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GIRSANOV’S THEOREM ON ABSTRACT WIENER SPACES**
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Abstract

Let (E, H, 1) be an abstract Wiener space in the sense of L. Gross. It is proved that if u
is a measurable map from E to H such that v € W21 (H, ) and there exists a constant «,
0 < o < 1, such that either >_ || Dpu(w)||% < a? a.s. or [|u(w+h) —u(w)|| g < of|k||g a. s. for

n

every h € H and E(exp(% (Z HDnuHH)))) < o0, then the measure poT ! is equivalent

to u, where T'(w) = w + u(w) for w € E. And the explicit expression of the Radon-Nikodym
derivative (cf. Theorem 2.1) is given.
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60. Introduction

Let (E, H, 1) be an abstract Wiener space in the sense of L. Gross, i.e., (E,| - ||g) is a
separable Banach space, (H, ||| fr) is a separable Hilbert space with the inner product (-, ) g,
H is a dense subspace of E' and the inclusion map is continuous, and g is the probability
measure on (E,Bg) such that for f € E*,

[ expli £(w)) n(dw) = exp(-3 113
E

where we have used the fact that E* ( the dual space of E' ) becomes a dense subspace of
H when we make the natural identification between H* and H itself.

Starting with the Cameron-Martin formula, a great effort has been devoted to the problem
of finding the Radon-Nikodym derivative of the image of ;1 under good nonlinear maps with
respect to p (see [1-6]). In [6], O. Enchev and D. W. Stroock presented a very interesting
Girsanov type theorem. However, they mainly focus on the standard Wiener space of R%-
valued Brownian paths, and it is hard to apply their method to prove this Girsanov theorem
in the case of abstract Wiener spaces. So it might be worth to make an effort of studying
this problem on general abstract Wiener spaces. That is the motivation of this paper. Now
let us describe our main ideas.

It is well known that there exist a sequence (G,,) in E* and an orthonormal basis (ay) of
H with the property that for all n,m,

/E (1) G (1) 1(d0) = Gy Con(a@m) = G-
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The system {(G,); (a,)} is called an orthogonal decomposition of (F, H, p). Now let us fix
an orthogonal decomposition {(G); (a,)}. A functional ¢ on F is called a smooth cylinder

functional if it is of the form
o(w) = (G1(w), G2 (w),--- ,Gn(w)), weE
for some N and ¢ € C°(RY) ( the space of infinitely differentiable functions with compact

support in RY). We define the directional derivative of a,,, for any smooth cylinder functional
¢ and for all w € F, as

Da, é(w) = lim 200 10n) —0(w)
t—0 t
The smallest closed extension of D, is denoted by D,. As in [7], we can construct the
Ornstein-Uhlenbeck operator £ and its semi-group ( P; ) on L(E, ).
We first consider a cylinder map Z : E — E such that for all w € F,

Z(w) =w+ K(G1(w),Ga(w), -+ ,Gn(w)),

where K is a smooth map from RY to H. Then it is easy to check that for every smooth

[ an= oo

¢Z (w) = det (Ig + || DiG; (K (w))|l1<ij<n)

+ eXp ( ZGn anv ( ))H - ;”K(w)”%{> .

Ifamap T : E — FE can be approx1mated in p-measure by a sequence of cylinder maps (7},)

cylinder functional ¢,

where

such that &= converges to &7 in Ll(E 1), then for every smooth cylinder functional ¢,

[t oo

In this paper we prove that if for all w € E, T'(w) = w +u(w), where u is a measurable map
from F into H and satisfies some conditions, which is similar to those given by O. Enchev and
D. W. Stroock in [6], then the preceding procedure can be applied to T'. In this way we get
the generalization of Girsanov’s theorem on general abstract Wiener spaces, particularly on
the Brownian sheet sample space and the Brownian bridge path space. Finally, we present
the concept of Gaussian operators and describe the Girsanov’s theorem on the Gaussian

measure spaces corresponding to some Gaussian operator.

§1. Some Lemmas

Let (E, H, 1) be an abstract Wiener space, {(G,); (a,)} be an orthogonal decomposition
of (E, H,u), and (P;) be the Ornstein-Uhlenbeck semigroup on L?(E, ).

We first introduce some notions which will be used constantly in the sequel.

Let L?(H,u) denote the space of H-valued square integrable functions on E with the

norm

HUII§=/EIIU(w)H?m(dw), u € L*(H, p).
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For u € L?(H, ), define
Pu= ZPt(u,an)Han, t>0.

From [8], we have
Pou(w) :/ u(e ™ w + /1 — e~2t) p(dv).
B

If W2k (R, ;1) is the completion of the space of smooth cylinder functional on E with respect
to the norm

11,82, ik
where E(X) = [ X (w) p(dw), we set
W2k(H, u) = {u € L*(H,p)|u = Z(u, an) Gy such that for all n,

n

(u, an)r € WHF(RY, 1) and
el = 3 N an) 3 < o0}

n

When u € W2F(H, 11), we write
DilDig e Dzku = Z DilDig cee le (u, an)Han.
n

We are now going to prove some lemmas which will play a fundamental role in this paper.
Lemma 1.1. Ifu € W2 (H, ) and € > 0, then

S D Pl < Pe(z |\Dnu||§,) a.s.

n

Proof. We observe that for all n,
D,P.u=¢ “P.D,u.

Since P. is a Markov operator ( see [8] ), we have

> IDu Pl < e*QEPE(Z HDnuH%) as.,

which proves our claim.

Lemma 1.2. Assume that u € W2 (H, u) and uc = Pou, € > 0. Let uc y = E(uc|Qy),
where Qn is the o-field generated by {G1,Ga,--- ,Gn} and E(-|QUn) denote the condition
expectation with respect to Q. Then

ue,n(w) = Ke N(Gr(w), Ga(w), - -+, Gn(w)),
where y — K. y(y) is a C*°-map from RY to H, and

> IDaten (@)l < Po(B( Y I1Dwullf | ) ) (w) as

Proof. Straightforward.

Before studying our approximation lemmas, we introduce an operator A(u;w) correspond-
ing to u € W21(H, p).
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Let u € W%(H, i), define for a € H,
A(u;w)(a) = Z(Dnu(w), a)gan,.

n

Because
1A(w; ) Fs = D I1A(w; w)am |3
m
=D (Duu(w), am)fr = Y [IDnulw)|,
n m n
where we denote the Hilbert-Schmidt norm of an operator by || - s, for almost surely w,

A(u; w) is a Hilbert-Schmidt operator from H to H.
Lemma 1.3.17 Ifu € W2 (H, 1) and ucy = E(P.u|Qy), then

E(|A(u;w) — A(ue n;w)|fg) — 0 as N — +oc and € | 0.

and if there exists a constant  such that |A(u;w)||% ¢ < o a.s. , then for all € and N,
A (e w)hs < o as.

Lemma 1.4. Suppose that uw € W21 (H, 1) and there exists a constant o, 0 < a < 1,
such that Y || Dpu(w)||3; < o2 a.s. . Assume that ue vy = E(uc|Qn) (see Lemma 1.2). Then

u (resp. ue n) has p-a.e. modification @ (resp. e n) with the property that for allw € E
and h € H,
la(w+h) —a(w)la < allh]g,
[te, v (w + h) — e, N (w) ||z < al[h]|,
and we can choose € | 0 and Ni T 0o as k — oo such that for all w € E
lim |[c, v, (w) — @(w)||g = 0.
k—o0
Proof. We have noticed that
uQN(w) = KG,N(GI (’U}), G2 (w)7 Tty GN (’LU)), a.S.,

where K,y is a C*°-map from RY to H. Since

Dnue7N(w) - (%K@N) (Gl (’LU), GQ(IU), e aGN(w)) a.s. ,

we know that if p(2) = 1, then the set {(G1(w),Gz2(w), - ,Gn(w)) |Jw € Q} is a dense
subset of RY. Hence for all y € RV,

N
> llm-Ken)i <o
n=1 ayn

and for all w e Fand h € H
[ue,n(w + h) = ue,n (w)]| < a|hl[g.
Recall that 6wl’i]r\%oo E(|Jue.ny —u||%) = 0. We can choose € | 0 and Nj 1 o as k — oo such
that
U = Ue, N (W) = u(w) in H as. as k — oo.
Let Hy be a countable dense subset of H and
Q = {w| for all h € Hy, kl;r{:ouk(w + h) exists in H}.
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Obviously, € is a measurable set of E and u(2) = 1 and if a € H and w € ), then we obtain
that for all h € Hy
[, (w + a) = uk, (w + a)|| < 2afla = hllg + [luk, (w+ h) = e, (w + h)| &
Thus, lim ug(w + a) exists in H, which means that for all a € H
Q+a={w+alweQ} CQ
Denote the indicator of set 2 by I and define 4y = uxlq and @(w) = lim 4 (w) for w € E.
Since (E\Q)+a C E\Qforalla € H, a(w+a) :klim Up(w+a) in H and for allw € E
— 00
and a € H,
la(w + a) — w(w)||a < allal|x,
[k (w + a) — ik (w)||z < ollal|m,
lim ||@(w) — ag(w)||g = 0.
k— o0
Lemma 1.5. If u and ug, k = 1,2,---, are measurable maps from E to H with the

following properties
(1) there exists a constant a, 0 < a < 1, such that for h € H and w € E and all k,

[u(w +h) = u(w)llg < allhllm,  [lup(w+h) —up(w)]| < af|p]a

(2) for every w € E, khj& llug(w) —u(w)| g = 0.

Let T(w) = w + u(w) and Tip(w) = w + ug(w) for w € E. Then T(E) = Ty (E) = E, and
T~ is also a measurable map. If wy + ug(wi) = w + u(w), we have
kli—>11;lo llwg —w| g = 0.

Proof. For w € E, we define a metric space X = {w + hlh € H} with the metric
plx,y) = ||z — yllg for z,y € X. It is clear that X is a complete metric space. Let
K(z) = w —u(z) for x € X. Then

p(K(2), K(y)) < allz —ylla = ap(z,y).
Thus = lim K™ (w) is the fixed point of K, this fact ensures that T(E) = E and T~ is
also a measurable map from F to E. Similarly, the same conclusion holds for T. If w € E
and wg + ug(wg) = w + u(w), we get
l[wr = wlla < flu(w) = ug (W)l + [Jus(w) = ug(wr) || &
< lu(w) = up(w)|[a + aflw —w||a

Consequently,

|lwr —wllg < . lu(w) —up(w)||g — 0 as k — co.

—
Corollary 1.1. Let A > 0 and Ay = {w: |Jug(w)| < A} and Ay = {w : ||Ju(w)||x
A}, Assume that T(w) = w + u(w) and Ti(w) = w + ux(w) for w € E. Then

lim Tk(AA,k) 2 T(A)\)
k—o0

A

Proof. Suppose that w € T'(Ay). Then w = wo+u(wo), [|[u(wo)|lg < A. If wg+ug(wy) =
wo + u(wp), by Lemma 1.5, klim |lw, — wollgr = 0. Thus
—00
[Jur(wi) | < flu(wr) =k (wo)llz =+ [luk (wo) — w(wo)llm + [lu(wo)l|x

< allw, — woll# + [[ur(wo) — u(wo)||g + llu(wo) |,
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so that there exists an integer K such that for k > K, |lug(wi)|lg < A\, ie,w e () Tk(Ark)-
k>K

Lemma 1.6. Suppose that u € W (H, u) and u. = P.u with € > 0. Let K bea finite
subset of natural numbers N. Then

E(‘ Z(D;ue,an)}[r) = Z E((Uvanﬁ-l)

nekK nek
+ Z E((Dmua @n)H(Dnua am)H)

n,meK
Proof. See [7].
Corollary 1.2. Y (D}uc,a,)g converges to §(ue) in L?(E,pn) and 6(u.) converges to
n
S(u) in L*(E,p) as € | 0.
Remark 1.1. §(u) is called the Skorohod integral of w on (E, H, ).

§2. Main Theorem

Theorem 2.1. Suppose that w — u(w) is a measurable map from E to H and u €
W2L(H, 1) and there exists a constant a, 0 < a < 1, such that

Z | Dnu(w)||f < a®  almost surely.
n

Let T(w) = w + u(w) for w € E. Then for every bounded measurable function ¢ on E, we
have

[ o€ witdn) = [ owutaw)
where
& (1) = exp(~3(u) — 3 u(w) [} ~ §(usw))
§(u; w) = Trace(A(u; w)” B(u; w)),

B(u;w) = Z 7(71)7172A(u;w)"72.
w2
Here 6(u) is the Skorohod integral of u on (E, H, u) (see Lemma 1.6) and A(u;w) is a linear
operator from H to H defined as A(u; w)(a) = > (Dpu(w),a)gay, for alla € H (see Lemma
1.3). !

Proof. By Lemma 1.4, we may assume that ||u(w + h) — w(w)||g < allh||g for w € E
and h € H, and suppose that there exists a sequence (uy), ug = @e, n, for k € N such that
[lur(w + h) — ug(w)|| g < of|h||g for w € E and h € H. Moreover, we can assume that for
every w € F,

lim |u(w) — up(w)llz =0,
k—o0

Z | Dpur(w)||3 = ||A(up; w) || s < @®  a.s. for all k,
n

|A(u; w) — Alug;w)|lms — 0 a.s. as k — oo.
Write Ty, (w) = w+ug(w) for w € E. Tt is easily seen that if ¢ is a smooth cylinder functional

which is of the form

P(w) = p(Gr(w), Ga(w),-- -, G (w)),
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where ¢ € C2°(RY), then we deduce that
/ H(Ti (w)) €Tx (w) pu(dw) / B(w

7 (w) =exp (= 3 Gl ) = gty

x det(Iq + I Di(az, ur(w))wlli<ij<n)-
Here we denote the identity by I; and we have used the fact that

Gj(ug(w)) = (a;,ur(w)) g and Dju, =0 a.s. for j > Np.

where

Let P be the orthogonal projection from H to the subspace generated by {a1, a9, - ,an, }.
Thus the matrix || D;(a;, ur(w)) m|l1<i,j<n, is corresponding to the operator A(ux;w)P from

V" s )P

converges almost surely to log(I; + A(uk;w)P) with respect to the Hilbert-Schmidt norm.
Thus, we deduce that

H to H. Because ||A(ug; w)|lns < « a.s., we know that the series )

n—1

det(Iy + A(uy; w)) = exp (Z(Dnuk, an)H) exp (Z %Twee(m(uk;w)m”)).

n n>2
Observe that

Trace((A(ug; w)P)™) = Trace(PA(ug;w)™) = Trace(A(ug; w)™).
Consequently
det(La + | Di(az, wn(w)ll1<ign) = exp (D (Daun(w), an) ) exp(~F(ugi w)) as.

n

It follows that
1
&% (w) = exp (= d(ur) = 5 llur(w) [y = Flwiw))  as.

since
|Trace(A(up; w)?B(ug; w)) — Trace( A(u; w)2B(u; w))|
< 2| Aup; w) — Au; w)lrs || B(urs w)|lus
+ 1B (ug; w) — B(usw)|[wwsl| A(us w) [
and
1
1B (ur; w)lls < > [ Alur; w) g < <o as,

n>2
lim || B(ug;w) — B(u;w)||ms = lim ||A(ug; w) — A(u;w)|lns =0 as. .
k—o00 k— o0

Summarizing, we have obtained that ¢ — &7 in y-measure as k — co.
The crucial point of our proof is to show that 7+ converges to €% in L*(E, ) as k — oo.
Instead of (ux), we consider (oug), where constant ¢ > 1 and oo < 1. Obviously, for all k,

[exp (= o8t~ G ol ~ Slowsiw)) paw) =1

Let A >0 and Ay = {w: |Jux(w)||g < A}. Then for all k € N,
2,2 2 2

/IAM exp ( - U(S(uk))u(dw) < exp (02)\ + 29 )

1—oc«a
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Consequently,
2)2 2.2 2

C#Tu\o < (O' (oot [oe% )
[T € < exp (T 4 04 T

We know that for any § > 0 there exists a measurable subset 2 of E such that u(E\Q) < ¢
and klim [ |eT — &T| u(dw) = 0. Then we yield that
— 00 Q

o—1

[ i€ taw) < B\ D + [ €7 € plau) + [ € ntaw)

where
. (a 2 N oo’ N oo’ )
C = €eX —_— .
Pl "1 00 T 1-0a

Since for all k

/IA,\,kGTklu‘(dw) :/ITk(AAk)M(dw)v

we deduce, by Fatou’s Lemma, that for any € > 0,

e+/ T pu(dw) > lim I (ay oy (dw) > /klim I, (ay oy (dw).
E — 00

k—o0

By Corollary 1.1,
dim I, 4, ) 2 I7(ay)s
k—o0

thus for any A > 0, we have

/@Tu(dw) >u(T(Ay) — 1 as A — oo,

which means that [ 7 u(dw) > 1. On the other hand, [ &7 u(dw) < 1, so we conclude that
J ¢Tp(dw) = 1. Now we are ready to prove that &7+ converges to €7 in L*(E, u1). Actually,

/|€T’“—€| u(dw):Q—?/(‘ST’“/\QTu(dw)HO as k — oo,

by the dominated theorem.
We can now claim that for any bounded measurable function ¢ we have

[ or@)e @ptdn) = [ otwin(aw).
Theorem 2.2. Suppose that w — u(w) is a measurable map from E to H and u €
W2L(H, i) and there exists a constant o, 0 < o < 1, such that for every h € H
lu(w+ h) —uw(w)||lg < allhllg  as.,

and
E(exp ((11_080[)2<2n: ||Dnu||?_1))> < 0.

Then the conclussion of Theorem 2.1 holds.
Proof. Under the assumptions

A w)||fs.
1-a)

and we can find constants ¢ and o1, 1 < 07 < 0 < 1/a, such that

/Am exp{—od(ur)} exp { -

[ (ur; w)| <

2,2

2
g N
A g, )5, frldw) < e,

1—-o0oa
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and

/ (€T)t y(dw) < e(\, a, 0.01)  for all k,
Ak,)\
where ¢(\, a, 0.01) is a constant indepent of k. Thus we may now complete the proof easily.

§3. Gaussian Operators and Girsanov’s Theorem

In this section we introduce the concept of Gaussian operators and give the Girsanov’s
theorem on Gaussian measure spaces related to some Gaussian operator.

Let R? be the Euclidean space and T a bounded closed subset of R? and m(dx) the
Lebesque measure on R? and L?(T) the space of the integrable functions on 7' with the
usual inner product denoted by (-, -)a.

Definition 3.1. A densely defined linear closed operator L on L*(T) is called a Gaussian
operator on T if there exists a strictly positive constant ¢ such that for all w € H(L)

[Lullz = cffull2,

where H(L) is the domain of L and || - ||2 is the norm of L*(T).

In that case if we define an inner product on H(L) such that [u,v] = (Lu, Lv)s for
u,v € H(L), then H(L) becomes a Hilbert space, and we can find a sequence (a,) C
H(L)NC(T) (the space of continuous functions on T with the maximum norm) such that
(an) is an orthonormal basis of H(L) and > apen,(w) converges a.s. in C(T), where (e, (w))
is a sequence of i.i.d. Gaussian random variables with mean 0 and variance 1 on some
probability space (Q,F, P).

We set

X(w) = Zanen(w), wL)=PoX 1,

hence we get a Gaussian measure space ( C(T),B(C(T)), u(L) ), and the Gaussian random
field corresponding to L, W (t,w) = w(t) for t € T and w € C(T), and u(L), the Gaussian
measure of L.

In this section we will state without proofs some facts about Gaussian operators.

Proposition 3.1. Let L be a Gaussian operator on T and pu(L) the Gaussian measure
of L. Then H(L) C C(T) and (C(T),H(L), (L)) becomes an abstract Wiener space in the
sense of L. Gross.

Now let us turn to a comparison theorem about Gaussian operators.

Theorem 3.1. Suppose that L is a Gaussian operator on T and Ly be another densely
defined linear operator on L*(T) such that the domain of Ly, H(Ly), is contained in H(L)
and for all w € H(Lq)

[Laull2 > || Lull2.
Then Ly is also a Gaussian operator on T.
d
Remark 3.1. If T'=[0,1] and L = T and
H(L) = {u|u(0) = 0 and u is absolutely continuous on 7 such that u’ € L*(T)},

then L is a Gaussian operator on T and the stochastic process corresponding to L is the
Wiener process on T'.
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ad
When T = [0, 1]d C Rd and L() = m and
L Oty
H(Lo) = {ulu(t) = 0if t = (t1,--- ,ta) €T
such that ¢, -- -ty = 0 and u € W*4(T)},

where W24(T) is the Sobolev space, then the smallest closed extension L of L is a Gaussian
operator and the Gaussian field corresponding to L is the Brownian Sheet on T with the

covariance function

D(s,t) = (t1 As1)(ta Asa) - (ta Asqg)for t = (t;), s=(s;) inT.

d
Corollary 3.1. Let T = [0,1], and Ly = = and

H(Ly) = {u|u 1s absolutely continuous on T such that
u' € L*(T) and u(0) = u(1) = 0}.
Then Ly is a Gaussian operator on T and the Gaussian process corresponding to Ly is the
Brownian bridge on T.

Corollary 3.2. Suppose that U is a bounded open subset of R? with C?-class boundary
oU, and a; j(z),b;(z) € C*(U) such that
> ai(@)tity > 0(t +13),
1<4,5<2
where 0 is a strictly positive constant. Set
0 0 0
Lou(z)= Y —(ai’j(x)yu(x)) n ij(x)%ju(x),

ox;
1<igj<e 7 j=1

and
H(Lo) = {u:u e W**(U) and ul,, = 0}.

Then the smallest closed extension of Lg is a Gaussian operator on U.

Proposition 3.2. Let L be a Gaussian operator on T. Then there exists a function
G(t,s), t,s € T, such that for eacht € T, G(t,-) € L*(T) and for each ¢ € R(L) (the range
of L), we have

/G(L‘7 s)p(s)ds € H(L)

and
L [ Gl.9pets)is) @) = o

This function G is called the Green function of L.
Definition 3.2. If L is a Gaussian operator on T and G is its Green function, A map
T from C(T) to C(T) is called a drift map if it is of the form

T(w)(t) = w(t) + /G(t, S)g(s,w)ds, w e O(T),

where g(s,w) € L*>(T x C(T),m x u(L)) such that for each w, g(-,w) € R(L).
ad

Remark 3.2. When 7' = [0,1] C R and L = ————
Oty ---0tg

, if L is a Gaussian operator
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with suitable domain, then the drift map is of the form

T(w)(t) = w(t) + / o / " g(s, w)ds,
where t = (t1,- -+ ,tq).

When L is the second order elliptic differential operator mentioned in Corollary 3.2, if G
is the Green function of L with the Dirichlet boundary condition, then the drift map is as

T(w)(t) = w(t) + //T G(t,s)g(s,w)ds for we C(T).

Definition 3.3. Suppose g(s,w) € L*(T x C(T),m x u(L)) and for each s € T, gs(w) =
g(s,w) € WL (R, u(L)) and

ZE(/|Dngs(w)l2dS) < .

By Lemma 1.6, we know that Y [, D} P.gs(w) Lan(s)ds converges to 6(g) as € — 0 in

L2(C(T),(L)). 8(g) is called the Skorohod integral of g.

Theorem 3.2. Suppose that L is a Gaussian operator onT' and G is its Green function.
Suppose that g is measurable on (T x C(T),B(T)xB(C(T))) such that g € L*(TxC(T), mx
w(L)) and for each w € C(T), g(-,w) € R(L) and for every s € T, gs(w) = g(s,w) €
W2LR, u(L)). Furthermore, we assume that there exists a constant o, 0 < a < 1, such that

Z/|Dng(s,w)|2ds <a? as.

Let '
T(w)(t) = w() + [ Glt9)g(sw) ds. w e CT)
Then, for all bounded measurable function ¢, we have
[ o€ wytdw) = [ otwintav),
where
€7(w) = exp (~0(0) ~ 5 [ lotovw)Pds — Trace(A(w)*Bw) )
Here A(w), w € C(T), is a linear operator from R(L) to R(L) which is
Aw)(@)(®) = [ K(t:9)p(s) ds. € R(L),
K(t,5) = 3 Dugls, w)Lan(t),
by = 3 AW

n>2 n
Proof. By Proposition 3.2, we have

(u(w)’a”)H(L) :/g(svw)Lan(s)d37

where u(w) = [ G(t,s)gsds. Hence u : C(T) — H(L) is measurable and it is easy to check
that

Z ||Dnu(w)||?{(L) = Z/|Dng(s,w)|2ds <a? as.
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Now we deduce this theorem by Theorem 2.1 immediately.

Remark 3.3. If T'=[0,1] and L = % and

H(L) = {u]u(0) =0, w is an absolutely continuous
path from T to R? and o' € L*(T)},
then we get the result due to O. Enchev and D. W. Stroock (see [6]).
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