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Abstract

Two spectral sequences are defined respectively for cohomologies Hp(Ω·
f,k−·,0) and

Hp(Λ·
f,k−·,0) of singularities of C∞ mappings. They are finitely dimensional new invariances

under right equivalences and contact transformations respectively. Formulae to be computed
by linear algebra are proved.
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Suppose that U is an open set in RN with coordinates (x1, · · · , xN ). 0 ∈ U , OU (or OU (x))

is the sheaf of C∞ function germs on U. U (k) is the k-th infinitesimal neighbourhood of U

with structure sheaf OU,k =
∑

|α|≤k

OU (y − x)α, where α = (α1, · · · , αN ), αi are nonegative

integers. Ω1
U,l =

N∑
i=1

OU,ldyi is the differential form module with respect to dy1, · · · , dyN .

Ωp
U,l =

∧p
Ω1

U,l. D is the partial differential with respect to y1, · · · , yN . D induces the exterior

differential D : Ωp
U,l −→ Ωp+1

U,l−1 (see [1, 2, 3]).

f : (U, 0) −→ (R, 0) is a C∞ mapping.

Qf = Qf (x) =
OU,0

( ∂f
∂x1

, · · · , ∂f
∂xN

)OU,0(x)
,

where OU,0 is the stalk of OU at 0. F =
∑

|α|≤k

1
α!

∂|α|f
∂xα (y − x)α is the Taylor expansion of f

in OU,k. In this paper we suppose dimRQf ≤ ∞.

In [1, 2, 3] we defined the following modules and complexes

Ω0
f,k = OU,k, Ωp

f,k−p =
Ωp

U,k−p

DF ∧ Ωp−1
U,k−p

, p ≥ 1.

Λ0
f,k =

OU,k

FOU,0
, Λp

f,k−p =
Ωp

U,k−p

FΩp
U,k−p +DF ∧ Ωp−1

U,k−p

, p ≥ 1.

Ω0
V,k =

OU,k

fOU,0 + FOU,0
, Ωp

V,k−p =
Ωp

U,k−p

fΩp
U,k−p + FΩp

U,k−p +DF ∧ Ωp−1
U,k−p

, p ≥ 1,
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and complexes {Ωp
f,k−p, D}p≥0, {Λp

f,k−p, D}p≥0, and {Ωp
V,k−p, D}p≥0. We consider their

stalks at 0, e.g., Ωp
f,k−p,0, Λ

p
f,k−p,0, etc.

In [3] we used a spectral sequence to prove formulae of cohomological groups Hp(Ω·
V,k−·,0)

for real analytic and complex holomorhpic cases. By these formulae Hp(Ω·
V,k−·,0) can be

computed by linear algebra. In this paper we introduce spectral sequences of Hp(Ω·
f,k−·,0)

and Hp(Λ·
f,k−·,0). These spectral sequences are new invariances under right equivalences

and contact transformations for Hp(Ω·
f,k−·,0) and Hp(Λ·

f,k−·,0), respectively. They provide

filtrations for Hp(Ω·
f,k−·,0) and Hp(Λ·

f,k−·,0).

Let Πl : OU,l → OU,l−1 be the natural projection. It induces natural projections Πl :

Ωp
U,l → Ωp

U,l−1, Πl : Ω
p
f,l → Ωp

f,l−1 and Πl : Λf,l → Λf,l−1. Let

WN−1
f,l =

ΩN−1
f,l,0

DΩN−2
f,l+1,0

, l ≥ 0.

dimRW
N−1
f,l =

(
l+N−1
N+1

)
dimRQf (see [1]).

In [1] we proved

Theorem A.

H0(Ω·
f,k−·,0) =

k⊕
i=0

OU,0F
i, Hp(Ω·

f,k−·,0) = 0, = ̸= 0, N − 1,

HN−1(Ω·
f,k−·,0)

δk−N+1∼= WN−1
f,k−N .

If [a] ∈ HN−1(Ω·
f,k−·,0), Da = DF ∧ b, then δk−N+1[a] = [b].

dimRH
N−1(Ω·

f,k−·,0) =

(
k

N + 1

)
dimRQf .

Define a filtration on WN−1
f,k−N+1 :

F0W
N−1
f,k−N+1 = WN−1

f,k−N+1,

FrW
N−1
f,k−N+1 = δ−1

k−N+1 · · · δ
−1
k−N+2−rW

N−1
f,k−N+1−r, r ≥ 1.

F0 ⊃ F1 ⊃ · · · ⊃ Fr ⊃ · · · ⊃ Fk−N+1 = 0. F1W
N−1
f,k−N+1 = HN−1(Ω·

f,k−·,0).

The main results of this paper are:

Theorem 1. f : (RN , 0) −→ (R, 0) is a C∞ mapping, dimRQf < ∞. Associated with

f , there is a spectral sequence {′Ep,q
r }r≥2 which is invariant under right equivalences and

satisfies the following properties:

(1) ′Ep,0
2 = Hp(Ω·

f,k−·,0), p ≥ 0,

′Ep,0
r = Hp(Ω·

f,k−·,0), 0 ≤ p ≤ N − 2, r ≥ 3;

(2) HN−1(Ω·
f,k−·,0) =

′ EN−1,0
2 ⊃ · · · ⊃′ EN−1,0

r ⊃′ EN−1,0
r+1 ⊃ · · · ⊃′ EN−1,0

k−N+2 = 0,

′EN−1,0
r

∼= Fr−1W
N−1
f,k−N+1, r ≥ 2;

(3) ′Ep,N−p
r

∼= ΩN
f,k−p,0, r ≤ p+ 1−N,

′Ep,N−p
r = 0, r ≥ p+ 2−N ;

(4) ′Ep,q
r = 0, otherwise.
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Theorem 2. f : (RN , 0) −→ (R, 0) is a C∞ mapping, dimRQf < ∞. Associated with

f , there is a spectral sequence {′Ep,q
r }r≥2 which is invariant under contact transformations

and satisfies the following properties:

(1) ′Ep,0
2 = Hp(Λ·

f,k−·,0), p ≥ 0,

′Ep,0
r = Hp(Λ·

f,k−·,0), p ̸= N − 2, N − 1, r ≥ 3;

(2) ′EN−2,0
2 = 0, r ≥ 3;

(3) HN−1(Λ·
f,k−·,0) =

′ EN−1,0
2 ⊃ · · · ⊃′ EN−1,0

r ⊃′ EN−1,0
r+1 ⊃ · · · ⊃′ EN−1,0

k−N+2 = 0,

′EN−1,0
r

∼=
Fr−1W

N−1
f,k−N+1

FWN−1
f,k−N+1

∩
Fr−1W

N−1
f,k−N+1

, r ≥ 2;

(4) ′Ep,q
r = 0, p+ q ̸= N − 1, N, q ≤ −1, r ≥ 2;

(5) dim′
RE

p,q
r < ∞, r ≥ 2, except ′E0,0

r .

The following results proved in [1] are useful in this paper.

Lemma A. If a ∈ Ωp
U,l,0, 0 ≤ p ≤ N − 1, DF ∧ a = 0, there exists b ∈ Ωp−1

U,l,0, a =

DF ∧ b.

Lemma B. The sequence

0 → OU,0 → OU,k,0
D→Ω1

U,k−1,0 → · · · D→Ωp
U,k−p,0

D→Ωp+1
U,k−p−1,0 → · · · D→ΩN

U,k−N,0 → 0

is exact.

In [2] we proved

Theorem B.

H0(Λ·
f,k−·,0) =

OU,0

fk+1OU,0
, Hp(Λ·

f,k−·,0) = 0, p ̸= 0, N − 2, N − 1,

HN−2(Λ·
f,k−·,0) = ker(WN−1

f,k−N+1
F−→WN−1

f,k−N+1),

HN−1(Λ·
f,k−·,0) =

HN−1(Ω·
f,k−·,0)

FWN−1
f,k−N+1 ∩HN−1(Ω·

f,k−·,0)
.

From now on we denote the elements of Ωl
U,k−p,0 by ap(l), bp(l), etc. Sometimes we omit

p or l, e.g. by a(l), b(l), a, b, etc. If a ∈ ΩN−1
U,l,0 , [a] is the coset of a in WN−1

k−N+1.

Now we prove Theorem 1.

Let DB be an indeterminate element. Define its degree: degDB = 2. Define deg a =

0, ∀a ∈ OU,l,0 and deg dyi = 1, i = 1, · · · , N.

Convention: (DB)0 = 1, and (DB)n = 0, if n < 0.

Ωk =
N⊕

p=0
Ωp

U,k−p,0 is the exterior algebra over OU,k,0. Let Ω̃
p,q
k−p = Ωp−q

U,k−p,0(DB)q. Ω̃p,q
k−p =

0, if p < 0 or q < 0. Let Ω̃k(DB) =
∑
p,q

Ω̃p,q
k−p. It is a commutative algebra over OU,k,0. Here

“commutative” means: If a, b are homogeneous elements of Ω̃k(DB), ab = (−1)deg a deg bba.

The partial exterior differential D : Ωk → Ωk induces the differential D : Ω̃k(DB) →
Ω̃k(DB) as follows. Let D(DB) = 0. If a ∈ Ωp

U,l,0, D(a(DB)q) = Da(DB)q. degD = 1

and DD = 0. D : Ω̃p.q
k−p → Ω̃p+1.q

k−p−1. For fixed q, {Ω̃p.q
k−p, D}p≥0 is a complex. By Lemma A

H(Ω̃k(DB), D) =
k⊕

q=0

OU,0(DB)q,
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H0(Ω̃·,q
k−·, D) = OU,0(DB)q, Hp(Ω̃·,q

k−·, D) = 0, p ≥ 1.

Define the second differential ∂ : Ω̃k(DB) → Ω̃k(DB) as follows. deg∂ = −1, ∂Ωp
U,l,0 =

0, p = 0, · · · , N, ∂(DB) = −DF. For homogeneous elements a, b ∈ Ω̃k(DB), ∂(ab) =

(∂a)b+(−1)degaa∂b. It is clear that ∂∂ = 0 and ∂D+D∂ = 0. ∂ induces ∂ : Ω̃p,q
k−p → Ω̃p,q−1

k−p .

∂(a(DB)q) = (−1)p−q+1qa ∧DF (DB)q−1, a ∈ Ωp−q
U,k−p,0.

Let Kp,q = Ω̃p,−q
k−p .

′d = D, ”d = ∂. It is a double complex. Kn =
∑

p+q=n
Kp,q. Clearly

Kp,q = 0, if p+ q ≤ −1, or p+ q ≥ N +1 or p ≥ k+1 or p ≤ −1 or q ≥ 1. Kp,0 = Ωp
U,k−p,0.

”Eq,p
1 =′ Hp(K·,q,′ d),

hence ”Eq,p
1 = OU,0(DB)q, p+ q = 0,

”Eq,p
1 = 0, p+ q ̸= 0,

H0(K·) =
k⊕

q=0

OU,0(DB)q,

Hn(K·) = 0, n ̸= 0,

′Ep,q
1 = ”Hq(Kp,·, ”d),

hence ′Ep,q
1 = Ωp

f,k−p,0, q = 0, p ≥ 0,

′Ep,q
1 = ΩN

f,k−p,0(DB)−q, p+ q = N, q ≤ 0,

′Ep,q
1 = 0, otherwise .

′Ep,q
2 =′ Hp(”Hq(K ·,·, ”d),′ d),

hence ′Ep,q
2 = Hp(Ω·

f,k−·,0, q = 0, p ≥ 0,

′Ep,q
2 = ΩN

f,k−p,0(DB)−q, p+ q = N, q ≤ −1,

′Ep,q
2 = 0, otherwise .

So (1) and (4) hold.

Now we prove (2) and (3). Clearly

′EN−1,0
2 ⊃ · · · ⊃′ EN−1,0

r ⊃ · · · ⊃′ EN−1,0
k−N+2 = 0.

′Ep,q
r =

′Zp,q
r

′Zp+1,q−1
r−1 +′ Bp,q

r−1

,

′Zp,q
r ⊃′ Fp+rK

p+q,′ Zp+1,q−1
r−1 ⊃′ Fp+rK

p+q.

′Ep,q
r =

′Zp,q
r

′Fp+rKp+q

′Zp+1,q−1
r−1 +′Bp,q

r−1
′Fp+rKp+q

.

Let

Zp,q
r =′ Zp,q

r mod ′Fp+rK
p+q,

=
{ ∑

i+j=p+q,p≤i≤p+r−1

ui,j |ui,j ∈ Ki,j , ∂up,q = 0,

Dup,q + ∂up+1,q−1 = 0, · · · , Dup+r−2,q−r+2 + ∂up+r−1,q−r+1 = 0
}
, (1)
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Zp+1,q−1
r−1 =′ Zp+1,q−1

r−1 mod ′Fp+rK
p+q,

=
{ ∑

i+j=p+q,p+1≤i≤p+r−1

vi,j |vi,j ∈ Ki,j , ∂vp+1,q−1 = 0,

· · · , Dvp+r−2,q−r+2 + ∂vp+r−1,q−r+1 = 0
}
, (2)

Bp,q
r−1 =′ Bp,q

r−1mod′Fp+rK
p+q,

= {(Dwp−1,q + ∂vp,q−1) + · · ·+ (Dwp+r−2,q−r+1 + ∂vp+r−1,q−r)|
wi,j ∈ Ki,j , ∃wp−r+1,q+r−2 ∈ Kp−r+1,q+r−2, · · · , wp−2,q+1 ∈ Kp−2,q+1,

s.t.∂wp−r+1,q+r−2 = 0, Dvp−r+1,q+r−2 + ∂vp−r+2,q+r−3 = 0,

· · · , Dvp−2,q+1 + ∂vp−1,q = 0} (3)

′Ep,q
r =

Zp,q
r

Zp+1,q−1
r−1 +Bp,q

r−1

.

ZN−1,0
r =

{N+r−2∑
i=N−1

ai(N − 1)(DB)i−N+1|ai(N − 1) ∈ ΩN−1
U,k−i,0,

DaN−1(N − 1) + (−1)NaN (N − 1) ∧DF = 0, · · · ,
(Dai(N − 1) + (−1)N (i+ 2−N)ai+1(N − 1) ∧DF )(DB)i+1−N = 0, · · · ,

(DaN+r−3(N − 1) + (−1)NaN+r−2(N − 1) ∧DF )(DB)r−2 = 0
}
.

Let [ai(N − 1)] be the coset of ai(N − 1) in WN−1
f,k−i. We have

δk−N+1[aN−1(N − 1)] = [aN (N − 1)], · · · , δk−i[ai(N − 1)] = (i+ 2−N)[ai+1(N − 1)],

· · · δk−N−r+3[aN+r−3(N − 1)] = (r − 1)[aN+r−2(N − 1)].

[aN−1(N − 1)] ∈ δ−1
k−N+1 · · · δ

−1
k−N−r+3W

N−1
f,k−N−r+2 = Fr−1W

N−1
k−N+1.

Let πN−1,0
r : ZN−1,0

r −→ Fr−1W
N−1
k−N+1,

πN−1,0
r

(N+r−2∑
i=N−1

ai(N − 1)(DB)i−N+1
)
= [aN−1(N − 1)].

It is clear that πN−1,0
r is surjective.

ZN,−1
r−1 =

{N+r−2∑
i=N

bi(N − 1)(DB)i−N+1|bi(N − 1) ∈ ΩN−1
U,k−i,0,

(−1)NbN (N − 1) ∧DF = 0,

(DbN (N − 1) + (−1)N2bN+1(N − 1) ∧DF )(DB) = 0,

· · · , (DbN+r−3(N − 1) + (−1)N (r − 1)bN+r−2(N − 1) ∧DF )(DB)r−2 = 0}.
bN (N − 1) = (−1)N2eN (N − 2) ∧DF,

(DeN (N − 2)− bN+1(N − 1)) ∧DF = 0,

bN+1(N − 1) = DeN (N − 2) + (−1)N−13eN+1(N − 2) ∧DF,

· · · · · ·
bN+r−2(N − 1) = DeN+r−1(N − 2) + (−1)N−1reN+r−2(N − 2) ∧DF.
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BN−1,0
r−1 = {(DcN−2(N − 2) + (−1)N−1cN−1(N − 2) ∧DF ) + · · ·

+ (Dci(N − 2) + (−1)N−1ci+3−N (N − 2) ∧DF )(DB)i+2−N + · · ·
+ (DcN−3+r(N − 2) + (−1)N−1cN−2+r(N − 2) ∧DF )(DB)r−1}.

Hence ZN,−1
r−1 ⊂ BN−1,0

r−1 . Clearly πN−1,0
r (BN−1,0

r−1 ) = 0.

Suppose u =
N+r−2∑
i=N−1

ai(N − 1)(DB)i−N+1 ∈ ZN−1,0
r , πN−1,0

r (u) = 0. Because δ’s are

isomorphisms, [aN+r−2(N − 1)] = 0 in WN−1
f,k−N−r+2.

aN+r−2(N − 1) = DcN−3+r(N − 2) + (−1)N−1rcN−2+r(N − 2) ∧DF,

D(aN+r−3(N − 1) + (−1)N (r − 1)cN−3+r(N − 2) ∧DF ) = 0,

aN−3+r(N − 1) = DcN+r−4(N − 2) + (−1)N−1(r − 1)cN−3+r(N − 2) ∧DF,

· · · · · ·
aN−1(N − 1) = DcN−2(N − 2) + (−1)N−1cN−1(N − 2) ∧DF.

So u ∈ BN−1,0
r . πN−1,0

r induces isomorphism ′EN−1,0
r

∼= Fr−1W
N−1
f,k−N+2−r.

Now we prove (3).

Zp,N−p
r = {up,N−p + up+1,N−p−1 + · · ·+ up+r−1,N−p−r+1}

= {ap(N)(DB)p−N + · · ·+ ap+r−1(N)(DB)p+r−N−1},

Zp+1,N−p−1
r−1 = {vp+1,N−p−1 + · · ·+ vp+r−1,N−p−r+1}

= {bp+1(N)(DB)p+1−N + · · ·+ bp+r−1(N)(DB)p+r−N−1},

Bp,N−p
r−1 = {(Dcp−1(N − 1) + (−1)N−1(p+ 1−N)cp(N − 1) ∧DF )(DB)p−N

+ (Dcp(N − 1) + (−1)N−1(p+ 2−N)cp+1(N − 1) ∧DF )(DB)p+1−N

+ · · ·+ (Dcp+r−2(N − 1)

+ (−1)N−1(p+ r −N)cp+r−1(N − 1) ∧DF )(DB)p+r−N−1|
· (−1)N−1(p+ 2−N − r)cp−r+1(N − 1) ∧DF (DB)p+1−N−r = 0,

(Dcp−r+1(N − 1) + (−1)N−1(p+ 3−N − r)cp−r+2(N − 1) ∧DF )

· (DB)p+2−N−r = 0,

· · · · · ·
(Dcp−2(N − 1) + (−1)N−1(p−N)cp−1(N − 1) ∧DF )(DB)p−1−N = 0}.

If r ≥ p + 2 − N, (DB)p+1−N−r = 0. For any cp−1(N − 1) there are cp−2(N − 1), · · · ,
cN−1(N − 1) such that DcN−1(N − 1) + (−1)N−1cN (N1) ∧DF = 0, · · · , Dcp−2(N − 1) +

(−1)N−1(p−N)cp−1(N1) ∧DF = 0. So ′Ep,N−p
r = 0, r ≥ p+ 2−N.

Suppose r ≤ p+ 1−N,

cp−r+1(N − 1) = (−1)N−2(p+ 3−N − r)ep−r+1(N − 2) ∧DF,

cp−r+2(N − 1) = Dep−r+1(N − 2) + (−1)N−2(p+ 4−N − r)ep−r+2(N − 2) ∧DF,

· · · · · ·
cp−1(N − 1) = Dep−2(N − 2) + (−1)N−2(p+ 1−N)ep−1(N − 2) ∧DF.
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Hence

Dcp−1(N − 1) + (−1)N−1(p+ 1−N)cp(N − 1) ∧DF

= (−1)N−2(p+ 1−N)(Dep−1(N − 2)− cp(N − 1)) ∧DF.

Because cp(N − 1) is arbitrary, ′Ep,N−p
r

∼= ΩN
f,k−p,0, r ≤ p+ 1−N.

Suppose that U ′ ⊂ RN is an open set with coordinates (x′
1, · · · , x′

N ), 0 ∈ U ′, ϕ : (U ′, 0) →
(U, 0) is a local diffeomorphism. f ′(x′) = f(ϕ(x′)) = ϕ∗(f). For f ′ there are

Ω̃′p,q
k−p = Ωp−q

U ′,k−p,0(DB′)q and Ω̃′
k(DB′) =

∑
p,q

Ω̃′p,q
k−p.

Let ϕ∗ : Ω̃p,q
k−p → Ω̃′p,q

k−p. ϕ
∗(a(DB)q) = ϕ(a)(DB′)q. It is clear that ϕ∗ : Ω̃p,q

k−p → Ω̃′p,q
k−p is

an isomorphism. Hence ′Ep,q
r are invariant under right equivalent. The proof of Theorem 1

has been completed.

Now we prove Theorem 2.

Let B and DB be indeterminate elements. Define their degrees: degB = 1, degDB = 2.

Define dega = 0, ∀a ∈ OU,l,0 and degdyi = 1, i = 1, · · · , N. Hence BB = 0.

Convention: (B)0 = 1 = (DB)0 and Bn = 0 = (DB)n, n < 0.

Let

Λp,q
k−p = Ωp−q+1

U,k−p,0B(DB)q−1 +Ωp−q
U,k−p,0B(DB)q.

Λp,q
k−p = 0, if p ≤ −1 or q ≤ −1 or p − q ≤ −2 or p − q ≥ N + 1 or p ≥ k + 1. Let

Λk(B,DB) =
∑
p,q

Λp,q
k−p. It is a commutative algebra over OU,k,0. If a, b are homogeneous

elements of Λk(B,DB), ab = (−1)dega degbba.

The partial exterior diferential D : Ωk → Ωk induces the differential D : Λk(B,DB) →
Λk(B,DB) as follows. D(B) = DB,D(DB) = 0. If aB(DB)q−1 + b(DB)q ∈ ΛP,q

k−p,

D(aB(DB)q−1 + b(DB)q) = DaB(DB)q−1 + ((−1)p−q+1Πk−pa+Db)(DB)q.

degD = 1, DD = 0. For fixed q, D : Λp,q
k−p → Λp+1,q

k−p−1. {Λ
p,q
k−p, D}p≥0 is a complex.

Proposition 1. For the differential algebra Λk(B,DB)

H(Λk(B,DB)) = OU,0 ⊕OU,0B(DB)k,

H0(Λ·,0
k−·, D) = OU,0, Hk(Λ·,k+1

k−· , D) = OU,0B(DB)k

Hp(Λ·,q
k−·, D) = 0, otherwise .

Proof. Define a filtration

FnΛk(B,DB) =
∑
s,t

m≥n

Ωs
U,k−s−m,0B

t(DB)m,

En
0 =

Fn

Fn+1
=

∑
s,t

Ωs
U,k−s−n,0B

t(DB)n, En
1 =

∑
t=0,1
0≤n≤k

OU,0B
t(DB)n,

E0
2 = OU,0, En

2 = 0, 1 ≤ n ≤ k − 1, Ek
2 = OU,0B(DB)k.

En
∞ = En

2 . The proof of the proposition has been completed.

Define the second differential ∂ : Λk(B,DB) → Λk(B,DB). deg∂ = −1, ∂Ωp
U,l,0 =

0, p = 0, · · · , N. ∂B = F, ∂(DB) = −DF. If a, b ∈ Λk(B,DB) are homogeneous elements,
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∂(ab) = (∂a)b+ (−1)degaa∂b. It is clear that ∂∂ = 0 and ∂D +D∂ = 0. ∂ : Λp,q
k−p → Λp,q−1

k−p .

If aB(DB)q−1 + b(DB)q ∈ Λp,q
k−p,

∂(aB(DB)q−1 + b(DB)q)

= (−1)p−q+2(q − 1)a ∧DFB(DB)q−2 + (−1)p−q+1(aF + qb ∧DF )(DB)q−1.

Let Kp,q = Λp,−q
k−p .

′d = D, ”d = ∂. It is a double complex. Kp,q = 0, if p ≤ −1 or q ≥ 1

or p+ q ≤ −2 or p+ q ≥ N + 1 or p ≥ k + 1. Kp,0 = Ωp
U,k−p,0. K

n =
∑

p+q=n
Kp,q.

”Eq,p
1 =′ Hp(K ·,q,′ d), ”E0,0

1 = OU,0, ”E−k−1,k
1 = OU,0B(DB)k,

”Eq,p
1 = 0, otherwise .

H−1(K ·) = OU,0B(DB)k, H0(K ·) = OU,0,

Hn(K·) = 0, otherwise .

Proposition 2.

′Ep,0
1 = Λp

f,k−p,0,

′Ep,q
1 =

{a(N) ∈ ΩN
U,k−p,0|a(N)F = qb(N − 1) ∧DF}(DB)−q

(−1)N (−q)ΩN−1
U,k−p,0 ∧DF

,

p+ q = N − 1, q ≤ −1,

′Ep,N−p
1 = ΛN

f,k−p,0(DB)p−N ,

′Ep,q
1 = 0, otherwise ,

dim′
RE

p,q
1 ≤ ∞, except ′Ep,0

1 , 0 ≤ p ≤ N − 1.

Proof. If p+ q = −1, u ∈ Kp,q, u = a(0)B(DB)−q−1,

∂u = (q + 1)a(0)DFB(DB)−q−2 + a(0)F (DB)−q−1 = 0,

then a(0) = 0. ′Ep,q
1 = 0, p+ q = −1.

If 0 ≤ p+ q ≤ N − 2, q ≤ −1,

up,q = a(p+ q + 1)B(DB)−q + b(p+ q)(DB)−q ∈ Kp,q,

∂up,q = (−1)p+q+2(−q − 1)a(p+ q + 1) ∧DFB(DB)−q−2

+ (−1)p+q+1(a(p+ q + 1)F − qb(p+ q) ∧DF )(DB)−q−1 = 0.

a(p+ q + 1) = (−1)p+q+1(−q)a(p+ q) ∧DF,

b(p+ q) = a(p+ q)F − (q − 1)b(p+ q − 1) ∧DF.

Hence up,q = ∂(a(p + q)B(DB)−q + b(p + q − 1)(DB)−q+1) and ′Ep,q
1 = 0, 0 ≤ p + q ≤

N − 2, q ≤ −1.

Suppose p+ q = N, Kp,q = ΩN
U,k−p,0(DB)−q,

Kp,q−1 = ΩN
U,k−p,0B(DB)−q +ΩN−1

U,k−p,0(DB)−q+1,

∂Kp,q−1 = (ΩN
U,k−p,0F + (−1)N−1(−q + 1)ΩN−1

U,k−p,0 ∧DF )(DB)−q.

Hence ′Ep,q
1 = ΛN

f,k−p.0, p+ q = N.

Suppose p+ q = N − 1, q ≤ −1, u = a(N)B(DB)−q−1 + b(N − 1)(DB)−q ∈ Kp,q.

∂u = 0 ⇔ a(N)F = qb(N − 1) ∧DF, ′Ep,q
1 =

ker(Kp,q ∂−→Kp,q+1)

∂Kp,q−1
.
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Let ϕ : ker(Kp,q ∂−→Kp,q+1) −→ ΩN
U,k−p,0, ϕ(u) = a(N),

Imϕ = {a(N) ∈ ΩN
U,k−p,0|a(N)F = qb(N − 1) ∧DF}.

v = a(N − 1)B(DB)−q + b(N − 2)(DB)−q+1 ∈ Kp,q−1,

∂v = (−1)N+1qa(N − 1) ∧DFB(DB)−q−1

+ (−1)N−1(a(N − 1)F − (q − 1)b(N − 2) ∧DF )(DB)−q,

ϕ(∂Kp,q−1) = (−1)N+1qΩN−1
U,k−p,0 ∧DF.

Suppose

u = a(N)B(DB)−q−1 + b(N − 1)(DB)−q ∈ ker(Kp,q ∂−→Kp,q+1),

ϕ(u) = a(N) = (−1)N+1qa(N − 1) ∧DF ∈ ϕ(∂Kp,q−1).

b(N − 1) = (−1)N−1(a(N − 1)F − (q − 1)b(N − 2) ∧DF ).

Hence u ∈ ∂Kp,q−1.

′Ep,q
1 =

{a(N) ∈ ΩN
U,k−p,0|a(N)F = qb(N − 1) ∧DF}(DB)−q

(−1)N (−q)ΩN−1
U,k−p,0 ∧DF

.

Now we continue to prove Theorem 2. We only need to compute ′Ep,0
r , p = N − 2, N − 1.

Similar to Theorem 1

′Ep,q
r =

Zp,q
r

Bp,q
r−1 + Zp+1,q−1

r−1

, Zp,q
r =′ Zp,q

r mod′Fp+rK
p+q,

Zp+1,q−1
r−1 =′ Zp+1,q−1

r−1 mod′Fp+rK
p+q, Bp,q

r−1 =′ Bp,q
r−1mod′Fp+rK

p+q.

If ui,j = ai(i+ j + 1)B(DB)−j−1 + bi(i+ j)(DB)−j ∈ Ki,j ,

ui+1,j−1 = ai+1(i+ j + 1)B(DB)−j + bi+1(i+ j)(DB)−j+1 ∈ Ki+1,j−1,

Dui,j + ∂ui+1,j−1 = (Dai(i+ j + 1) + (−1)i+j+1jai+1(i+ j + 1) ∧DF )B(DB)−j−1

+ (Dbi(i+ j) + (−1)i+j+1(Πk−iai(i+ j + 1) + ai+1(i+ j + 1)F

− (j − 1)bi+1(i+ j) ∧DF ))(DB)−j .

First we compute ′EN−2,0
3 . If u = uN−2,0 + uN−1,−1 + uN,−2 ∈ ZN−2,0

3 ,

DuN−2,0+∂uN−1,−1 = DbN−2(N −2)+(−1)N−1(aN−1(N −1)F + bN−1(N −2)∧DF ) = 0.

(4)

DuN−1,−1 + ∂uN,−2 = 0 ⇐⇒ DaN−1(N − 1) + (−1)N−1aN (N − 1) ∧DF = 0. (5)

DbN−1(N−2)+(−1)N−1(Πk−N+1aN−1(N−1)+aN (N−1)F +2bN (N−2)∧DF ) = 0. (6)

By (1)

0 = D(aN−1(N − 1)F + bN−1(N − 2) ∧DF )

= FDaN−1(N − 1) + (−1)N−1Πk−N+1aN−1(N − 1) ∧DF

+DbN−1(N − 2) ∧DF

= ((−1)NFaN (N − 1) + (−1)N−1ΠK−N+1aN−1(N − 1) +DbN−1(N − 2)) ∧DF.

DbN−1(N−2)+(−1)N−1(Πk−N+1aN−1(N−1)−aN (N−1)F +2b′N (N−2)∧DF ) = 0. (7)

(3)− (4) ⇒ FaN (N − 1) + (bN (N − 2)− b′N (N − 2)) ∧DF = 0,
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FaN (N − 1) ∧DF = 0, aN (N − 1) = (−1)N−12cN (N − 2) ∧DF. (8)

Substituing (8) into (5), we have DaN−1(N − 1) = 0,

aN−1(N − 1) = DcN−2(N − 2). (9)

Substituting into (4), we have

DbN−2(N − 2) + (−1)N−1(FDcN−2(N − 2) + bN−1(N − 2) ∧DF ) = 0,

D(bN−2(N − 2) + (−1)N−1FcN−2(N − 2))+

(−1)N−1((−1)N−1Πk−N+2cN−2(N − 2) + bN−1(N − 2)) ∧DF = 0. (10)

By HN−2(Ω·
f,k−·,0) = 0,

bN−2(N − 2) = (−1)N−2FcN−2(N − 2) +DeN−3(N − 3) + (−1)N−2eN−2(N − 3) ∧DF.

Substituing into (10), we have

(−1)N−2DeN−2(N − 3) ∧DF

+ (−1)N−1((−1)N−1Πk−N+2cN−2(N − 2) + bN−1(N − 2)) ∧DF = 0,

bN−1(N − 2) = DeN−2(N − 3) + (−1)N−2(Πk−N+2cN−2(N − 2) + 2eN−1(N − 3) ∧DF ).

Substituting into (6), we have

2(−1)N−2DeN−1(N − 3) ∧DF

+ (−1)N−1((−1)N−12FcN (N − 2) ∧DF + 2bN (N − 2) ∧DF ) = 0,

bN (N − 2) = DeN−1(N − 3) + (−1)N−2(FcN (N − 2) + 3eN (N − 3) ∧DF ).

Let vN−3,0 = eN−3(N − 3), vN−2,−1 = cN−2(N − 2)B + eN−2(N − 3)DB, vN−1,−2 =

eN−1(N − 3), vN,−3 = cN (N − 2)B(DB)2 + eN (N − 3)DB.

u = (DvN−3,0 + ∂vN−2,−1) + (DvN−2,−1 + ∂vN−1,−2) + (DvN−1,−2 + ∂vN,−3).

Hence u ∈ BN2,0
2 , ′EN−2,0

3 = 0 and ′EN−2,0
r = 0, r ≥ 3.

Now we compute ′EN−1,0
r =

ZN−1,0
r

BN−1,0
r−1 +EN,−1

r−1

, r ≥ 2. If u = uN−1,0 + uN,−1 + · · · +

uN−2+r,1−r ∈ ZN−1,0
r ,

0 = DuN−1,0 + ∂uN,−1 = DbN−1(N − 1) + (−1)N (aN (N)F + bN (N − 1) ∧DF ),

0 = Dui,N−1−i + ∂ui+1,N−2−i

= (Dbi(N − 1) + (−1)N (Πk−iai(N) + ai+1(N)F

+ (i−N + 2)bi+1(N − 1) ∧DF ))(DB)i−N+1, N ≤ i ≤ N − 3 + r.

Let arN−2+r(N − 1) = 0, DarN−3+r(N − 1) = aN−2+r(N),

Dari−1(N − 1) + (−1)N (i−N + 1)ari (N − 1) ∧DF = ai(N), N − 3 + r ≥ i ≥ N.

Substituing into above equations, we have

D(bN−1(N − 1) + (−1)NFarN−1(N − 1))

+ (−1)N−1((−1)N−1Πk−N+1a
r
N−1(N − 1) + (−1)NarN (N − 1)F + bN (N − 1)) ∧DF = 0,

D(bi(N − 1) + (−1)NΠk−i+1a
r
i−1(N − 1) + (−1)NFari (N − 1))

+ (−1)N (i−N + 2)((−1)NΠk−ia
r
i (N − 1) + (−1)Nari+1(N − 1)F

+ bi+1(N − 1)) ∧DF = 0, N ≤ i ≤ N − 3 + r. (11)
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Define πN−1,0
r : ZN−1,0

r −→ WN−1
f,k−N+2−r,

πN−1,0
r (uN−1,0 + · · ·+ uN−2+r,1−r)[(−1)NΠk−N+3−ra

r
N−3+r(N − 1) + bN−2+r(N − 1)].

πN−1,0
r is independt of the choice of arN−3+r(N − 1), · · · , arN (N − 1), for arN−2+r(N − 1) = 0

and DarN−3+r(N − 1) = aN−2+r(N). Clearly πN−1,0
r is surjective.

Suppose

πN−1,0
r (uN−1,0 + · · ·+ uN−2+r,1−r)

= [(−1)NΠk−N+3−ra
r
N−3+r(N − 1) + bN−2+r(N − 1)] = 0.

Then

bN−2+r(N − 1) = DbrN−3+r(N − 2)

+ (−1)N−1(Πk−N+3−ra
r
N−3+r(N − 1) + rbrN−2+r(N − 2) ∧DF ),

bi(N − 1) = Dbri−2(N − 2)(−1)N−1(Πk−i+1a
r
i−1(N − 1)

+ ari (N − 1)F + (i−N + 2)bri (N − 2) ∧DF ), N − 3 + r ≥ i ≥ N,

bN−1(N − 1) = DbrN−2(N − 2) + (−1)N−1(arN−1(N − 1)F + brN−1(N − 2) ∧DF ).

Let vN−2,0 = brN−2(N−2), vi,N−2−i = ari (N−1)B(DB)i−N+1+bri (N−2)(DB)i−N+2, N−
1 ≤ i ≤ N − 2 + r.

u = uN−1,0 + · · ·+ uN−2+r,1−r

= (DvN−2,0 + ∂vN−1,−1) + · · ·+ (Dvi−1,N−i + ∂vi,N−1−i)

+ · · · (DvN−3+r,1−r + ∂vN−2+r,−r).

So u ∈ BN−1,0
r−1 . Let

CN−1,0
r−1 = {(DvN−2,0 + ∂vN−1,−1) + · · ·+ (DvN−3+r,1−r + ∂vN−2+r,−r)|

vi,N−2−i ∈ Ki,N−2−i, i = N − 2, · · · , N − 2 + r,

vN−2+r,−r = b′N−2+r(N − 2)(DB)R} ⊂ BN−1,0
r−1 .

Then kerπN−1,0
r ⊂ CN−1,0

r−1 . Clearly πN−1,0
r (CN−1,0

r−1 ) = 0. Hence

πN−1,0
r :

ZN−1,0
r

CN−1,0
r

∼= WN−1
f,k−N+1.

Suppose v ∈ BN−1,0
r−1 ,

v = (DvN−2,0 + ∂vN−1,−1) + (DvN−1,−1 + ∂vN,−2)

+ · · ·+ (DvN−3+r,1−r + ∂vN−2+r,−r),

πN−1,0
r ((DvN−2,0 + ∂vN−1,−1) +DvN−1,−1) = 0,

∂vN,−2 + · · ·+ (DvN−3+r,1−r + ∂vN−2+r,−r) ∈ ZN,−1
r−1 .

We need only to compute πN−1,0
r (ZN−1,0

r−1 ).

ZN,−1
r−1 = {uN−1,0 + · · ·+ uN−2+r,1−r ∈ ZN−1,0

r |uN−1,0 = bN−1(N − 1) = 0}.
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Hence the equations (11) for u ∈ ZN,−1
r−1 become

δk−N+1((−1)N [FarN−1(N − 1)])

= [(−1)NΠk−N+1a
r
N−1(N − 1) + (−1)NFarN (N − 1) + bN (N − 1)],

δk−i([bi(N − 1) + (−1)NΠk−i+1a
r
i−1(N − 1) + (−1)NFari (N − 1)])

= (i−N + 2)[bi+1(N − 1) + (−1)NΠk−ia
r
i (N − 1) + (−1)NFari+(N − 1)],

i = N, · · · , N − 3 + r.

But δk−N+3−r · · · δk−N+1 : Fr−1W
N−1
f,k−N+1

∼= WN−1
f,k−N+2−r. Therefore

′EN−1,0
r

πN−1,0
r∼=

WN−1
f,k−N+2−r

δk−N+3−r · · · δk−N+1(FWN−1
f,k−N+1 ∩ Fr−1W

N−1
f,k−N+1)

∼=
Fr−1W

N−1
f,k−N+1

FWN−1
f,k−N+1 ∩ Fr−1W

N−1
f,k−N+1

.

Because Kp,q = 0, q > 0, we have ′Ep,0
r+1 ⊂′ Ep,0

r .

Now we prove that ′Ep,q
r are invariant under contact transformations. Suppose that

U ′ ⊂ RN is an open set with coordinates (x′
1, · · · , x′

N ), 0 ∈ U ′. f ′ : (U ′, 0) −→ (R, 0) is a

C∞ mapping. Suppose that there is a contact transformation H such that Hf = f ′. It is

equivalant to a local diffeomorphism ϕ : (U, 0) → (U ′, 0) and θ(x) ∈ OU,0, θ(0) ̸= 0, such

that f ′(ϕ(x)) = θ(x)f(x) (see [4]). ϕ induces ϕ∗ : Ωp
U ′,k−p,0

∼= Ωp
U,k−p,0, p ≥ 0.

Suppose that

Λ
′p,q
k−p = Ωp−q+1

U ′,k−p,0B
′(DB′)q−1 +Ωp−q

U ′,k−p,0(DB′)q, Λk(B
′, DB′) =

∑
p,q

Λ
′p,q
k−p

are the modules for f ′. Define ϕ∗(B′) = θ(y)B,

ϕ∗(DB′) = D(θ(y)B) = dθ(y)B + θ(y)DB.

Clearly ∂ϕ∗(B′) = ϕ∗∂B′, and ∂ϕ∗(DB′) = ϕ∗∂DB′. It induces ϕ∗ : Λ
′p,q
k−p → Λp,q

k−p and

ϕ∗ : Λ′
k(B

′, DB′) → Λk(B,DB). Because θ is invertible in OU,0. B = 1
θ(y)ϕ

∗(B′),

DB = d
( 1

θ(y)

)
ϕ∗(B′) +

1

θ(y)
ϕ∗(DB′).

ϕ∗ : Λ
′p,q
k−p

∼= Λp,q
k−p and ϕ∗ : Λ′

k(B
′, DB′) ∼= Λk(B,DB). Hence ′Ep,q

r are invariant under

contact transformations.

The proof of Thoerem 2 has been completed.

Corollary. Under the hypothesis of Theorem 2,

′EN−1,0
r

′EN−1,0
r+1

∼=
ΩN

f,k−N+1−r,0

Dδk−N+3−r · · · δk−N+1(FWN−1
f,k−N+1 ∩ Fr−1W

N−1
f,k−N+1) + FΩN

f,k−N+1−r,0

.

Proof. Suppose

u = uN−1,0 + · · ·+ uN−2+r,1−r + uN−1+r,−r ∈ ZN−1,0
r+1 ⊂ ZN−1,0

r .
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By the definition

πN−1,0
r+1 (u) = [(−1)NΠk−N+2−ra

r+1
N−2+r(N − 1) + bN−1+r(N − 1)],

πN−1,0
r (u) = [(−1)NΠk−N+3−ra

r
N−3+r(N − 1) + bN−2+r(N − 1)],

ar+1
N−1+r(N − 1) = 0, Dar+1

N−2+r(N − 1) = aN−1+r(N), arN−2+r(N − 1) = 0.

Dar+1
N−3+r(N − 1) + (−1)N (r − 1)ar+1

N−2+r(N − 1) ∧DF

= aN−2+r(N) = DarN−3+r(N − 1).

Let

Dcr+1
N−3+r(N − 1) = (−1)N−1ar+1

N−2+r(N − 1) ∧DF,

δk−N+3−r[c
r+1
N−3+r(N − 1)] = [ar+1

N−2+r(N − 1)],

DarN−3+r(N − 1) = D(ar+1
N−3+r(N − 1)− (r − 1)cr+1

N−3+r(N − 1)).

We can choose arN−3+r(N − 1) = ar+1
N−3+r(N − 1)− (r − 1)cr+1

N−3+r(N − 1),

πN−1,0
r (u) = [(−1)NΠk−N+3−ra

r+1
N−3+r(N − 1) + bN−2+r(N − 1)]

(−1)N+1(r − 1)[Πk−N+3−rc
r+1
N−3+r(N − 1)]

= [(−1)NΠk−N+3−ra
r+1
N−3+r(N − 1) + bN−2+r(N − 1)]

(−1)N+1(r − 1)Πk−N+3−rδ
−1
k−N+3−r[a

r+1
N−2+r(N − 1)].

But

δk−N+2−r[bN−2+r(N − 1) + (−1)NΠk−N+3−ra
r+1
N−3+r(N − 1)(−1)Nar+1

N−2+r(N − 1)F ]

= r[(−1)NΠk−N+2−ra
r+1
N−2+r(N − 1) + bN−1+r(N − 1)],

δ−1
k−N+2−rπ

N−1,0
r+1 (u)

= δ−1
k−N+2−r[(−1)NΠk−N+2−ra

r+1
N−2+r(N − 1) + bN−1+r(N − 1)]

=
1

r
[bN−2+r(N − 1) + (−1)NΠk−N+3−ra

r+1
N−3+r(N − 1)](−1)N

1

r
[ar+1

N−2+r(N − 1)F ]

=
1

r
πN−1,0
r (u)

+ (−1)N (
r − 1

r
Πk−N+3−rδ

−1
k−N+3−r +

1

r
F )[ar+1

N−2+r(N − 1)F ]πN−1,0
r (u)

= rδ−1
k−N+2−rπ

N−1,0
r+1 (u)(−1)N−1((r − 1)δ−1

k−N+2−rΠk−N+2−r + F )[ar+1
N−2+r(N − 1)].

Hence πN−1,0
r (ZN−1,0

r+1 ) ⊂ F1W
N−1
f,k−N+2−r + FWN−1

f,k−N+2−r.

Now we prove πN−1,0
r (ZN−1,0

r+1 ) = F1W
N−1
f,k−N+2−r + FWN−1

f,k−N+2−r.

Suppose [w] ∈ F1W
N−1
f,k−N+2−r, [a

r+1
N−2+r(N − 1)] ∈ WN−1

f,k−N+2−r. There are u = uN−1,0 +

· · · + uN−2+r,1−r ∈ ZN−1,0
r such that πN−1,0

r (u) = [w] + (−1)N−1F [ar+1
N−2+r(N − 1)]. For

uN−1,0+· · ·+uN−2+r,1−r there are aN (N), · · · , aN−2+r(N), bN−1(N−1), · · · , bN−2+r(N−1)

and arN (N − 1), · · · , arN−3+r(N) satisfying corresponding equations in above context. Let

aN−1+r(N) = Dar+1
N−2+r(N − 1),

Dar+1
N−3+r(N − 1) + (−1)N (r − 1)ar+1

N−2+r(N − 1) ∧DF = aN−2+r(N)

= DarN−3+r(N − 1),

· · · · · ·
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Dar+1
N−1(N − 1) + (−1)Nar+1

N (N − 1) ∧DF = aN (N)

= DarN−1(N − 1) + (−1)NarN (N − 1) ∧DF.

Let Dcr+1
N−3+r(N − 1) = DF ∧ ar+1

N−2+r(N − 1). We may suppose

arN−3+r(N − 1) = ar+1
N−3+r(N − 1)− (r − 1)cr+1

N−3+r(N − 1),

πN−1,0
r (u) = [(−1)NΠk−N+3−ra

r
N−3+r(N − 1) + bN−2+r(N − 1)]

= [(−1)NΠk−N+3−r(a
r+1
N−3+r(N − 1)− (r − 1)cr+1

N−3+r(N − 1)

+ bN−2+r(N − 1)]

= [w] + (−1)N−1F [ar+1
N−2+r(N − 1)].

Hence

[bN−2+r(N − 1) + (−1)NΠk−N+3−ra
r+1
N−3+r(N − 1) + (−1)NFar+1

N−2+r(N − 1)

+ (−1)N+1(r − 1)Πk−N+3−rc
r+1
N−3+r(N − 1)] ∈ F1W

N−1
f,k−N+2−r.

Choose bN−1+r(N − 1) suitably. Then

D([bN−2+r(N − 1) + (−1)NΠk−N+3−ra
r+1
N−3+r(N − 1) + (−1)NFar+1

N−2+r(N − 1))

= (−1)N−1r((−1)NΠk−N+2−ra
r+1
N−2+r(N − 1) + bN−1+r(N − 1)) ∧DF.

Let uN−1+r,−r = aN−1+r(N)B(DB)r−1 + bN−1+r(N − 1)(DB)r,

u′ = u+ uN−1+r,−r ∈ ZN−1,0
r+1 .

πN−1,0
r+1 (u′) = [(−1)NΠk−N+2−ra

r+1
N−2+r(N − 1) + bN−1+r(N − 1)],

πN−1,0
r (u′) = [(−1)NΠk−N+3−ra

r+1
N−3+r(N − 1) + bN−2+r(N − 1)]

= [w] + (−1)N−1F [ar+1
N−2+r(N − 1)].

Hence πN−1,0
r (ZN−1,0

r+1 ) = F1W
N−1
f,k−N+2−r + FWN−1

f,k−N+2−r.

′EN−1,0
r

′EN−1,0
r+1

πN−1,0
r∼=

WN−1
f,k−N+2−r

δk−N+3−r · · · δk−N+1(FWN−1
f,k−N+1 ∩ Fr−1W

N−1
f,k−N+1) + FWN−1

f,k−N+2−r + F1W
N−1
f,k−N+2−r

·
ΩN

f,k−N+1−r,0

Dδk−N+3−r · · · δk−N+1(FWN−1
f,k−N+1 ∩ Fr−1W

N−1
f,k−N+1) + FΩN

f,k−N+1−r,0

.

All the results and proofs are true for real analytic and complex holomorphic cases.
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