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Abstract

This paper introduces the new notion of (p + 0)-summable operator. It is shown that this
property is stable under small perturbation by selfadjoint operators.
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§0. Introduction

Let H be a complex Hilbert space and A be a complex unital Banach algebra acting
on H. And let D be a densely defined selfadjoint operator H. A pair (H, D) is said to be
an unbounded p-summable Fredholm module (ungraded) over A if it satisfies the following
conditions:

(@) tr (14 D?)~% < oo;

(8) For any element a in A, the operator [D, a] extends to a bounded operator on H.

We may replace the p-summability condition of («) by the weaker, #-summability condi-
tion;

(o) tre tP” < 0o, Vit > 0.

Such a Fredholm module plays an important role in non-commutative geometry. In
[2], E. Getzler and A. Szenes have shown that the f-summability property is stable under
perturbation by bounded selfadjoint operators. And in [1], A. Connes and H. Moscovici
have obtained the similar result in finite summable case.

In this paper, we consider the pairing (H, D), where H is a complex Hilbert space and
D is a densely defined selfadjoint operator on H. We introduce the new notion of (p + 0)-
summability. It is easy to see that each pair (H, D) which satisfies the condition («) in above
is (p+0)-summable. We show that every (p+0)-summable is stable under small perturbation
by a selfadjoint operator which satisfies some certain conditions. For the #-summable case,
we also obtain a similar result.

Throughout this paper, let H be a complex Hilbert space and £' be the family of all
trace class operators on H.
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§1. Lemmas

The following lemma is slightly modified to the Connes and Moscovici’s result!!.

Lemma 1.1. Let S be a selfadjoint operator on H. Suppose that there exists A > 0 such
that tr (A + S?)~% < co for some r > 1. Then we have

tre=t"S” <C- el N for any t > 0,

where the constant C' does not depend on t. Thus we have tr e St = O(t™") ast—07.

Proof. By the Hélder’s inequality for operators, we see that we have

tre 5" = tr {(A + 52" 2e "5 (A + 52)5)
< Hefﬁsz()\ + 522 |tr (A\+ S*) "2, for any ¢ > 0.
Note that we have
le A+ SME < e (A + 275 |

= sup e42(y27/\)(y2)% where y? = A\ + 22
y>VA

< Const.et2)‘2 sup 7r .
y>VA (t?y?)=

Then the lemma follows.

We are now going to prove the following critical lemma in this paper.

Lemma 1.2. Let S be a selfadjoint operator on H. Let 1 < p < co. Suppose that there
exists A > 0 such that tr (z\—!—SQ)_% < 00, for any e > 0. Then we have tr (,u—|—52)_% < 00,
for any p > 0 and for any € > 0.

Proof. Let € and p be arbitrary positive numbers. Recall that the Mellin transform of
e~ (1+5%) i5 formally given by

pte

o0
/ e S )pre—lgy — const.(p + S?)" "2,
0

where the constant depends on p and ¢ only.
We only need to show that the above integral is Bochner integrable in £! (see [5]).
We see that we have

- t?(u+S? 1 s? R 1
/ e WSl at < [le™ ||/ e el < .
1 1

On the other hand, by Lemma 1.1 and the assumption, we have
He—tZ(u+52)||1 < const.e~t (h=X) = (p+n)

for any n > 0 and any ¢t > 0.
Then we have

1 1
/ ||6_t2(“+52)tp+6_1||1dt < const./ e~ =N (e gy (%)
0 0

Thus if we take 0 < < g, then (x) is integrable. Thus we have
1
/ et (5 p+e—1) @t < 00 for any & > 0.
0

On the other hand, by the Holder’s inequality for operators, we see that the function
t € (0,00) — e ¥’WtS") ¢ £1 s continuous. Thus the integral fol et (n+S")pre—1lgy ig
Bochner integrable in £'. Then the proof is completed.
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By the above results, we are naturally led to have the following definition.
Definition 1.1. A selfadjoint operator D on H is said to be (p + 0)-summable, where

1 <p< oo, if for any € > 0, we have
_pte

tr(1+D* "2 < oo.

Remark. Obviously, every unbounded p-summable operator (see [1]) is (p40)-summable.

62. Main Results

We first recall the definition of relative boundedness between two selfadjoint operators on
H (see [3]). Let A and B be two densely defined operators on H. B is said to be A-bounded
if the following conditions hold:

(i) Dom(A) C Dom(B) and

(ii) there exist a,b in Rsuch that

IBE|* < a®||AE)I* + b°||€]1%, for any & € Dom(A).

The greatest lower bound of |a| of all possible constants a in the condition (ii) is called
the relative bound of A.

On the other hand, we have to make use of the following fact: If A and B both are the
positive selfadjoint operators on H, then we have tre=4=5 < tre=8 (see [4, Section §]).

We are now in a position to prove our main result.

Theorem 2.1. Let D be a (p + 0)-summable operator on H. Let V be a D bounded
selfadjoint operator on H with D-bound less than 1. Suppose that there exists § > 0 such
that (D +V)? —sD? is selfadjoint, for any 0 < s < 6. Then D+V is also (p+0)-summable.

Proof. Since V has D-bound less than 1, by the Kato-Rellich Theorem (see [3, Theorem
X. 12]), D 4+ V is also a selfadjoint operator. And there exists a constant a with 0 < a <1
and a constant b so that ||V¢||? < a?||DE||? + v?(|€)|?, for any & € DomD. Now we choose
ﬁ>Oand'y>Osuchthata2<g<1and0<1—%+a2(1—%)<5.

Let a be an arbitrary positive real number. Then we have

B o
(1+a+(D+V)?)EE) > ((1 fa+ D24V ;DQ - BW)g,g)

((1 Fa+ (1 - §>D2 + (1 - %)Vz)g,g)

((1 ta+ (1 - ;>D2 + (1 - %)(aQDQ +b2))§,§)

_ ((1+a+ (1 - %)b2+ (1 ~ g +a2<1 - %))Dz)é,é)

for any ¢ € DomD? N Dom(D + V)2.

Since 0 < 1 — g +a%(1— %) <6, we have 0 < % —a?(1 - %) < 1. And then we choose a

sy

Y

large enough so that we have o + (1 — %)b2 > 0.
Novvlete:1—i—04—&—(1—%)b2 andle—%—i—tf(l—%).
Thus we have 1 +a + (D + V)? — e — fD? is a positive selfadjoint operator.
Then by Lemma 1.1, for any n > 0, we have
tre~t (Atat(DHV)?) < p o=t*(e+/D%) — O@=Ptmy as ¢t — 0t
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Thus the integral [;* e~t*(1+at(D+V)*)pte=14y ig integrable in £1, for any £ > 0. Then

by the proof of Lemma 1.2, we see that

e

tr(1+a+ (D—&—V)Q)_% < o0, forany e >0.

Thus by Lemma 1.2 again, we have

pte

tr(1+(D+V)*)"2 <oo, forany e>0.

The proof is finished.

By the above theorem, we can now obtain the following result immediately.

Corollary 2.1. Let D be a (p + 0)-summable operator. Let V be a selfadjoint bounded
operator. Suppose that there exists § > 0 such that (D + V)2 — sD? is selfadjoint, for any
0<s<d. Then D+V is also (p + 0)-summable.

§3. Remarks

In the study of entire cyclic cohomology?, we are naturally led to have the following
definition which is a generalization of the finite summability of an operator.

Definition 3.1. A selfadjoint operator D on H is said to be 0-summable if for any t > 0,
we have

2 2
tre ' P < .

By Lemma 1.1, we can obtain the following proposition immediately.

Proposition 3.1. Every (p+0)-summable operator D is 6-summable, for any 1 < p < oo.

Analogous to the finite summable case, we can also obtain the following stability theorem
for #-summable operators.

Theorem 3.1. Let D be a 8-summable operator on H. Let'V be a D-bounded selfadjoint
operator with D-bound less than 1. Suppose that there exists 6 > 0 such that (D +V)? —sD?
is selfadjoint, for any 0 < s < 6. Then D +V is also 0-summable.

Proof. By the proof of (2.1), we have

l+a+ (D+V)?>e+ fD?

for some suitable positive numbers «, e, f. Then the result follows.
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