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Abstract

Two spectral sequences are defined respectively for cohomologies H P(Q'f k_.po) and
HP (Af k—. o) of singularities of C°° mappings. They are finitely dimensional new invariances

under right equivalences and contact transformations respectively. Formulae to be computed
by linear algebra are proved.
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Suppose that U is an open set in RY with coordinates (x1,--- ,zy). 0 € U, Oy (or Oy (z))

is the sheaf of C™ function germs on U. U®) is the k-th infinitesimal neighbourhood of U

with structure sheaf Oy, = >, Oy(y — )%, where @ = (aq,--- ,an), @; are nonegative
|| <k

integers. Q}” = Z Oy, dy; is the differential form module with respect to dyi,--- ,dyn.

Q@l =N\ QUZ D is the partial differential with respect to y1, - - , yn. D induces the exterior

differential D : Qf;, — Q’[’Jﬁl_l (see [1, 2, 3]).
f:(U,0) — (R,0) is a C* mapping,.
Ouo
Qr =Qs(x) = — ’
(%7 ) BTN)OUO( )

where Oy is the stalk of Oy at 0. FF = 5 da‘mluf (y — z)* is the Taylor expansion of f
la| <k

in Oy k. In this paper we suppose dimrQ ¢ < oo.

In [1, 2, 3] we defined the following modules and complexes
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and complexes {Q}, . D}p>0, {A}, . D}p>o, and {Q7,, . D}p>o. We consider their
stalks at 0, e.g., o, AR, etc.

In [3] we used a spectral sequence to prove formulae of cohomological groups H p(Q'V7 k_,70)
for real analytic and complex holomorhpic cases. By these formulae H? (QV, k—‘,O) can be
computed by linear algebra. In this paper we introduce spectral sequences of HP (Qf7k—»70)
and HP (A.f,k—-,o)' These spectral sequences are new invariances under right equivalences
and contact transformations for HP(Q;, _ ) and HP(A} ;. ), respectively. They provide
filtrations for HP(Q}, . o) and HP(A}, _ o).

Let II; : Oy; — Oy,—1 be the natural projection. It induces natural projections II; :

QI()J,I — Q]IQJ,lfb Q 1 Qfl 1 and II; : Afl — Afl 1. Let
QN*I
N-1 10,0
Wi = poN—z 1>0.
f,l1+1,0

dimRW;\ffl = (l}ﬁzl)dimRQf (see [1]).
In [1] we proved
Theorem A.

Qf k—-0) @OUOF HP(Qp_.9) =0, =#0,N—1,

5k—N+1 N

HN?l(Q.f,k—',O) = Wf,k_—lN
If [a] € HN"Y(Q,_.o), Da= DF Ab, then 6, n1a] = [b].

dimpHN "M (Q) 4 o) = (N]i 1) dimpQy.
Define a filtration on W;Vk:lN 41t
F0W;Vk 1N+1 W;vk 1N+1>
FTWf]\,Ik—lN-i-l 51: N+1~ 51: N+2— erI\,[k_—lN—i-l—r? r=>1
FoDFi D DF DD F nu=0 FW}N Ty, =H"" Q).

The main results of this paper are:
Theorem 1. f: (RY,0) — (R,0) is a C* mapping, dimrQ; < oco. Associated with
f, there is a spectral sequence {'EP*1},>o which is invariant under right equivalences and

satisfies the following properties:
(1) /Eg’O = HP(Q'f,kf-,O)’ =0,

’EE’O:HP(Q“__O), 0<p<N-2, r>3;
(2) HN7H Qg g) =/ B30 0o o BN RO S BN 5 S BT, =0,
BN FrflVV},VE_lNHa T2
(3) 'EpNP=Ql o r<p+1-N,
'EPNTP =0, r>p+2-N;

(4) '"EP1 =0, otherwise.
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Theorem 2. f: (RN,0) — (R,0) is a C*™ mapping, dimgQs < oo. Associated with
f, there is a spectral sequence {'EP*9}, > which is invariant under contact transformations
and satisfies the following properties:

(1) "B5" = HP(Ay ), P20,

'EP0 = HP(Ayy—. o)y P#EFN—-2,N—-1, r>3;
2) By " =0, r>3;
(3) HN=YAy,_ o) =" By 10 o . o BN o B0 5 o B0, =0,
N—1
Frflwf,kaH
N-1 N—1
FWf,k—N+1 ﬂ Fr—lwf,k—N-i-l

(4)'EP1=0, p+q#N-1,N, ¢g<-1, r>2

(5) dimR EP? < 0o, 1 >2, except’E2O.

The following results proved in [1] are useful in this paper.

Lemma A. Ifa € Q’ZMO,O <p<N-1, DFAa=0, there exists b € Q’,}Tl}o, a=
DF AD.

Lemma B. The sequence

'ENT10 ~ r>2

)

D ~1 D ~p D ~p+1 D AN
0= Ouvpo = Ouk,o=Qx-1,0 = Q05— pokp_10 = ~ur_no0 =0

18 exact.
In [2] we proved

Theorem B.
HOA __Ouo HP (A = N—-2,N-1
(Afp—0) = 0, (App—0)=0, p#0,N—-2,N—1,
o _ F _
H~ 2(Af,k—-,0) = ker(W;YkJN+1—>W;\,[kJN+1)a
IR HN=HQ5 )
HY I(Af,kf<,0>: L

FW){YkilN+1 N HN?l(Q.f,k—gO) .

From now on we denote the elements of QlU,kfp,O by a,(1),b,(1), etc. Sometimes we omit
porl, eg. by a(l),bl),a,b, etc. If a € Qg’lf,é, [a] is the coset of a in W,ﬁV:NIH.

Now we prove Theorem 1.

Let DB be an indeterminate element. Define its degree: deg DB = 2. Define dega =
0,Ya € Oy, and degdy; =1,i =1,--- , V.

Convention: (DB)? =1, and (DB)" =0, if n < 0.

N _ -
Q= G}O Qvak_nO is the exterior algebra over Oy j 0. Let QZ’_qp = Q’(}qu_no(DB)q. Qg’_qp =
p:

0,if p<0orqg<0. Let ﬁk(DB) = Zﬁi’fp. It is a commutative algebra over Oy j 0. Here
p.a

“commutative” means: If a, b are homogeneous elements of O (DB), ab = (—1)desadesbyg
The partial exterior differential D : Qp — € induces the differential D : ﬁk(DB) —
Qx(DB) as follows. Let D(DB) = 0. If a € Qf;,, D(a(DB)?) = Da(DB)?. degD = 1
and DD =0. D : ﬁzfp — ﬁ’éf;‘fl. For fixed q, {ﬁifp,D}pzo is a complex. By Lemma A
k
H((DB), D) = P Ovo(DB)",

q=0
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HY(Q;%.,D) = Ouo(DB)!, HP(Q;2 ,D)=0, p>1.

Define the second differential O : ﬁk(DB) — ﬁk (DB) as follows. degd = —1, 8QpU7l70 =
0,p = 0,---,N, 8(DB) = —DF. For homogeneous elements a,b € Q(DB), d(ab) =
(0a)b+ (—1)982adb. Tt is clear that 90 = 0 and dD + D = 0. d induces 0 : Qz’fp — ng;l.

d(a(DB)?) = (-1)P""qa ADF(DB)"", aeQp, .

Let KP9 = ﬁi’:gl. 'd = D,”d = 0. It is a double complex. K™ = > KP4, Clearly
p+g=n
KPi=0,ifp+g<—-l,orp+g>N+lorp>k+lorp<—lorg>1. Kp’ozﬁ%’kfpﬁo.

B = E (R0 ),
hence "E{? =Oyo(DB)?, p+q=0,
"Ef? =0, p+q#0,
k
HY(K') = @OU,O(DB)q»
q=0
H"(K')=0, n # 0,
/Ef7q — qu(Kp," ”d),
hence 'EP? = Q?7k_p,0, q=0,p=0,
"B =Qf,_,0(DB)Y, pt+g=N,q<0,
'EVY =0, otherwise .
B = HPCHO(K, ), d),
hence 'E§ = HP(Qy o 4= 0,p >0,
'EST =0, o(DB) pt+q=N,q< -1,
'EYT =0, otherwise .
So (1) and (4) hold.
Now we prove (2) and (3). Clearly

N-1,0 - N-1,0
'E, OO ENTM S D B, =0
. A
E’Z")’q = /Zp-‘rlﬂl—lr 1 gpa’
r—1 + r—1
17p, ’ +q 1 7p+1l,g—=1 —/ +
ZP1 > Fp+TKp g Z7__1 D Fp+TKp aq,
,nyq
I EPa — EpyrKPta
roo /Zp+i-,q71+/Bp,q1 .
'FpyrKPtd

Let
ZP4 =" 7P9mod ' F,y, KPT,

_ { E u”|u” e K% guP? =0,
i+j=p+q,p<i<p+r—1

DuP? + auerl}qfl _ O7 L. ,Dup+r72,Q7r+2 + aup+r71,Q7r+1 _ O}, (1)
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ZPET = 2P b mod By KT,
—{ X werdarteio,
i+j=p+q,p+1<i<p+r—1
’D,Up+r—2,q—r+2 4+ gpPtr—La-r+l — 0}7 (2)
B =" BPY mod'F,, KP*,
= {(D’LUp_l’q —+ 81}177‘1_1) 4.+ (pr+r—27q—r+l + 8,Up+r—1,q—r)|
whd e KW JuP rHhatr=2 ¢ gporihatr=2 Lo g p2atl ¢ gpe2atl

8.0.0wPTHLatT=2 — g pyporthatr=2 4 gypport2atr=3 _ o

.. ’Dvp—27q+1 4+ P~ he = 0} (3)
"EP9 — Z7137q
r prqufl Jerill'
N4+r—2
ZN-10 _ { ST a(N = 1)(DB) N (N —1) € QN Lo,
i=N—1

Day_1(N-1)+ (-1)Nay(N-1)ADF =0, -,
(Da;(N — 1)+ (=) (i + 2 — N)a;41(N — 1) ADF)(DB)' N =0,...
(Danr—3(N — 1) + (=1)¥anr_o(N — 1) A DF)(DB)"~2 = o}.
Let [a;(N — 1)] be the coset of a;(N — 1) in W;Y,;li. We have
Or—nt1lan—1(N = 1) = [an(N = 1)], -+, 0p—s[a:(N = 1)] = (i + 2 = N)[ait1 (N — 1)],
Ok N—rs[antr—3(N = 1)] = (r = D]anqr—2(N = 1)].
lan—1(N —1)] € 5J:N+1 e 5]:71N7T+3W_;Yk_71N7T+2 = FT—kaAi_J\}Jrl'

N—-1,0. »N—-1,0 N—-1
Let 7N =10 ZN=10 s F, WL

N+r—2
NN ai(N = 1)(DB)Y VY = [ay (N - 1)].
i=N-—1
It is clear that 7 ~19 is surjective.
N+r—2
ZNT = { 3 b(N - (DB N (N~ 1) € Q)L
=N

(—=1)Nby(N — 1) ADF =0,

(Dby(N — 1) + (=1)N2bx 1 (N — 1) ADF)(DB) = 0,

o (Dbyir3(N = 1) + (=) (r — 1)bn4r—o( N — 1) ADF)(DB)"~% = 0}.
bn(N —1) = (=1)V2en(N — 2) A DF,

(Den(N —2) —by41(N —1)) ADF =0,

bni1(N —1) = Den (N = 2) + (=1)¥'3en11 (N - 2) A DF,

bN+7‘—2(N - 1) = DeN-i—r—l(N - 2) + (—1)N_1T€N+T_2(N - 2) AN DF.
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BN = {(Den—o(N = 2) + (1) tey (N —2) ADF) + -- -
+(Dei(N = 2) + (=) teips v (N = 2) ADF)(DB)™> N ...
+ (DCN73+T(N - 2) + (_1)N_ICN72+T(N - 2) A DF)(DB)T_l}
Hence Z'7' ¢ BN M0, Clearly 7N -10(BN 10 = 0.
N+r—2

Suppose u = > a;(N — 1)(DB)= N+l ¢ ZN-10 7zN=10(3) = 0. Because §’s are
i=N—1

isomorphisms, [anir—2(N —1)] =0 in W]{\,]kiler+2'
anyr-a(N =1) = Dey—gip(N = 2) + (=1)¥ " 'ren o4 (N — 2) A DF,
D(ayir—3(N =1)+ (=) (r = e300 (N —=2) ADF) =0,
aN,3+T(N — 1) == DCN+T,4(N - 2) + (—1)N_1<’I" - 1)CN73+T(N - 2) VAN DF,
an—1(N —1) = Dey_o(N —2) + (=1)Y"tey_ 1 (N —2) A DF.
So u € BN=10, zN=10 induces isomorphism 'EN 1.0 = Fr W;\’lkilNHfr.
Now we prove (3).
Zf,pr _ {up,pr + uerl,prfl N up+r71,N7pfr+l}
= {ap(N)(DB)p_N 4.+ aerrfl(N)(DB)p""T_N_l}’
ij%’N7p71 _ {’l)p+17N_p_1 NS Up-l—r—LN—p—r-i—l}
= {bp+1(N)(DB)p+1_N +o Tt bp+r—1(N)(DB)p+r_N_l}a
BYN T = {(Deyr (N = 1)+ (1) "' (p+ 1 — N)e, (N — 1) A DF)(DB)~N
+ (Depy(N = 1)+ (=1)N L (p+2— N)epp 1t (N — 1) ADF)(DB)PH—N
+ -+ (Depgpr_2(N = 1)
+(=D)N " p+r—N)eprr—1(N — 1) ADF)(DB)PT N1
(=DM p+2— N —7)cprp1(N — 1) ADF(DB)PTH=N=T =,
(Depyit(N = 1) + (1N (p+ 3 = N = r)eppy2(N — 1) A DF)
(DB <y,
(Dep—o(N = 1)+ (=) (p — N)ep,_1(N — 1) ADF)(DB)P =V = 0}.

Ifr >p+2—N, (DB)PTI=N=" = (. For any c,_1(N — 1) there are ¢,_o(N — 1), -,
en—1(N —1) such that Dey_1(N — 1) + (=1)Vteny(N1) ADF =0, , Dep—o(N — 1) +
(=1)N "t (p— N)ep—1(N1) ADF =0. So "EPN=P =0,r >p+2— N.
Suppose r <p+1— N,
cpri1(N=1) = ()N 2(p+3 - N —r)ep_r11(N —2) A DF,
¢pria(N=1)=Dep i1 (N =2)+ (~1)N2(p+4—~ N —r)e,_r12(N —2) A DF,
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Hence
Dep_ (N = 1)+ (=) (p+1— N)cy(N — 1) ADF
= (-1)¥2(p+1—N)(Dep_1(N —2) — c,(N —1)) A DF.
Because c¢,(N — 1) is arbitrary, 'EPN P = Q;Vk —pos T <p+1-N.

Suppose that U’ C RY is an open set with coordinates (2, -+ ,z'y), 0 € U’, ¢ : (U’,0) —
(U,0) is a local diffeomorphism. f'(2') = f(é(z')) = ¢*(f). For f’ there are

ot =0 (DB and Q4(DB) =Y 0y
p,q

Let ¢* : Q07— @, ¢*(a(DB)?) = ¢(a)(DB')%. It is clear that ¢* : QP7 — Q" i
an isomorphism. Hence 'EP*? are invariant under right equivalent. The proof of Theorem 1

has been completed.
Now we prove Theorem 2.
Let B and DB be indeterminate elements. Define their degrees: degB =1, degDB = 2.
Define dega = 0,Va € Oy, o and degdy; =1,i=1,--- ,N. Hence BB = 0.
Convention: (B)? =1= (DB)? and B" =0 = (DB)",n < 0.
Let
AR = QP B(DB) + QS B(DB)Y.

AR, =0ifp< —lorg<-lorp-gqg<-20rp—q=>N+lorp2>k+lL Let

Ax(B,DB) = ZAZ’_QP. It is a commutative algebra over Oy 0. If a,b are homogeneous
pyq
elements of Ay(B, DB), ab = (—1)desadegbpq,

The partial exterior diferential D : Q) — € induces the differential D : Ax(B,DB) —
A(B, DB) as follows. D(B) = DB, D(DB) = 0. If aB(DB)?~! + b(DB)‘ € Akp’fp,

D(aB(DB)" ' 4+ b(DB)?) = DaB(DB)4 ' + ((—=1)P9"'1I;_,a + Db)(DB)".
degD =1,DD = 0. For fixed ¢, D : AD'? — APT 9, {AD4 |
Proposition 1. For the differential algebm Ak(B, DB)

H(Ay(B,DB)) = Oy @ OuoB(DB)F,
H°(A° D) =Opo, HF(AFM, D)= 0yoB(DB)*
HP(A;? ,D) =0, otherwise .

D}p> is a complex.

Proof. Define a filtration
F,Aw(B,DB) Z Q) s—mo B (DB)™,

m>n

ZQUk s— nOBt(DB)na E?: Z OU7OBt(DB)n’
Fosa t=0,1
0<n<k

=Opo, Ey=0, 1<n<k-1, E§=O0y,B(DB)".
E7 = EZ. The proof of the proposition has been completed.
Define the second differential d : Ap(B,DB) — Ag(B,DB). degd = —1, GQ[”“’O =
0,p=0,---,N. 9B =F, 0(DB) = —DF. If a,b € Ay(B, DB) are homogeneous elements,
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d(ab) = (Fa)b + (—1)%9%a9b. 1t is clear that 90 = 0 and D + DI = 0. 9 : A — Ai’f;l.
If aB(DB)"" +b(DB)* € A},
d(aB(DB)*™! + b(DB)?)
= (=1)P"*2(q—1)a A DFB(DB)1? 4+ (—=1)P~%"Y(aF + gb A DF)(DB)* .

'd=D,”d = 9. It is a double complex. K7 =0,ifp<—lorq>1

K= Y KP4,
ptg=n

Let K79 = A1,
orptg<—2orptqg=N+lorp>k+1. KM =Qp,

"EYP = HP(K1)d), "E}°=O0yo, "E{"""=O0u.B(DB)",
"EPP =0, otherwise .

H™'(K') = OpoB(DB)*,  H(K") = Ouy,

H"(K") =0, otherwise .

Proposition 2.

"B =A%y 0
e 1aN) € N, ola(N)F = gb(N — 1) A DF}(DB)~
1 - _ )
()N (=)L, 0 A DF

prg=N—-1 ¢<-1,
"EPNTP = A, 0(DBPY,
'"EVY =0, otherwise
dim, EP? < 0o,  except ’Ef’o, 0<p<N-1
Proof. If p+¢=—1,u € KP? u = a(0)B(DB)~ 7!,
ou = (¢+1)a(0)DFB(DB)™ 9% + a(0)F(DB)~ 7! =0,
then a(0) =0.'EY?T =0,p+¢q=—1.
FO<p+qg<N-2,¢g< -1,
uP? = a(p+q+1)B(DB)" 1+ b(p+ q)(DB)™% € KP4,
ouP? = (—1)P*9*2(—g — Da(p+q+1) ADFB(DB) 72
+ (=1)PT T (a(p+ g+ 1)F —gb(p+q) ADF)(DB)™ 9! = 0.
a(p+q+1) = (=1)P*"(—q)a(p + q) A DF,
bp+4q) =alp+q)F — (¢—1)b(p+q—1) ANDF.
Hence uP? = d(a(p + q)B(DB)™? + b(p + ¢ — 1)(DB)~9"1) and '"E}'? = 0,0 < p+ ¢ <

N—-2,¢q< -1
Suppose p+q = N, KP4 =Qf,  (DB)™4,

KP9t = Qp . oB(DB)™*+ Q" ((DB)™4H,
OKPI™ = (g oF + (-D)N (=g + D)) L, 0 A DF)(DB) 4.
Hence 'EY? = Ag’\{kfp.()’ p+qg=N.
Suppose p+q=N—1,¢< -1, u=a(N)B(DB)~ %! +b(N —1)(DB)~7 € KP4.

9
ker( KP4—2s gp.atl
Ou =0 a(N)F = gb(N —1) ADF, 'EP?= er( aK:* )
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Let ¢ : ker(KP9-5 Koty —— QY0 g(u) = a(N),
Img¢ = {a(N) € Q) _, ola(N)F = gb(N — 1) A DF}.
v=a(N —1)B(DB)~9 +b(N — 2)(DB)~9t! ¢ KP4~
ov = (-1)N*lga(N —1) ADFB(DB) 7!
+ (=) "Ha(N - 1)F — (g — 1)b(N —2) A DF)(DB) ™1
H(OKP I~ = (=1)N QN1 A DF.

U,k—p,0
Suppose
w=a(N)B(DB) "' + b(N — 1)(DB) ™9 € ker(K?1-Z; gpatl),
d(u) = a(N) = (=1)N*T'qa(N — 1) A DF € ¢p(dKP4~1).
BN —-1)=(—1D)N"Ya(N - 1)F — (¢ — 1)b(N — 2) A DF).

Hence u € OKP71,
{a(N) € Q) )., 0la(N)F = gb(N —1) ADF}(DB) 1
()N (=) L, 0 A DF

Now we continue to prove Theorem 2. We only need to compute 'EPY p= N —2 N — 1.

(Efﬂ —

Similar to Theorem 1
'EPA —
s

D,q
VAL

P.q /! 7D.q / p+q
BP 4 gptla—l? Zpt =" 2y mod Fpy KP4,
r— r—1

zrtpast = gptba o d' By KPR B2 =" B2 mod' F,,  KPT.
If ud = a;(i +j + 1)B(DB) 771 + b;(i + j)(DB) ™7 € K,
u T = a0 (i 4+ 5+ 1)B(DB) ™ + b (i 4+ §)(DB) I € Kt
Du' + ou™ = = (Dag(i + 7+ 1) + (=1)" " ja; .1 (i +j+ 1) ADF)B(DB) ™7~}
+ (Dbi(i+ ) + (=)™ Mg iai (i + 5+ 1) + apa (i +j + 1D F
= (J = Dbiy1(i +j) ADF))(DB)™
N=2,0 4  N=1,-1 4 ,N,=2 ¢ Zé\’f2,0

First we compute "E 2% If u = u

DulN 720 4 guN 17 = Dby o (N —2)+ (—=1)V Hay_1(N—1)F+by_1(N—-2)ADF) = 0.

)

DulNbt 4 9uN "2 =0 <= Day_1(N - 1)+ (-1)"tay(N-1)ADF =0. (5)

Dby_1(N=2)+(—D)V Y _nypran—1(N—1)+an(N—1)F+2b5(N —2)ADF) = 0. (6)
By (1)
0= D(an_1(N —1)F +by_1(N —2) A DF)
= FDan_1(N — 1)+ (-1)" 'y _nay_1(N — 1) ADF
+ Dby_1(N —2)ADF
= ((-1)NFan(N = 1) + (-D)N'Mg_yi1an_1(N — 1)+ Dby_1(N — 2)) A DF.

Dby_1(N=2)+(—D)N Iz nyran_1(N—1)—an(N —1)F+2b (N —=2)ADF) = 0. (7)

(3) — (4) = Fay(N — 1) + (by(N — 2) — by (N — 2)) A DF =0,
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Fan(N —1)ADF =0, an(N—-1)=(-=1)""12cy(N —2) A DF. (8)
Substituing (8) into (5), we have Day_1(N — 1) =0,
aN_l(N — ].) = DCN_Q(N - 2) (9)

Substituting into (4), we have
Dby_o(N —2) + (=1)N"YFDecy_o(N —2) + by_1(N —2) ADF) =0
D(by_2(N —2) + (=1)N " Fey_o(N —2))+
(=DM H(=D)N I Nagen_o(N —2) + by 1 (N —2)) ADF =0. (10)
By HY=2(Qy ;. 0) =0,
by_o(N —2) = (=1)N"2Fen _o(N = 2) + Den_3(N — 3) 4+ (=1)V"2en_o(N — 3) A DF.
Substituing into (10), we have
(-1)N2Den_2(N —3) ADF
+ (=D (()Y T M- N 2o o (N = 2) + by 1 (N — 2)) A DF =0,
by _1(N —2) = Den_o(N —3) + (=1)N 2(I_ nyy2en—o( N — 2) + 2enx_1(N — 3) A DF).
Substituting into (6), we have
2(-1)N"2Den_1(N —3) ADF
+ (=D ((=1)N"'2Fen (N — 2) A DF +2b5(N — 2) ADF) = 0,
bn(N —2) = Den_1(N —3) + (=1)N"2(Fen (N — 2) + 3en(N — 3) A DF).
Let vV 739 = en 3(N —3), vV 7271 = ey o(N —2)B+exy_o N —3)DB, vN-172 =
en—1(N =3), vV 3 =cyn(N-2)B(DB)?+en(N —3)DB.
u=(Dv N-3,0 4 avN—Q,—l) + (D,UN—Q,—l +8UN_1’_2) + (DUN—1,—2 + 8’UN’_3>.
Hence u € By?°, 'ENY 2% =0 and 'EN-20 =0, r>3.

ZN 1,0 _ _
BB 2. I u = uNH0 gt g

AV

/E7]~V 1,0 _

Now we compute r

uN—2+r,l—r c ZN—I,O
0=DuN"10 4 9uN"t = Dby (N — 1) + (=1)N(an(N)F + by (N — 1) A DF),
0 = DutN=1=1 | gyi+t1.N-2-i
= (Dbj(N — 1) + (=1)N(I1_sa;(N) 4 a;41(N)F
4+ (i =N +2)bi 1 (N =1)ADF))(DB)" Nt N<i<N -3+
Let aTN—2+r(N - 1) = 0 Da"’I‘V 3+r( ) aN— 2+T’(N)
Da; (N —=1)+ (-=)N(@i— N +1)a/(N —1)ADF = a;y(N), N—-3+r>i>N.
Substituing into above equations, we have
D(by_1(N = 1)+ (-1)"Fay_,(N — 1))
+ (DN (=) Mo ypay (N = 1) + (=1)Nay (N = 1)F + by(N — 1)) A DF =0,
D(b:i(N = 1) + (=)N 10 (N = 1) + (=1)V Faj (N — 1))
+ (DN = N +2)(-1)"—iaf (N = 1) + (=) ai (N = D)F
+bi 1 (N=1)ADF=0, N<i<N-3+r (11)
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N-1,0 . zN-1,0 N-1
Define m, 2 Z, — W Niam

N TN o N2 (DT Nl g (N = 1) 4+ by oy (N — 1))

r

7V ~10 is independt of the choice of afy_5, (N —1),--- ,ai (N —1), for afy_,, (N —1)=0
and Daly_5, (N — 1) = ay_o4,(N). Clearly 7V =10 is surjective.
Suppose
AN=LO(N=L0 |y N=24riory
()M s (N = 1)+ by 240 (N = 1)] = 0.
Then

by—24r(N —1) = Dby_3,,(N —2)
+ (DN M- Ng3—raly_ g (N = 1) + 70}y (N = 2) A DF),
bi(N —1) = Dbj_»(N — 2)(=1)N " (Ix—it1a]_1 (N — 1)
+af(N—=1)F+(i— N+2)b(N—-2)ADF), N-3+r>i>N,
by _1(N —1) = Dby _o(N = 2) + (=) Yal_ (N — 1)F +b_,(N —2) A DF).
Let vN=20 = by, _,(N=2), v"N727" = af(N-1)B(DB)""N*14b7(N—2)(DB)"=N*t2 N—
1<i<N-2+r.
w=uN"L0 f o N2l
_ (DvaQ’O + aUNfl,fl) 4t (D,Uifl,Nfi + 8,Ui,N717i)
4. (DUN—3+T,1—T + aUN—Q—H‘,—T).

Soue BN, Let

Oq{\f_—ll,O — {(D,UN72,O + 8UN71,71) N (D,UN73+T‘,17T + 8,UN*2+T,7’I”)|
piN=2=i ¢ gIN=2=i ;N _9 ... N_924p
B)

UN—2+’I‘,—T _ b/N72+r(N _ 2)( R} c BN 1, 0

Then kerrN =10 ¢ ¢V 710 Clearly n¥=10(CN ") = 0. Hence
ZN—l,O

N-1,0 . -1

N

~

T vt = Wieng
Cr

Suppose v € BN~ 1O

v = (D’UN72’0 + 8,UN71,71) 4 (DUNfl,fl + aUN,72)
4+t (DUN—3+7",1—7’ + a,UN—Q-i-T,—r)7
AN LDV 720 4 guN ) 4 DN = o,

a,UN,72 Foet (D,UN73+T,177’ + 8,UN72+T,77’) c Zﬁfl
We need only to compute Wffl’o(Zﬁv:ll’O).

Z,’[V = {UN 1,0 4. +uN—2+T‘,1—T‘ c Zﬁv_170|uN_1’0 — bN—l(N _ 1) — 0}
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Hence the equations (11) for u € Zﬁ’fl become
Sr-n+1((=D)N[Fajy_(N - 1)])
= (DM naai (N = 1) + (DM Faiy (N = 1) + by (N = 1)],
Or—i([bi(N = 1) + (D) —iaa] 4 (N = 1) + (=) Faj (N — 1)])
= (i = N +2)bisa (N = 1) + (1) iaf (N = 1) + (=) Fa, (N — 1)},
i=N, - ,N—=-3+r.
But dp—N43—r - Op—N+1 : Fr_lef\fk__lNH = W;\,[k_—lN+2—r' Therefore

N—-1,0 N-—1
/EN—I,OTFTQ Wi e-Ny2—r
T

kN3 5ka+1(FW;Y;:_1N+1 N Fr71W;Yk7_1N+1)
N-1
~Y FT_levk_N"Fl

= N—1 N—1 :
FWf,kaJrl n FT*IWf,kaH

Because K79 =0,q > 0, we have 'Effl c’ EPO.

Now we prove that 'EP*? are invariant under contact transformations. Suppose that
U’ € RY is an open set with coordinates (2, ,2\),0 € U’. f': (U’,0) — (R,0) is a
C* mapping. Suppose that there is a contact transformation H such that Hf = f’. It is
equivalant to a local diffeomorphism ¢ : (U,0) — (U’,0) and 6(z) € Oy, 6(0) # 0, such
that f'(¢(x)) = 0(x) f(z) (see [4]). ¢ induces ¢* : Q)6 = Q) o, P >0,

Suppose that

APS = Qb BY(DB)T 4 Qb4 (DB, AR(B,DB') =Y AP
b,q

are the modules for f’. Define ¢*(B’) = 0(y) B,
¢"(DB') = D(0(y)B) = dé(y)B + 0(y) DB.
Clearly 0¢*(B') = ¢*0B’, and 9¢*(DB’) = ¢*0DB’. It induces ¢* : APt Ap? and

k—p
¢* : A (B',DB') — Ay(B, DB). Because 6 is invertible in Oy . B = ﬁqﬁ*(B'),
1 1
DB = d(—)¢*(B') + —¢*(DB').
(3)#" )+ gy 0B

o* A;fp_"; =AY, and ¢* : Ay (B',DB') = Ay(B,DB). Hence 'EP'? are invariant under
contact transformations.
The proof of Thoerem 2 has been completed.

Corollary. Under the hypothesis of Theorem 2,
1 EN-1,0

N-1,0
/ ,
Er+1

QY
~ Fk=N+1—r0
= N=1 N=1 .
Déj—nig—r O N1 (FW N F Wy ) + FQ}\{k_NH_r’O

Proof. Suppose

— — — — — N-1,0 —
U:UN 1’0+"'+UN 24,1 r+uN 147, T€Z7.+1 CZ’gV 1,0.
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By the definition
T () = (=)Mo nyoray (N = 1) + by 1 (N = 1],
T H0(w) = [(~ )M - Nss—ra g4 (N = 1) + by—ai (N = 1)],
a4 (N =1) = 0,Dayy (N = 1) = ay—14+(N), aly o, (N — 1) = 0.
Dais (N =1)+ (-1)N(r = )ai,, (N = 1) ADF
=an—24,(N) = Day_g,, (N —1).
Let
D (N = 1) = (-D)N e, (N — 1) A DF,
6’@*N+3*T[0§V+—13+T(N -l = [a§V+j2+r(N - 1),
Dajy_s,(N = 1) = D(ayZy, (N = 1) = (r = ey, (N —1)).
We can choose afy_5, (N —1) = a}"\,tl%r(N —1)—(r— 1)0?713“(]\7 - 1),
TN T0(u) = [(=D)N T yys—ral g, (N = 1) + by —gyr(N = 1)]
(DN (r = D[Me—nt3—rcy s, (N = 1)]
= (=DM M- ns—rais (N = 1) + by—a4 (N — 1)]
()N = Do np3—r0 s [ (N = 1))
But
SN2 [by—24r (N = 1) + (1) V- yis—ray Ty, (N = D(=1)Va, (N — 1)F]
= (=DM np2—ray sy (N = 1) + by—14(N = 1)),
51 7TN—1,0(u)

k—N+2—r"r+1
= O npa (DN nyo ra (N = 1) + by 1 yr (N = 1)]

1 s 1 s
= -2 (N = 1) + (“)N e nsralf (N = D)V a2, (N = DF]
1 N—1,0
- r Id (u)
r—1 _ 1 , _
+ (*1)N( Hk*N+3*T5k—1N+3—T + ;F)[aN+32+r(N - 1)F]7Tr]=v 1,0(u)

- N-1,0 - _
= T(Sk—lN+2—r7Tr+1 (u)(_l)N 1((T - 1)5k—1N+2—er*N+2*T + F)[GTNJFEQJFT(N — 1)]
— N—-1,0 N— N—
Hence ' ~10(Z,77) C F1Wf,k_lN+2_T + FWf’k_1N+2_T.
- N-1, - _
Now we prove m\~10(Z,5; ") = FIW N + FWE o,
Suppose [w] € AW Ny o s [a (N = 1)) € W'y, . There are u = V=10 +

o NI € ZNZL0 guch that oY T10(u) = [w] 4+ (-1)N T F[ay,,, (N — 1)]. For
ulN =10y N 2417 there are an (N), - an—o1(N), by_1(N—=1),- -+ by _o4(N—1)
and ay (N —1),--- ,aly_3,,.(N) satisfying corresponding equations in above context. Let

an—14-(N) = Dayly, (N 1),
Daytly, (N = 1)+ (=) (r — D)aiy, (N — 1) A DF = an—o1,(N)
=Day_3.,(N 1),
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Da (N — 1) + (=1)Nai (N — 1) A DF = an(N)
= Da’y_{(N —1)+ (=1)Va\(N — 1) A DF.
Let Dc}”v+13+r( —1)=DFA a?VHHT(N — 1). We may suppose
ay_gy (N —1) = a7]‘\f+13+r(N —1)—(r— 1)07]AV+13+7’(N -1),
mr B0(u) = ()Mo Nys—rai gy (N = 1) + by—o i (N = 1)]
(DM ns—r (A (N = 1) = (r = Dy, (N = 1)
+bN—24r(IN = 1)]
= [w] + ()N Flay’,, (N - 1)].

u)

Hence
o2 (N = 1)+ (~D) Myl (N = 1)+ (<) VFai, (N - 1)
+ (DN = DI nys g (N =D € AWy,
Choose by _14,(N — 1) suitably. Then
D((by—2+r(N = 1) + (=)Mo na—rayyy (N = 1) + (=1)V Fay™, (N — 1))
= (~D)V ()N o yo—ra (N = 1) + by_14-(N — 1)) A DF.
Let «V =147 = an 14, (N)B(DB)"~! + by _14+(N — 1)(DB)",

'LL =u4+ ’LL —14r,—r Zﬁll O.
@) = (DN v —pay Ty, (N = 1) 4+ by_ 140 (N = 1),

1
N ) = (D)Mo ngs—raly s (N = 1) 4+ by 24 r (N — 1)]

= [w] + (DY Flay, (N - 1))

N— N
Hence , 1O(Zr+1 °) = Flek: Nt2— ’I‘+FWfkt Nt2—r
/ENfl 071-N_1’0

N-1,0
'B
r+1

N-1
Wf,lc—N+2—r
N-1 N-1 N—
kN3 Ok Nyt (FWN Ny N E W )+ FW N+ AW o,

) ka N+1—7,0
D5k7N+37T"'5k*N+1(FWfk N+1ﬂFr 1Wfk N+1)+FQ%€—N+1—T,0

All the results and proofs are true for real analytic and complex holomorphic cases.
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