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Abstract

Let E be a compact s-sets of R™. The authors define an orthonormal system & of functions
on E and obtain that, for any f(z) € L'(E,H?), the Fourier series of f, with respect to ®, is
equal to f(x) at H®-a.e. x € E. Moreover, for any f € LP(E,H®) (p > 1), the partial sums of
the Fourier series, with respect to ®, of f converges to f in LP —norm.
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¢1. Introduction

In [4, 6], we have studied the convergence of the Fourier series, with respect to an or-
thonormal system of functions, of each function for any f(z) € LP(K,H®) (p > 1), where
K is a Moran fractal or a generalized Moran fractal. In [8], for any f € LP(Kj,H?®), the
similar problems are discussed, where K is a self-similar fractal. In this paper, for any
f € LP(E,H?), where E is an arbitrary compact s-set, we can also obtain the similar re-
sults.

In §2, we first study the Fourier series expansions of functions defined on differentiable
s-sets. We define a system of functions ® C L>°(E,H*) and ® is orthonormal in the Hilbert
space L?(E,H*). We show that for any f(z) € L'(E,H?), the Fourier series of f(z), with
respect to @, is equal to f(x) at H*—a.e. x € F and for any f € LP(E,H®), the partial
sums of the Fourier series of f converges to f in LP-norm. So the results in [4, 6, 8] are
completely contained in the conclusions in this paper.

In §3, as E is an arbitrary compact s-set of R™, we give the results for the convergence of
the Fourier series of functions in LP(E, H*), 1 < p < 0o. So, on the problems of the Fourier
series expansions of functions defined on s-sets, we give satisfactory solutions in some sense.

In §4, we especially discuss a class of compact s-set produced by generalized graph directed
constructions.

Note. A set £ C R" is said to be an s-set, if F is H*-measurable and 0 < H*(E) < oo,
where H?® denotes s-dimensional Hausdorff measure. For more details about s-sets, see [1]
or [2].
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§2. The Fourier Series Expansions of
Functions Defined on Differentiable s-Sets

For the sake of completeness, we first give a few definitions (also see [6]).
Definition 2.1. Let E be an H*-measurable set. For each x € E, let B(x) be a collection
of bounded H*-measurable sets with positive measure containing x such that there is at least

a sequence {Uy} C B(x) with |Ug| = 0 (k — o0). The whole collection B = |J B(z) will be
zeE

called a differentiation basis for (E,H®).

Definition 2.2. Let B be a differentiation basis for (E,H*). For each measurable set A
and for almost every x € E, if {Uy} is an arbitrary sequence of B(x) contracting to x, then
H (AN Uy
pm 7'([3((];.3)) = XA (:E)

We call B a density basis, where X is the characteristic function.

Definition 2.3. Let B be a differentiation basis for (E,H®) and let f € LP(E,H?®) (1 <

p < o0). If

leI&{Hngk) - faH® o {Ux} C B(z), |Ug| = O} = f(x)
for almost every x € E, then we shall say that B differentiates [ f. We write D([ f,z) =
1(@).

When B differentiates [ f for each f in a class X of functions, we shall also say that B
differentiates X .

Definition 2.4. Given a differentiation basis B for (E,H?®), we define the maximal
operator associated to the basis B by

MS@) = s 0 | Wl ) for all ae
for every function f € L*(E, H?).
Definition 2.5. Let E be an s-set of R". We say that E is a differentiable s-set, if the
following conditions are satisfied:

(a) There exist finite disjoint subsets A;, of R™ i1 =1,...,m, such that

m
EC U A,
i1=1
For each A;,, there are finite disjoint subsets A; i, 1 <is <my,,m; € N, such that
Ailiz C Ail and FE C U Ailiz-
11,2

In general, as the sets A;,....,_, are determined, there are finite disjoint subsets A;, ...,
such that A, .., C Aijeip, and E C Aiy .4 where iy = 1,...,m,1 < i4; <
Miyoi;_q, L <G < kymy i, €N.

(b) |Aiy.in] = 0 (k — 00), where |A;,...;,. | denotes the diameter of A;,...q,. .

(¢c) H*(ENA;.q,)>0(k>1).

{A 1 <dip <myl <dig < myyye, 1 < i < myyeg, k> 1} is said to be a

differentiation cover of E.

By ik

i1k
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Theorem 2.1. Let E be a differentiable s-set of R™, and assume that E is local compact.
Then

(a) there exists a system of functions ® = {gn(z)}n>1 C L®(E,H®) such that ® is
orthonormal in the Hilbert space L*(E, H*);
(b) for any f(x) € L'(E,H?),

n

Z <f7 gm>gm — f(l') at H° —ae x € l;‘7

m=1
where (f, gm) = [ [( x)dH* (z);
(c) for any f(x )GL"(EfH ),1 <p < oo,

H zn: (f,9m)gm — f
m=1

The proof of Theorem 2.1 consists of the following theorems.

=0 (n— o00).
P

Lemma 2.1. Suppose that E is a differentiable s-set in R™ and
{A’Lllk k> 1,1<31<m, 1< ij < My 1s 1< _] < k}
is a differentiation cover of E. Write

Eil'“ik = EﬁAir"ik (k 2 1 A= U U Ei,. ik

E>141, i,
Alz)={A : Ae Az e A} forall xEE.
Then
(a) A is a differentiation cover of E;
(b) A is a density basis for (E,H?).
Proof. The proof of (a) is trivial. The proof of (b) can be finished by a method similar
to that used in the proof of Theorem 3.3 in [7].

Lemma 2.2. Let E be a local compact subset of R™ and the conditions of Lemma 2.1
are satisfied. Then for any f € LY(E,H?),

/f, ~ Jim { (1 )/Uk FdHE (U} C A), Uk—>x}:f(a:) (2.1)

k—o0

at H°-a.e.x € F.

Proof. Because E is a local compact s-set, and A is a density basis and Hausdorff measure
is regular, the result similar to Theorem 1.4 in [3, Chp. III] is valid after the measure and
Lebesgue integral are respectively replaced by the Hausdorff measure and Hausdorff integral.
That is, B differentiates L>=(E, H?®).

For any f € L'(E,H*) and any z € E, let

_ [ f@), i [f(@)] <k,
i) = { 0, if If@) =k,
and f = fx + f*.
Then D([ fi,x) = fe(x) for Hi-ae. x € E.
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For € > 0, we have

’HS({er
:HS<{:1:€E

gHS({er

o f72) - s> 5)
o[ #0) -] > 2)

: D(/fk,x) >s/2}>+HS({x€E L R ) > 2/2))

<H ({a: Mf*(x) > e/2}) + H ({a: fH(x) > ¢/2}).
The second term in the last member of this chain of inequalities tends to zero as k — oo by
the preceding hypothesis.
On the other hand, without any substantial change in the proof with respect to Theorem
3.4 in [7], we may get that for any f € L'(E,H?®) and every number € > 0,

H(x e E: Mf(x)>e) Sc@,

where ¢ > 0 is a constant independent of € and f.

So we have that H*({x € E : Mf*(z) > ¢/2}) < 2¢| f*||1/e. But ||f*[1 — 0 as k — oo,
hence H¥({z € E : |D([ f,z) — f(z)] > ¢}) =0.

Noting the arbitrariness of €, we may obtain that D( I 1, x) = f(z) at H®* —a.e. x € E.

The proof is finished.

Now we begin to define a collection of functions with supports on E. The meanings of
the following sets Ej,...;, and E are the same as those in Lemma 2.1.

A function with support on F is defined by

g-1(z) =H*(E)"? for all

re k. (2.2)

h+1
m — 1 functions g%, 1 < h < m — 1, with supports on the sets |J E;, C F are defined as

i1=1

1 h
Ch_i, if ze U Eil,
=1
hix) = h
T _1 2.3
BEV=N ot (B S HB), O w € B, (23)
in=1
0, otherwise,
h h41
where Cj, = H*(Ept1) ™t Y H(Eiy) Y. H(Ei).
i1=1 i1=1
Finally, for every iy - - - iy, k > 1, we define my;, ...;, —1 functions glhlmik, 1<h<m..q —1,
h+1
whose supports are |J Ej,...ipi C Eiy...i- They are
i=1
_1 1 . h
Oz1~2»-iths(Ei1" Zk)7§, ifx e ‘L__Jl Eil""iki’
_oT s —Lys(p. =
gZZk (x) — flllth (E'Ll 'Lk) 2H (Elllk(h+1)) (2'4)
Z /Hs(Eil...iki), ifx e Ei1---ik(h+1) s
1=1
0, otherwise,
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h+1

h
where Ci1---ikh = HS(Eil...ik)71HS(Ei1...ik(h+1))71 Z:l HS(E“ZH) Z:lHS(EHZkZ)
1= 1=
Let the system ® be
®={g1}U{gp:1<h<m—1}

U{gl i ik >1,1<i <m,1<i; <my,. 1<j<k,1<h<m.q —1}

(2.5)

i1

Since H*(F) < oo, it is easy to show that ® C L°(E, H®) C LP(E,H®), p > 1.

Theorem 2.2. Let E be a differentiable s-set, then there exists a system of functions
® C L®(E,H*) such that ® is orthonormal in the Hilbert space L*(E, H®).

Proof. Let ® be a system of functions in (2.5). Then & C L (E,H?). The proof of the
orthonormality of ® is completely similar to Theorem 2.1 in [4]. The proof is finished.

For any f(z) € L'(E,H®), we define its Fourier series, with respect to ®, as

m; —1

m—1 [e’e] 1t

f(z) ~a_19-1(z) + a393($)+2 Z Z al gt (@),  (26)
h=1 k=1  1<i;<m, h=1

1§i2§m11
1<ip<may i,
where
4t = (frgon) = / F@)9-1(y) dH (), al = (f,qb) = /E o (y) dH ),
al o=l ) /f 0gr (W) dHA (y), k> 1,

1<h<my. —1,1<i <m,1<4; < My iy, 1 < J < k, are the Fourier coefficients of
f with respect to ®.
We denote the partial sums of the Fouier series (2.6) by
Sil_"'_'l'jwrl;q (CC)

=a_19-1(v) + Z aggh (x Z , Z a?lmikgzhlmik ()

My i yq —1 q
h h h h
+ Z Wiy o1 Jin i (x) + Z g1 1951 Ging (‘T)’
1141 =J1 " Jn41 h=1 h=1 (27)
where n > 1,1 <j1 <m,1 < g2 <my,, -, 1 < Jpp1 Smyyg,, and 1 < g <myyg,y — 1,

and 47 -+ ip11 < J1 - Jne1 means that if there is an h,1 < h < n + 1, such that
ip =Jp, if 1< p<h,
Z‘h < jhv
we always suppose 41 - i < j1 - JeJrk+1, kK > 1.
Note. In (2.7) ¢ may be zero. If ¢ = 0, then the last term in the right side of (2.7) is
Zero.
By using the similar method used in [4], we may obtain the following lemma.
Lemma 2.3. The meanings of I;,...;, and E are the same as above. For anyn > 1,1 <
J1 <m, 1 < g <my, 1<k<n+1,1<qg<my,.

— 1, write « = i1+ ipt1, 8 =

Ge—1> I+l
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g1+ jns1. Then for any f € LY(E,H?), we have

st Jo SOV AH (), i 7€ Basya < 8,1 <0 < miyi )
w55 o, T A W) + 5y [, £ ) M2 (y)—

ngl (z) = _HS(Z&E"") fzg Epk T ar ), SoeBndsisard
ey [, FW) dHE (), if @€ Epiq+1<i<my .,
mea fy) dH(y), ifx € Ey,a = .

Using Lemmas 2.2 and 2.3 we immediately obtain the following theorem.

Theorem 2.3. Let E be a local compact and differentiable s-set. Then for any f €
LY(E,H?) the partial sums of its Fourier series, with respect to ®, converge to f at H®-a.e.
re kL.

Corollary. The system ® is L?-complete, i.e. if f € L*>(E,H?®) is orthogonal to every
function in ®, then f(x) =0 for H®-a.e. x € E.

Proof. Suppose that f € L?(E,H?®) is orthogonal to every function g in ®, i.e., fE fgdH?
= 0. Then it is clear that Sil_"_'l'j"“;qf(m) =0 forall =z € E and for every n > 1,
1< <m 1< 52 <my, - ,1 < Jppr <myyj,, 1 < g <myyj,, — 1. Then using
Theorem 2.3, we have that f(z) =0 at H® — a.e.x € E. The proof is finished.

Since ® is an L?-complete system, we can obtain the same results as the classic results
of the Hilbert spaces.

Theorem 2.4. If f(x) € L*(E,H*), and {ay }r>1 are its Fourier coefficients with respect
to @, then

(@) Ifllz = X af < oo.
(b) ‘Sil-ﬁ;'ijn+l;qf _ fH2 —0.
(c) If F(z) € L*(E, H®),{bi},>, are its Fourier coefficients with respect to ®, then

(1) = [ FO)F@dH: () = 3 arb
E k=1

o0

(d) If {bk}k21 is a sequence of real numbers such that b2 < oo, then there ezists a
k=1

unique function f € L*(E,H*), so that {by},~, are its Fourier coefficients with respect to

® and f satisfies (a) and (b).
Theorem 2.5. For convenience, write the system ® in (2.5) as {gr}r>1 and let 1 <p <

oo and {bx}r>1 s a sequence of real numbers which satisfies

o0

> 1okl llgxll,, < oo (2.8)

k=1
Then there is a unique function f € LP(E,H®) so that {by},~, are its Fourier coefficients,

‘ Sil-il']:jn+1;qf _ f

where the meanings of j1--- jn+1,q and E are the same as above.

and

— 0, (2.9)
p
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Moreover, if f € LP, its Fourier coefficients {ar},~, satisfy (2.8), then the Fourier series
of the function f converges to f in LP-norm. -

The method used for the proof is similar to Theorem 3.4 in [4].

Therefore, the proof of Theorem 2.1 is finished by Theorem 2.2, Theorem 2.3 and Theorem
2.5.

¢3. The Fourier Series Expansions of
Functions Defined on Compact s-Sets

Theorem 3.1. Let E be a compact s-set of R™. Then (a), (b) and (c) of Theorem 2.1
are satisfied.

Proof. Let B,(x) denote the ball of centre  and radius r so that | B,.(z)| = 2r. For each
r € R™, write

s S(EN B,
D, (E,z) =limsup u (3.1)
r—00 (27”)8
Then using the same steps of proving Corollary 2.5 in [1] we can obtain
27 <Di(BE,z) <1 (3.2)

at almost all z € E. We might as well suppose, for any = € E, the inequality (3.2) is
satisfied.
Fix € > 0 with 27° — ¢ > 0. Then for any « € E, by (3.1) and (3.2), there exists r,, | 0
(means that r, converges decreasingly to 0) such that
2= < fim LENBL @) (3.3)
n—oo (27"n>5

and so there exists an N, such that as n > N,
H(EN B, (x) > (27°—s)(2r,)° > 0. (3.4)

Without loos of generality, we may suppose all the balls B, (x) in (3.3) satisfy the
inequality (3.4).

For each z € E, let B = |J By, (x), where B, (z) satisfies (3.4) and let B = |J B(x).

n=1 zelE
Then B is an open cover of E. By the finite covering theorem, there are finite balls
m
B, (x1), -+, By, (zm) € B such that E C |J By,(x;) and we also assume that no one
i=1

of them is contained in the other. If let

m—1
Bi = By, (xl)’Bé = By, (x2) — By (1), ’Bvln =By, (xm) — ( U BTi(xi))?
i=1

then B] (i = 1,---,m) are disjoint and £ C |J B.. (Of course, the ways of dividing
i=1

m

U By, (z;) into finite disjoint sets are not unique, the number of the produced sets may be
i=1

not equal.)

Write F;, = ENB;, i = 1,---,m. Then {E;, : iy = 1,--- ,m} are disjoint and
E= | E;,.

i1=1
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For any = € E;, (E;, denotes the closure of E;, ), let

Buw) = {BeB) « Bl<2 min (nhoeBh, B= U B

wEEil

Then B;, is an open cover of I;,, and so we can choose a finite sub-cover denoted by

{Bri .y (®iyiy) + i1 =1,--- ,m, iz = 1,--- ,mj }. We can divide {B,, , (zi,:,) : 1 <1 <
m, 1 < iy < mj } into disjoint sets {B;;;, : 1 < i3 < m, 1 < iy < my, } such that
L miq
By, C U Bj,;, and B] ;, is a subset of some B, ,(zi,;)(1 < j <mj ). Let

ia=1

Ei i, =E;, N Bglig'
Then E;;,, i1 =1,---,m,i2 =1,--- ,m,;,, are disjoint and
Eii, C By, Ei = UEi1i27 E= U Ei, iz-
iz Z4177;2

For any = € E;,,,, let

Bili2(‘r) = {B € B(l‘) : |B| < 2I,ni‘n(74i1i2)’aj € B}7 Bi,i, = U Bi1i2(w)'

fEGEiliz

Similarly, we can obtain finite disjoint sets B, and by letting

11213

Ei iyiy = Ei,iy N B!

1213 Linizs
we get a cover {E; i, ¢ 1 <i3 <m,1<is <m;,1<iz<my,} of Esuchthat {E; i}
are disjoint and
Eiisis C Eiyiyy,  Eiyiy = UEm‘m, E= U Eiyisig-
i 01,023
The rest may be deduced by analogy.
In general, we obtain finite disjoint sets Ej,...;, such that
Eiyoiy, CBioin oy Eiyeiy o, = Bivin, E= |J By (3.5)
ik T

where £ > 1,1 <13 <m,1 <i; <myy.q;_,,1 << k.

We might as well suppose H*(E;,..;,) > 0 (k > 1). (If not, we shall give a detailed
explanation later in the remark.)

By using the definitons of (2.2), (2.3) and (2.4), we may obtain a system of functions
® C L®°(E,H?) and @ is orthonormal in the Hilbert space L*(E,H?). (Of course, E;,...;,
in the definitions means those in (3.5).)

In addition, we can see that |E;,...;,,| = 0(k — 00) from the preceding process. So when
E is a compact s-set, we can also obtain the same results as Theorem 2.1 by using Theorem
2.2, Theorem 2.3 and Theorem 2.5.

The proof is finished.

Remark. If F;,...;, chosen in the proof of Theorem 3.1 satisfies H*(F;,...;,) = 0, then we
shall not consider this set. Finally, we obtain a subset of E denoted by F; and a sequence
of sets E; ., such that {E] 1<id <n,1<is <my,...,1 <ip <nj.q_,} are

ik ik
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disjoint and

H(E], ;) >0, EO:‘ U‘ El .., El . CE . .
11 g1 U [RRERr I (EO):HS(E)

Now we define a sequence of functions on E as

g-1(z) = HS(E)_% forall z€E,

ol it e ) B
i1=1
h
go(z) = -1 s .
-C,*H (E;LH) Zl’H (E}), if zekEj .,
i1
0, otherwise,
h+1
where Cj, = H*(E}, ;)" Z H(E]) > H(E]),1<h<n-—1
i1=1 i1=1
Cah? (B2, if ze U El;,
ga(x) =

h
-1 _
fC’a,f S(EL) HS(E;(hH)) 1 ZI’HS(E&Z»), if x € Ea(h—i—l)’
i=
0, otherwise,
where o =iy -+ ip, 1 <43 <, 1 <4 < Miyoiz_q, 1 < J < k,1<h<n;.; —1and
h+1

h
Can = H*(EL) ™ H (Elygi) ZH wi) D HO(E
i=1
It is easy to show that
{g-1}U{gf:1<h<n—1}
U{gl iy k> 1,1 < <n, 1<y <mypoy 1< <k 1<h<n 4 —1}
C L*=(E, H*).

By using the similar to preceding steps and noting H*(E — Ep) = 0, we can show that
Theorem 3.1 is always valid.

¢4. GGeneralized Ratios Graph Directed Constructions

A generalized ratio graph directed construction in R™ consists of

(1) a finite sequence of nonoverlapping, compact subsets of R™: Jy,Ja,- -+, J, such that
each J; has a nonempty interior,

(2) a sequence of directed graph {G}} with vertex set consisting of the integers 1,--- ,n,
and contract maps T ) of R™, where (i,j) € Gj,with contract ratios no more than tgkj),
such that

(a) for each k and 7,1 < i < n, there is some j such that (i, ) € Gy,

(b) for each k and 1, {T( )( INNGE, ) € Gk} is a nonoverlapping family and

Ji D U{ (1,7) € Gi} (4.1)
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and
(c) if the path component from G; to Gy rooted at the vertex iy is a cycle: [iy, -,
iq,iq+1 = il], then

q
I tivicen < 1. (4.2)
k=1

This construction naturally determines a compact subset K of R™. This set, which we will
term the construction object, is pieced together by the graphs Gy and applying the maps
coded by the edges to the corresponding sets.

For each 4, let R(J;) be the space of compact subsets of J; provided with the Hausdorff
metric, pg. By using the similar method of R.D.Mauldin et al.l’!| we may show the following
theorem.

Theorem 4.1. For each generalized graph directed construction, there exists a unique
compact set K,

K= (VT 0oL (i) | (hije) €G 1<j<m). (43)
m>1

Let
G(p) ={c(1)o(2)---o(p+1)|(o(i),o(i+1)) € Gi;1 < i < p},
G(o0) = {o(1)o(2)---|(c(i), (i + 1)) € Gizi > 1}, G* = | G(p)

p=>1
for 0 € G(0), olp=0c(1)---co(p+1) € G(p).
tg‘p Hto(z ),o(i4+1)" (44)
1) 73 (»)
J(olp) = Ty ,02) ° To@)om @0 Toz(jp),a(p—&-l)(']g(PJrl))' (4.5)

Then
K= U J0. (4.6)
p>1oeG(p)

It is easy to see that the generalized graph directed construction object K includes the
Moran fractals, the generalized Moran fractals, the self-affine sets and graph directed con-
struction. By Theorem 3.1, we have

Theorem 4.2. If the generalized graph directed construction K is an s-set, and f €
LY(E,H?), then the Fourier expansion theorem is true.

It is difficulty to prove that the generalized graph directed construction K is an s-set in
general case. Now we give a class of generalized graph directed constructions for which K
is an s-set.

Example Let G be a directed graph with vertex set consisting of the integers 1,2, -- ,n,
1) 4(2)
t;

ij big respectively, where

and T S , T Z( J) are similarity maps of R™ with similarity ratios ¢,
(i,7) € G.

A sequence of similarity maps {{Ti(,l;)}(i_j)eg} is produced by {T‘i(j-)}(i’j)ec, {/I;-(j)}(i’j)ec,
in non-periodic form. Let

Nk = #0 AT Yo jyee = {TT Y ageas h < k), (4.7)
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_ N
ak—T.

The weighted incidence matrix or construction matrix A% = A(Cff ) associated with a

(4.8)

graph directed construction is the n x n matrix defined by
k
AR = M), (4.9)

where we make the convention that tg? =0if (¢,j) ¢ G. For each 8 > 0, let A(ﬁk) = Ag,p be

the n x n matrix given by (tg’kj))ﬁ. Also, let () be the spectral radius of Agk). Of course,
according to the Frobenius-Perron theorem, Q(k)(ﬁ) is the largest nonegative eigenvalue of

Agk) . Let

®(8) = (@M (8))* (@ (8))' . (4.10)

Theorem 4.3. If G, = G itself is strongly connected, and satisfies:

(1) supkla —ax| < c < oo, (2) tg}j) = rtz(-,zj), for any (i,5) € Gr < 1,
k>1

then the_Hausdorﬁ dimension of K is o, where ®(a) =1, and K is an a-set.
Proof. It is known the ®*) () is continuous, ®(f) is continuous, too. By Theorem 2 in
[5], ®*)(0) > 1, and ma ®*)(B) = 0. So, there exists a real number a such that ®(a) = 1.
—00

Since Agc) is irreducible, by the Frobenius-Perron theorem, there is a unique strictly positive
column vector V,

V=1 . (4.11)
Un

with Y v; =1 and APy = o® (a)V, i.e. for each 1,
i=1
= ()
V; = Z (I)(k)(a)vj = Z

J=1 (1,9)€G

(k)\a
(i)
O*) ()

Uj. (4.12)

lo|—1
Let w, = 1:[1 We(i),o(i41)> Wolk—1),0(k) = ()

(W \e (2)\c
(5=) + (37)"
Define a probability measure i on G(o0) by setting for each o € G*,
B(C(0)) = wotgVs(|o)): (4.13)

~1. Then ¢;*' < w, < ¢, where ¢; =

where
C(o) ={r € G(o0) : 7|lo| = 0}. (4.14)
To see that Kolmogorov’s consistency theorem may be applied it is sufficient to note that
if o € G*, then

SACEE) = Y weti

(o(la]),)eG (o(la]),i)eG
=Wl Y Woe(la)) sty ;Y
(o(lo]).i)eG
= WolgVe(o)) = A(C(0)).
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First, we show that H*(K) < +o0o. For each p, we have

Yo=Y gl

a€G(p) ae€G(p)
and since V is strictly positive,

> BCON)T o] [wovs(aly = sup{lT (o] Hwoveqontt > A(C(0))

o€G(p) o€G(p)
< ¢y sup{|J;|“/vi} < +o0.

By the similar methods in [5], we have
limsup{|J,||c € G(p)} = 0. (4.15)
Thus
HYK) < egsup{|Ji|“/vi} < +o0. (4.16)
In order to show 0 < H*(K), transfer i to a probability measure on K. Let g be the map
of G(o0) into R™ defined for each o € G(c0), by {g(0)} = kﬁl Jo|k- Then g is a continuous

map of G(0o) onto K (see [5]). Let u = jfiog~!. We will show that there is some ¢ > 0 such
that if F is a Borel subset of R? with diamFE < inf{|J;|}, then
u(E) < B, (4.17)
Of course, this inequality implies % < HYK).
Set B = {0i|ki € G*; |Jo, k| < |E| < | Jpyjhs—1| and EN Jy, 5, # 0}. Then
pE) < Y A(C(oilk:)) S #B sup wotd,va, (i)
oilki€B o;|ki€B

S#B sup cl|E|avU7‘,(ki)/|J‘7i(ki)
oilki€B

< #Bc1|E|* sup v;/| ;]
1<i<n

By Lemma V in [5], co = #Bc; sup v;/|Ji| < oo.
1<i<n
Therefore, (4.17) holds and Theorem 4.2 follows.
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