t;), t > t;. Then {Z;(t), t > ¢t;} is a PII, and E[Z,(t)] = 0,
E[Z;()]> = D(t) — D(t),
E[Z;j(tj1)]* < (L4 0)(tjr1 —t;) = 1+ 0)ap”,  Vji<[l/a], n>n,

sup |AZ; (1) < e(p") v~ ligp”,  as.
t<p™
By Lemma 2.1 for 6 > 0 we have

P( sup [Y(t) =Y (t;)] > (1+6)\/2apm ligpn )

t; <t<t;ji 1/ p™

(1+6)22ap"11gp”1/) \/Ws( ") "
2(1 + 6)ap™ ap” P llg p™

Vit > ap™

< 2exp {

= 2exp {—(1 +0) llgpni/)<\/§\€/(£n)>}, Vi < [1/q]. (2.8)

Next, for § > 0 we have

P(w(ap”,p" Y) > 3(1 4+ 6)/2apmligp» )
<P( s sup Vi Yi,| > (148)y/2ap Tlgp” ) (by (26))

0<j<[1/a] t;<t<tjr1Ap™

(H 1) sup P(swp V- Y| (149)y/2ap llgp" )

IN

« 0<j<[1/a] M;<t<tjyiAp"
< ([3] +1)2ep[-149) ng”w(ﬂj(aw)] (from (2.8))
< m, Vn > ng V ni. (2.9)

The last inequality comes from the following facts: since p > 1, by (2.2) and (2.5)

lim 1/’(\/5\5/(&1”) — 1.

n—oo

Hence there is an ny such that
o(YEWY  Le02
N 1+6 "

Vn > nq.
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Now from (2.9) we have
S P(w(ap™,p",Y) > 3(1+6)\/2ap llgp™ ) < 0.
n

Hence from Borel-Cantelli lemma and the arbitrariness of § > 0 we get
T w(ap”’pnjy)
lim ——— < 3V,
n—oo /2p"llgp? f
At last, while p" < t < p"*t!, from the definition of w we have
wlat, tY) _ wlop™p 1Y)

V2tlgt — V2pn llg pn

a.s.

w(at, t,Y) < w(ap™,p" YY),

Therefore
— w(at,t,Y)
———" < 3,/ap, .S.
thee illgt VY s

Since p may be any number greater than 1, letting p | 1 (2.7) comes.

Now we are going to establish a law of the iterated logarithm for )~ «a;[Y (jt) =Y ((j—1)t)].
j=1
Proposition 2.2. Let Y = {Y(t), t > 0} be a PII satisfying Assumption B, m € N =
{1,2,---}, a1, -, € R. Then

m

Sy (n-Y(G-00)

lim 2= <./ 2 5. 2.10

oo 2tllgt - ];1 % o (2.10)

Proof. No loss of generality we can assume Y a? = 1. From (2.1) for given n > 0 there

Jj=1
is a number ty such that

D(jt) = D((G = 1)t) ’ n

For fixed t > ty, put
H(s)= 2 alyg-nrg(s), Uls) = (H-Y)s,
‘7:

where H -Y denotes the stochastic integral of H with respect to Y. Then U is a PII and
also a square integrable martingale,

Ulmt) = 3 ¥ (it) = Y (G~ 1)

1>

S(t), (2.11)

Mz

Il
—

E[U(mt)* = 3 of[D(jt) — D((j — V)] < (1 +n/2)t,

j
sup [AU(s)] < max |tjle(mt)/D(mt) /g D(mt)
< (14 n)e(mt)y/mt/ligt, for ¢t > .
Now for § > 0 from (2.11) and Lemma 2.1 we have
P(\S(t)l > (1468)/(1+ 77)2t11gt>

{_ (14 6)*(1 +n)2tlgt
2(1+n)t

< 2exp

¢( om(1+ n)(1 + 5)a(mt))] .
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Owing to (2.2) and (2.5) there exists t; such that

(VIO F U+ S)mt)) 2 115 W2 b

Therefore

2
P(IS(®)] = (1 +6)y/ (1 +n)2tllgt) < Tlog 15" YVt >t V.

For p > 1, put t = p*, we have
> P(IS(pk)l > (1+49) (1—|—77)2pkngpk) < 0.
k=1

By using Borel-Cantelli Lemma we have

— _ S(Y)
lim —— < (14+9)/1+n. 2.12
t—o00 2pk ngk ( ) K ( )

Meanwhile,
LS [S(8) = S(F)| < 2m(max|a]) S S Y (jt) = Y (jp")]
< 2mw(m(p — 1)pF, mp" 1, Y).
Therefore Proposition 2.1 gives
sup |S(t) — S(p")]

Tm Pt < 6my/mp—1). (2.13)
koo v/ 2p* lig p*

Combining (2.12) and (2.13) we get
— St
*lirgo 2t(ll)g|t < Vp[(L+68)v/1+n+6my/m(p—1)], a.s. (2.14)
Since 4, n may be arbitrary positive numbers and p is an arbitrary number greater than 1,
letting 6 L 0, n} 0 and p | 1 in (2.14) yields
ISl _
t—oo /2t gt

The proposition is proved.

In order to prove that (2.10) is an equality, we borrow a lemma from [7] (see, e.g., [7, p.
269] or [10, Lemma 1]).

Lemma 2.2. Let S be a random variable. If for some d > 0

exp(%Q(l - ud)) < E(ef) < exp(u?2 (1 + %)), Yu € [0,1/d),

then for any v > 0, there exists numbers g > 0 and ng > 0 (both depending on 7) such that
2

x
~S1+y)], vz e (co,m/d). (2.15)
Proposition 2.3. Let U = {U(t), t > 0} be a PII such that EU(t) = 0, EU(t)? = D(t)
and sup |AU(s)| < d(t). Then
s<t

P(S >uz) > exp[

eXp[%Q(l - ud(t))D(t)} <E[e"U®] < exp[“;u + ud(t))D(t)}, Vu € [o, (2.16)

1
aw)
Proof. Let u be the jump measure of U, v = Ey be the dual predictable projection of
u and U€ be the continuous local martingale part of U. Then by the stochastic integral
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representation of PII we have

E[e“W®)] = 0(1‘[39(1 + /mgd(t)(ew —1 —uz)v({s}, dx))

y exp(u;E[UC(t)]z n /Ot /|zgd(t)(ew — 1 — uz)v(ds, dx)>a 217)

where v° is the continuous part of v (i.e., v°({s}, R) = 0, Vs > 0). Meanwhile,

D(t) = E[U°(t)]> + (2? % v), = E[U°()]* + (2*L(jaj<aqryy * v)e + 2 AD(s),
s<t (2.18)

AD(s) :/ Pu({shd) <dt)?,  s<t  (2.19)
|z <d(t)

Note that for |ux| <1

et —1—ux 1 < (ux)"2 o |uz|™  |ux]
u2x? B 5’ - nzz:g n! ‘ = nzz:l 3n = 2
and
R
2 2 /- x2 -2 2
Hence

’LL2 u
<1+ MY 02y, ve 0.1/a(0). .
u? — ud(t) s e"" — 1 —ux)v({s},dx
F(-"50)a00 < [ @ o1 wn((s).an
< “;(1 “d(t))AD(s), s<t, Yuel0,1/d(t)).
But for uw € [0,1/d(t)) and s <t
U2 U U2 U U4
log(l + 7(1 - d;t))AD(s)) > 7(1 - #)AD(S) — < (AD(s))”
> “;(1 —ud(t))AD(s) (by (2.19)).
Therefore
e (G0 —uw)AD@) <1+ [ (@ 1w}, )
< exp(%2 (1 + Ud;t))AD(s)). (2.21)

Combining (2.20), (2.21) and referring (2.17), (2.18) yield (2.16).
Proposition 2.4. Let Y be a PII satisfying Assumption B, m € N, ai, - ,am € R.

Then
_ YalGn-YG-n
tlinolo NS =, /J;l oz, a.s. (2.22)

—
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m

Proof. Without loss of generality we may suppose > oz? = 1. For given 9 > m put

j=1
ty =90F k>1and

H® (s) = arI(mty_1 < s <tp)+ 3 a;I((j — Dtg < s < jty),
=2

U® = {U®(s) = (H® .Y),, s > 0}.
Then U® is a PII, k =1,2,---, and

U™ (miy,) = i%’ Y (5tr) =Y ((G = Dtr)] + oa[Y (k) — Y (mitr—1)],
EU® (s) =0,
JAOEA E[U(k)(mtk)]Q = i a?[D(jtk) —D((j — Dtg)] — a2 D(mtg_1),
LW m
Jim 5 1- Ea%. (2.23)

Meanwhile, for given n > 0,

sup [AUM ()| <  max laj|e(mty)\/D(mty)/ g D(mty,)
s Sjsm

< e(mt)(1 + n)y/mty/ gty = d™, while ¢, is large enough.

Now applying (2.16) to U (mt;,) gives

B R )

< u? 1 u d® v 0 vV LK)
<ew| 3 (1+575m) ] vee 0T )

Hence using Lemma 2.2 for given 0 < v < 1/2 yields

P(U(k)(mtk) > x) > eXp(—l;(l + 7))7 Vz € (507U0m>~ (2.24)

L) d®)
For given n > 0 if t; is large enough from (2.23) we have

v L(F) — \/1— 2

dk) = e(mty)y/m
Hence 1/2(1 — 2y) ligty € (0,m0VL®*) /d®)) for k large enough and (2.24) yields
U™ (miy,)
Pl ———— > v2(1 — 29)llgty | > —(14+~v)(1 =2y)llgt
( Nir0) (1—27)lg k) exp[—(1+7)(1 —27) llgty)]

._ ¢ __ ¢
(logtn)' 7 K7

where C' is a constant, but it may vary in different expressions. Recall that {U®) (mt}),
k > 1} is an independent sequence of random variables, by the Borel-Cantelli lemma we
have
U®) (mt
P( (mtk)

>\/2(1 —=2v)1llgt, i. o. | =1.
\/m ( ’Y)gk,10>
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— U® (mty,) — [LK® ma?
Tim ———k) > (1 —24) Ti — = (1-2y/1 - —1L.
A ey, = (120 fim g [ = (1= 29) 9
Furthermore,
-21 o;[Y (jt) = Y((j — Dt)] — eaY (mt/V) —
Iim = > (1—29)y/1 - —2L.
tggo Ptligt > ( ) J
But from (2.10) we have
Tim |Y (mt/9)| < m
t—oo /2tllgt )
Hence

m

> a Y () = Y((G = 1)t)]

Jj=1
lim

2

mao
>(1—2y)/1 - —2% —

t—o0 V2tgt > ( 7) 9

5
Recall that v > 0, ¥ > 1 may be any given numbers, now letting ¢ T oo and v | 0 yields

m

> oY (t) =Y ((G — D))
lim = 1

V2tlgt
Combining this and Proposition 2.2 gives (2.22)

From Propositions 2.1 and 2.4 it is easy to deduce the following corollary.
Corollary 2.1. Let Y be a PII satisfying Assumption B, d > 0. Then

5 aylY (jn/d) - Y (G - Dofd)
fim =" 1 Z 2
n—00 V2nllgn d ;=
Vm € N, ay, -

,om €ER a.s. (2.25)
Now we shall state some results about the compactness in D
For f € D define a mapping T(?9 as follows

7 pay = 500 2 r (L) 4 [ (ML) (Y] g pa),
C = {fD. feD}

Then T4 is a continuous mapping from D onto C® and C(% is a closed subset of C
Let

KO = ke = {g: g e K} = {g: g € €, 32 dlgl(i +1)/d) —g(i/d)” <1}.
Similar to the case of C[0, 1] (see, e.g., [2, Lemma 2.1)), f € K iff f(D € K@ ford = 1,2
Let
k
o= (2> oF =1 _ — .
H {x (z;,i>1) € R klgrolok 0}, 2|ln = sup k:+1 ,  xEH

Then H endowed with norm || - ||,, is also a Banach space. It is also easy to verify that the



No.1 Wang, J. G. A STRASSEN LIL FOR PROCESSES WITH INDEPENDENT INCREMENTS 25

following mapping Qg is a homeomorphism from C(%) onto H:
. 1
Q@5 (£(5) - f(=)iz1) e
The following results are well-known.

Lemma 2.3. A subset B in H is relatively compact iff for each k > 1 {x) : © € B} is
bounded and

k
I s | =o.
AP

Proposition 2.5. Let {9 = (19,(€n),k > 1),n > 1} be a sequence in H. If for each
k>1and oy, - ,ap € R

k 1 k
1 (n) 2 li o
e L .

()| _
> "] =

then {9 n > 1} is relatively compact in H and the set L of its limit points is
B(a)é{IEROO Z:z:12<a }
j=1
For a process Y = {Y(¢), t > 0} satisfying Assumption B, define
(t) = _Y(nt)
7771 - \/W’ - )
td td)+ td
p@ gy = YO + [V (UG — V()] (4 — [td)
" V2nlign ’
Proposition 2.6. Let Y be a PII satisfying Assumption B and 17,(1 ) be defined by (2.28).
Then {n(d) n>1} -— K9, as.
Proof. For fixed d > 0, put
n i i—1 Y(ni/d)—Y(n(i—1)/d
192):77&(1)(7)_777(#)( ): (ni/d) (n( )/)_
d d Vv2nllgn

(2.27)

t>0,n>1 (2.28)

From (2.25) we have

35 oulY (/) = ¥ (= 1)/

. 1k
lim 9\ = Ti = /=2 a2,
noso0 JZ @ b0 V2nlign d J§1 “
Vai, - ,ar € R, k>1, as. (2.29)
Also from (2.25) we have
= Ve 1
n—oo \/2nllgn  /d o
Hence
Y (nk/d)|
li 19( M= |
Fobo b+ 1ol TSk + 1oa 2nllgn
Y(nk/d Y(n/d
< lim (14k)~*su 7| WRDL < i (14 k) s 7‘ WD _o s

Now from (2.29), (2.30) and Proposition 2.5 we get that {19(”), n > 1} is relatively compact
in H with probability 1 and the set of its limit points is B(1/v/d) almost surely. This also
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means that {ny(ld), n > 1} is relatively compact in C(4) with probability 1 and the set of its

limit points is

(e S -] < - e [rorass )

i=1 0

Now we are ready to prove the Strassen law of the iterated logarithm for Y.
Proposition 2.7. Let Y be a PII satisfying Assumption B and n, be defined by (2.27).
Then {nn, n > 1} = K, a.s.

Proof. We adhere to the notations of the last Proposition. Similar to (2.30) we also have

lim 1 sup ¥ (n)] =0 lim 1 sup Y (nltd]/d)] =
t—oo 14+t ,>1 2nllgn tooo 1+t ,>1 2nllgn
Hence for § > 0 there exists a finite number T > 0 such that
1 |Y (nt)] 0 1 Y (n[td]/d)| &
T s nllgn ~ 3 TS  anlgn 3

Now we have

— 2 — Y (nt) — Y (nk/d)|
im |7, —n@|p < 6+ lim su su
e =l < n—00 kgll?d k/dgtg(llz-i-l)/d v2nllgn

IN

2. — wn/d,n(T+1/d),Y) 2 \F
S04 1 <Z6434/=.
30T V2nllgn =307y

Letting § | 0 yields
T [, — 00 llp < 3/1/d. (2.31)

n—oo

For § > 0, take d > 9/6%2. From Proposition 2.6 {n,(Ld), n > 1} is relatively compact.
Therefore there exists a finite d-net for {n,(ld), n > 1} and from (2.31) there exists also a
finite 26-net for {n,, n > 1}. Since § > 0 may be any positive number, {n,, n > 1} is
relatively compact in D almost surely.

Denote by L(w) the set of all limit points of {n,, n > 1}. Then L(w) is a closed set.
From the continuity of the mapping T, L4 = T@[, is just the set of limit points of
{777(1(1) = T@Wy,, n > 1}. Therefore Proposition 2.6 shows L = K@ for all d = 1,2,---.
This means that if f € L, then f(¥ € K@ je.,

oy =0, Salr(5) ()] = d=te

Hence f € K and L C K a.s.
On the other hand, (2.31) means K4 ¢ L3V1/d = {y : infL lly—z| < 3y/1/d } Therefore
e

K c (K)YVd o [AVY a5 and K ¢ (| L*VY9 = L, a.s. Hence the conclusion L = K
d=1
holds.

63. The General Case

In this section we adhere to the notations of last section and consider the PII X =
{X(t), t > 0} satisfying Assumption A.

The following lemma (cf. [14]) is important in the use of truncation technique.
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Lemma 3.1. Let G be a finite measure on R with [ y*G(dy) < co. Then there exists a
function e(t) satisfying

e(t) 10, 1 <e(t)y/t/llgt = 00, ast— oo (3.1
and
/OOO %lgt /R 11 (Il > <(0), /ﬁ )Gdy)dt < oo. (3.2)

Note that if X satisfies Assumption A, then X is also a locally square integrable martin-
gale and has the following integral representation: X = X¢ + x % (u — v), where X¢ is the
continuous local martingale part of X, u is the jump measure of X and v = Ey is the dual
predictable projection of p. Meanwhile, X¢ is also a continuous PII and

E[X(8)]? = E[X°(t))* + (2 x v);. (3.3)
Now we shall use the truncation technique, i.e., use the following decomposition of X:
X=X4zx(u—v)
= [XC+zI(|z| < d(t) * (u—v)] + aI(|z| > dt) * (u—v) 2 Y + Z, (3.4)
Y & X4 2|z < d(t) * (u—v), (3.5)
Z 2 zI(|z| > d(t)) * (u—v), (3.6)

where d(t) = e(t)\/t/llgt and (t) is given by Lemma 3.1. Then both Y, Z are PIL
Proposition 3.1. Suppose that X = {X(t),t > 0} satisfies Assumption A and Y =
{Y(t), t > 0} is defined by (3.4). ThenY satisfies Assumption B.
Proof. From the integral representation (3.5), the following facts are evident:

ElY(#)] =0, sup|AY(s)| <2d(t) =2s(t)\/t/llgt, V¢t as.

To this end it suffices to prove that tlim E[Y(t)]?/t = 1. From the definition of Y we have
— 00

EY (0] = ELX() + (J2PI (2] < d(+))) # v = 3 (Al (o] < d(-))) v](s))”

s<t
< E[X(1)]%,
where > W denotes the summation process of a thin process W. Meanwhile,
0 < E[X(1)]* — E[Y (1))?
2
= (|l I(j| > d(-))) * ve + ;t(A[(II(III <d(-))) *v|(1))

= (|2PI(jx] > d(+)) s v+ X (Al(@I(|2] > d(-)) #v](1))"  (by Alwxv] =0)

< 2P I(fe] > d(- ) * v

=2 [ [ P 1(el > ds))N.(dr)Dxlds) (v (12)
< 2/0 /R\x|21(|x| > d(s))G(dz)Dx(ds)  (by (1.4)).
Owing to [ y?>G(dy) < oo and (3.1), we have

lim [ 2?I(e] > d(#)G(dr) = lim [ 2?I(|z] > =(t)/#/Tgt)G(dz) = 0.
R 7 JR

t—o00
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Hence

. [EX ()] - EY ()] _ 2 _
Tim 5 t%mlhr /‘/‘ 1(lel > () [ )G@@Dxu@__o

Therefore according to (1.5) we get hm E[Y(#)]?/t = 1.
Proposition 3.2. Suppose that X satzsﬁes Assumption A, Z is defined by (3.6) and
Z(nt)

)= = >0, n>1. 3.7
Gnlt) 2nllgn " (87)
Then
Z(t t,t, Z
im ® =0, lim ||¢,]lp =0, im wit.t,2) = (3.8)
t—oo /2t gt n—00 t—oo /2tllgt

Proof. Firstly, note that Z is a locally square integrable martingale. For the ¢(t) =
V2t1lgt from (3.2) we have

|| = OOL z|I(|x T
(S05el > de ) ev) = [ [ jal1(a > d)Vitan) D)

* 1
SA aaﬁmmm>ﬂmmmwﬂm<m.@w

But
e[(5 el > - ) | = (L 100l > a0,

Hence from (3.9) the following limits exist and are finite:

tim [P ral > a0 0] m [SEL el > ) ]

[ 2], = [ o] = i [ ],

Now the Kronecker lemma implies
Z

im ®) = lim @

t—oo \2tllgt  t—oo (i)

i.e., the first equality of (3.8) holds and it contains that for each fixed a > 0

=0, a.s.

sup |Z(nt)]
0<t<a
lim — =0 .S. 3.10
S g 0 (310
Meanwhile,
1 |Z (nt)|
ol € —— Z(nt .
lenll> < s sup 12(nt)[+ o sup 5
This and (3.10) contain that
1 |Z (nt)|

hm ICallp < lim  lim (3.11)

su .
a—oon—oo \/2nllgn tsz 1+1

But for each € > 0 there is an integer N such that
|Z(nt)| < e\/2ntlig(nt) < e/2nlignt3/4, Vn>N, t>aVec.

This and (3.11) imply the second equality in (3.8).

At last, the third equality of (3.8) comes from w(t,t, Z) < 2sup|Z(s)].
s<t
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From Proposition 3.2 we also have the following Corollary.
Corollary 3.1. If X satisfies Assumption A, then for a € [0, 1]

— w(at, t, X)

HLH;OTIgt < 3Va, a.s. (3.12)
Proof. Note that w(d,t, X) < w(d,¢,Y)+w(d, t, Z), hence (3.12) comes from (2.7), (3.8).
Now we are ready to prove Main Theorem.
Proof of Main Theorem. According to (3.4),

X(t) = Y(t) + Z(t)a fn(t) = 77n(t) + Cn(t)v

where n,,(t), (. (t) are given by (2.28), (3.7) respectively. Now the conclusion comes from
Proposition 2.7 and (3.8).

§4. Some Corollaries

The Main Theorem is a rather general result, it comprises some important special cases,
here we shall list some corollaries of it.
Let C; = {f: f is continuous on [0,1], f(0) =0},

Dy = {f: f is right continuous and with finite left limit on [0, 1], f(0) =0,},
1

Ky = {f: f is absolutely continuous on [0, 1] and f(0) = 07/ [/ ()]2dt < 1}.
0

Then C;, D; endowed with the uniform norm are Banach spaces, K1 is a compact subset of
Cy.
For f € D define (Pf)(t) = f(t), 0 <t < 1. Then P is a continuous mapping from D
onto D; and PK £ {Pf: f € K} = K;. Therefore we have the following corollary.
Corollary 4.1. let X = {X(t), t > 0} be a PII satisfying Assumption A and

X (nt)

n(t) = —=—, 0<t<1, > 1. 4.1
&n(?) 2nllgn " (4.1)
Then &, —— K1 in D1, a.s.

Corollary 4.2. Let X = {X(t), t > 0} be a temporally homogeneous PII with E[X (1)] =
0, E[X(1)]? = 02, and &, is defined by (1.10) (or (4.1) resp.). Then
En —-— K in D (g—" —— K4 in Dy resp.) a.s. (4.2)
o o
Proof. Note that E[X(t)] = 0, Dx(t) = E[X(t)]? = o*t, v(dt,dx) = N(dx)dt and
J 2?N(dx) = 0? < co. Therefore it is evident that {X(t)/o,t > 0} satisfies Assumption A
and (4.2) comes from (1.11) and Corollary 4.1.
Corollary 4.3. Let {V,,, n > 1} be a sequence of independent random variables with
E[V,] =0, 02 = E[V,,)? < o< and
oL,
lim — > o7 =1. (4.3)

n—oo N =]
Let F,, be the distribution of V,,. Suppose {0, *F,} < G with [ 2?G(dz) < oo or

sup o, 2E[V:2H] < o0, for some § > 0. (4.4)



30 CHIN. ANN. OF MATH. Vol.18 Ser.B

Let
[nt] [nt]
Z Vi > Vit (nt = [nt])Ving 41
W=t @=L ., t>0, n>1 (45
&nt) V2nllgn n(?) V2nllgn - "= (45)
Then
& ——= K inD, £, —»— K inC a.s. (4.6)

[t]
Proof. Write X(t) = > V;. Then {X(¢),t > 0} is a PII with E[X(¢)] = 0, Dx(¢t) =
j=1
[t] [t]
E[X())* = E o7. From (4.3) l_> D);(t) tlgn > 07 = 1. In this case, the jump measure
j=1 e oo j=1
o0
pof X is p(dt,dx) = > egjy(dt)eqy,y(dr), where £(4) is a unit measure concentrate in {a}.
j=1
The dual predictable projection v of y is

v(dt,dz) = 21 gj(dt)Fy, (dz) = oy, *Flyy (dz)dDx (t). (4.7
J
Thus {Ny(-)} = {0'[;]2F[t](')} < G. If (4.4) holds, then from Lemma 1.1 {N;} < G holds
too. Therefore X satisfies Assumption A and (4.6) comes from Main Theorem.
p = 0. Hence £, »— K in

Meanwhile, similar to (2.38) it is easy to show lim |[|&, — &, |
n—oo
D a.s. Note that &, € C, therefore £,, —— K in C a.s. too.
In particulr, from Corollary 4.3 we have
Corollary 4.4.Let {V,,, n > 1} be a sequence of i.i.d. random variables with E[V,] = 0,

E[V:2] = 02 < co. Suppose that &,(t), €,,(t) are defined by (4.5). Then

tn —-—= K, inD, En ==K, inC, a.s.
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