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Abstract

This paper deals with the problems on the existence and uniqueness and stability of almost
periodic solutions for functional differential equations with infinite delays. The author obtains
some sufficient conditions which ganrantee the existence and uniqueness and stability of almost
periodic solutions with module containment. The results extend all the results of the paper
[1] and solve the two open problems proposed in [1] under much weaker conditions than that
proposed in [1].
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¢1. Introduction

In the paper [1], G. Seifert used Medvedev’s method!?) for some almost periodic (a. p. for
short) systems with infinite time delays to obtain an existence theorem for a.p. solutions,
but he did not obtain the uniqueness and stability for such a.p. solutions. Therefore he
proposed two open problems on uniqueness and stability of such a.p. solutions for further
study in the finality of [1]. In this paper, we study the problems on the existence and
uniqueness and stability of a.p. solutions for such systems. We obtain some sufficient
conditions which garantee the existence and uniqueness and stability of a.p. solutions with
module containment. Our results extend all the results of [1], and solve the two open
problems proposed in [1] under much weaker conditions than that proposed in [1].

§2. Notation, Definition, and Main Results

Let R™ denote the set of real n-vectors, and |z| any convenient norm for z € R"; also let
R =R

By CB we denote the set of R"-valued functions continuous and bounded on (—o0, 0]; for
each ¢ € CB we define ||¢|| = sup{|¢(s)| : s < 0}. Thus {CB, |||} is a real Banach space.
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If z(t) is an R™-valued function on (—00,b),b < oo, we define for each ¢t € (—o0,b), z,(s) =
z(t+s), s <0. Clearly if z(¢) is continuous and bounded on each interval (—oo,b1],b1 < b,
then z; € CB for t € (—o0,b).

The R"-valued function F(t,z,¢) on R X R™ x CB is said to satisfy condition:

(Ay) if it is a.p. in ¢ uniformly for (z,¢) in closed bounded subsets of R™ x CB, i.e., if
S C R™ x CB is closed and bounded, then {F(t,z, ) : (z,¢) € S} is a uniformly a.p. family
in the sense of [3, p.17];

(Ag) if there exists an M > 0 such that |F'(¢,0,0)] < M for ¢ € R;

(A3) if for z(t) uniformly continuous and bounded on R, F'(¢,z(t), x¢) is uniformly con-
tinuous on R;

(Ay) if there exist positive numbers p, h, and r such that ph < 1, p > M/r where M is
as in (Ag), such that

[2(t) = y(t) + h(F(t,x(t), 2¢) — F(t,y(t),ye))| < (1 = ph)llxy — el (2.1)
for t € R and any functions z(t), y(t) uniformly continuous and such that |z(¢)| < r, |y(t)] < r
on R;

(Ajp) if for each r > 0 there exists an My(r) > 0 such that |F(t,z,¢)| < M;(r) for
] <7 lloll <rteE R

(Ag) if in the condition (Ay), (2.1) is also valid for any functions z(t), y(¢) continuous on
R and there is p > M/r.

Remark 2.1. It follows easily that if F' is uniformly continuous on R x R"™ x CB, it
satisfies (A3). In this case , however, the function F'(t,z(t), x:) is not necessarily continuous
in ¢t for z(t) only continuous and bounded on R. This follows because z; need not be
continuous in ¢ for such z(¢).

Remark 2.2. Obviously, the conditions (A3)-(As) are much weaker than the conditions
(Hz2)-(Hy) in [1], and we do not need the condition (Hs) in [1].

Remark 2.3. The condition (Ag) contains the condition (Ay).

We now consider the functional differential equations with infinite time delays

2 (t) = F(t,z(t), z¢). (2.2)

Definition 2.1. A bounded solution x(t,tq, 1), which satisfies x¢, = ¢1 with ¢1 € CB, of
(2.2) fort > tg is uniformly stable if, for each e > 0 and each ty > 0, there exists a positive
number 6 = d(e) (independent of tg) such that |x(t,to,d1) — y(t,to, d2)| < &, whenever
o1 — @2l] < & and t > to, where y(t,to, d2), which satisfies yr, = ¢p2 with ¢ € CB, is any
solution of (2.2) fort > tg.

Theorem 2.1. Let F' have (A3)-(As). Then (2.2) has only one solution Z(t) with |Z(t)| <
r fort € R.

Theorem 2.2. Let F' have (As), (As), (As) and (Ag). Then (2.2) has only one bounded
solution T(t) which is uniformly stable and satisfies |T(t)| <r fort € R.

Theorem 2.3. If F' is periodic in t with period T independent of (x,®) and if F satisfies
(A2)-(Ay), then (2.2) has only one T-periodic solution Z(t) with |z(t)| <r fort € R.

Theorem 2.4. If F is periodic in t with period T independent of (x, @) and if F has (As),
(A3), (As) and (Ag), then (2.2) has only one T-periodic solution Z(t) which is uniformly
stable and satisfies |Z(t)| <r fort € R.
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Theorem 2.5. Let F have (A1)-(Ay). Then (2.2) has unique a.p. solution Z(t) with
|Z(t)| <r fort € R and mod (Z) C mod (F).

Theorem 2.6. If F' satisfies (A1)-(As) and (As), (Ag), then (2.2) has unique uniformly
stable a.p. solution T(t) with |Z(t)| <r fort € R and mod (Z) C mod (F).

Remark 2.4. Obviously, the results of Theorems 2.1, 2.3, 2.5 are much better than all
the results of §2 in [1], and the conditions of our theorems are much weaker than that of the
theorems in §2 of [1].

Remark 2.5. Theorems 2.5 and 2.6 solve the two open problems!!) under much weaker
conditions than that proposed in [1].

Remark 2.6. From Definition 2.1, it is easy to see that the condition (Ag) in Theorems
2.2, 2.4, 2.6 is reasonable.

§3. Proofs of Theorems
Proof of Theorem 2.1. First, we write (2.2) in the following form:
2 (8) = F(t,2(t), 1) = —%x(t) gt 2(t),2) + F(£,0,0), (3.1)
where g(t, z(t), ;) = +[(t) + h(F(t, x(t),z;) — F(t,0,0))]. Then there is g(t,0,0) = 0 and
it follows from (A3) and (Ay4) that g(t, z(t), z;) satisfies the following condition:

(A7) it is uniformly continuous on R and satisfies

ot 2(0)20) — (6,90, 9 < L2, (32

for t € R and any functions z(t), y(¢) uniformly continuous on R such that |z(¢)| < r, |y(t)] <

T
(1) We prove that (2.2) has a solution Z(t) with |Z(¢)| < M/p for t € R.

We first construct the function sequences as follows:

20(t) = [ exp ( - %(t - s))F(s, 0,0)ds (t € R), (3.3)
2™(E) = 2(t) +/_ exp (- %(t—s))g(s,mm(s),x?)ds (te R), (3.4)

when m =0,1,2,3,---.

(i) We prove that ™(¢t)(m = 0,1,2,3,---) are uniformly continuous and |z (¢)| < M/p
for t € R.

From (As) and (As), there is

|20(t)] < /t exp ( — %(t - s))|F(s,0,0)|ds

— 00

< M/too exp ( - %(t - s))ds (3:5)

=Mh< M/p (t € R).
And it follows from (A3) and (3.3) that 2°(¢) is uniformly continuous on R. Using (A7) and
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(3.4), (3.5), we have

t

SOI< O+ [ e (= 4= 9)lals,2%(6),aDlds

—0o0

t —
th+/ eXp<f%(tfs))wnxg||ds

— 00

(3.6)

<Mh+(1 ph)M/tooeXp( %(tfs))ds

= Mh[1+ (1 —ph)] (t € R).
Since 0 < 1 — ph < 1, there is
1 1 > _
= - = 1 — ph)l. .

It follows from (3.6) and (3.7) that
|zt ()] < Mh[L+ (1 —ph)] < M/p (t € R). (3.8)

From (A7), (3.4)-(3.6) and the uniform continuity of z°(¢) on R, we see easily that z'(t)
also is uniformly continuous on R.
In general, for any natural number k, we can assume inductively that

K
" ()] < MR (1 —ph)) <M/p (t€R), (3.9)
7=0
and 2% (¢) is uniformly continuous on R.
Then from (3.2), (3.4), (3.5) and (3.9), there is

t

SO O+ [ exp (= 50 9) o (5), 2 klds

— 00

§Mh+/_ exp(—%(t—s))@”xf”ds
K . t (310)
§Mh+(1—ph)MZ(l—ph)]/ exp(—%(t—s))ds
=0 —oo
K+1
=MhY (1-ph)) <M/p (t€ R).
§=0

Because of (A7), (3.4) and the uniform continuity of z°(t) and z%(¢) on R,z%*1(¢) is
uniformly continuous on R.
Therefore by induction, for any natural number m, there is

2™ (t)| < MR (1 —ph)’ < M/p (t€R), (3.11)
3=0
and x™(t) is uniformly continuous on R.
(ii) We prove that {z™(¢)} is uniformly convergent on R and its limit function Z(t) is
uniformly continuous and satisfies |Z(t)| < M/p for t € R.
Let

Lyy1 = sup{|z™ T (t) —2™(t)| : t € R} (m=0,1,2,3,---). (3.12)
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Then from (3.2), (3.4), (3.12), (A7), and (i) we have

t

L () — (1)) < / exp (— 3t~ 5))

lg(s,a™(s), a3") = g(s, 2™ (s), 21 |ds
(1 —ph) ! 1 -1

_ - _ m __ ..m 1
<SP [ e (—g-)lar —ar s 313

< W/_tmexp(— %(t— s))ds
= (1 —-ph)L,, (t€R).

Hence there is
Lypy1 <(1—-ph)L,, (m=0,1,2,3,---).

Since 0 < 1 —ph < 1,{z™(t)} is uniformly convergent on R. Let 2™ (t) — Z(t) uniformly in
t € R. Because 2™ (t)(m =0,1,2,3,---) are uniformly continuous on R and |z™(¢)| < M/p
for t € R, Z(t) is uniformly continuous on R and |Z(t)] < M/p for t € R.

(iii) We prove that

/t exp ( - %(t - s))g(s,mm(s),x;”)ds — /_too exp ( — %(t - s))g(s,a’c(s),a’cs)ds

— 00
uniformly in ¢ € R when m — oo.
Because z™(t) — Z(t) uniformly on R when m — oo, for each € > 0, there is a natural
number N = N(e) sufficiently large such that

[z™(t) —2()] <e (t€R),

when m > N. Then when m > N, using (A7), we have
t

‘ /_; exp ( - %(t - s))g(&xm(s),x;”)ds - / exp ( - %(t - s))g(sj(s)ﬁcs)ds

—0Q0

< [ e (k=) g, (),27) — 905, 56), 7, ) ds

< O_}fh)/_;exp<— %(t—s))”m@” — I4||ds
< O_}fh)g/_;exp<— %(t—s))ds
=(1—-phle<e

forallt € R, i.e.,

/t exp ( - %(t - 5))g(5,xm(s),x;n)ds — /too exp ( — %(t - 5))g(5,i’(s),is)ds

uniformly for t € R.

Now, taking its limit from the both sides of (3.4), we obtain
t

z(t) = 2°(t) +/ exp ( — %(t — s))g(s,i(s), Zs)ds (t € R). (3.14)

— 00
Then, from the right side of (3.14), it is easy to see that Z(t) is continuously differentiable on
R. Immediately, differentiating the both sides of (3.14), we have that Z'(t) = F(t, Z(t), Z)
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for t € R. Therefore Z(¢) is a bounded solution of (2.2) such that |Z(¢)| < M/p for ¢t € R.
(2) We prove that Z(t) is a unique bounded solution of (2.2) such that |x(t)| < r for t € R.
In fact, if this conclusion is not valid, then there is another bounded solution y(¢) of (2.2)
such that |y(t)| < r for ¢t € R and y(t) #Z Z(¢). It follows from (As) that y(t) is uniformly
continuous on R. Since

z'(t) -y (t) = *%[ﬂ?(t) —y(®)] + [g(t, 2(t), Z1) — g(t, y(t), y)],

there is

1) = y(t) = e (= (¢ —t0))) ~ytto)) + [ exp (= p-0)
gl 7). 75) — gls,0(s), plds (¢ > o).

Using (A7), we have

[#(6) — y(O)] < exp (— 3 (¢ — 10) ) 2(to) — y(to)]

3.16
+“‘hph)/t:exp(—jlu—s))nxs—ysnds R
Let ¢; = sup{|Z(t) — y(t)| : t € R}. Then there are ¢; > 0 and ¢; € R such that
|Z(t1) — y(t1)| > c1(1 — ph/4). (3.17)
Taking tg = t; — T, where T > 0 is sufficiently large such that
exp(=T/h) < ph/2, (3.18)

from (3.16)-(3.18), we obtain
ci(l = ph/4) < |2(t1) = y(t)| < exp(=T/h)er + (1 = ph)r
< phe1/2+ (1 = ph)er = (1 — ph/2)ey,

which is a contradiction because of 0 < 1 —ph < 1 and ¢; > 0. Therefore Z(t) is a unique
bounded solution of (2.2) such that |Z(t)| < r for t € R. It completes the proof.

Proof of Theorem 2.2. From Remark 2.3 and Theorem 2.1, we can see that it suffices
to prove that z(t) is uniformly stable. In fact, for each € > 0 (especially € < (r — M /p)) and
each to > 0, taking a positive number § = 6(g) = min{(r — M/p)/2, phe/2} (obviously, d(e)
is independent of tg), we see that, when ||Z:, — ¢|| < d, there is

[2(t) —y(@t)| <e (t = to), (3.19)

where y(t) = y(t,t0, ), which satisfies y¢, = ¢ with ¢ € CB, is any solution of (2.2) for
t >ty . Otherwise, if (3.19) is not valid, there is t; > ¢o such that

(1) —y(t)| =« (3.20)
and
|Z(t) —y(t)] <e (to <t <ty). (3.21)
Therefore there is

12 —yell <& (E<t1). (3.22)
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Because

Z(t) =y (t) = F(t,2(t), &) — F(t,y(t), y:)

= —%[ﬁ’ﬂ(t) —y@O] + 91t Z(), 2e) — g1t y(8), 3)] (¢ = to),
(3.23)
where g (t, z(t), z;) = #[x(t) + hF(t,z(t), z;)], and from (Ag), we have
lg1(t,2(t), xe) — 1 (L y(t), ye)| < @th — Yl (3.24)

for any functions z(t),y(t) continuous on R such that |z(¢)| < r and |y(¢)| < r. Tt follows
from (3.23) that

Z(t1) — y(t1) = exp ( - %(tl - to)) [Z(to) — y(to)] + /tl exp ( - %(tl B S)) (3.25)

to
: [gl(sv 52(8)7 js) — g1 (Sa y(S), ys)}ds
Using (3.20)-(3.22), (3.24) and (3.25), we can obtain

e = [#(t) — y(t)| < exp (= 3 (0 — 10) ) |alto) — y(to)
[ exp (= (0= 9) s (5,309 ) = (5. (5) ) s

<o (~ - 0)5+ LS [T (< Lt 9)e. - vl

h h
(1 —ph)e ™ 1
§5—|—h/t0 exp(—ﬁ(tl—s))ds

<04 (1 —ph)e <phe/2+4 (1 —ph)e = (1 —ph/2)e <&,
which is a contradiction. Therefore Z(t) is uniformly stable. The proof is complete.

Proof of Theorem 2.3. Because a continuous T-periodic solution of (2.2) is uniformly
continuous on R, the condition (Ajs) is not needed. From Theorem 2.1, obviously, it suffices
to prove that Z(t) is a T-periodic solution of (2.2). Using (3.14) and the conditions of this
theorem, we obtain

t+T
J’:(t—i—T):/ exp(_%(HT—S))[g(s,f(s),aes)+F(s,o,o)]ds

— 00

s:u—&—T/t exp(—l(t—u))[g(u+T,£(u+T),ﬂEu+T)

¢ P(u+T,0,0)]du ' (3.26)
= [ exp (= 3=l F 7)) + G 0,0)
= [ oxp (= 3= 9) o706+ 1), 7vr) + F0.0)as.
Let L = sup{|2(t) — #(t + T)| : ¢ € R}. Then from (3.14), (3.26) and (A7), we have
o) -2+ 1< [ o (= 0= 9)lo:706). ) ~ 6705+ T), 7yl
< “‘}W/_;exp(— (= s))ds = (1 - ph)L,
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ie, L <(1—ph)L . It follows from 0 < 1—ph < 1 that L = 0. Therefore Z(¢) is a T-periodic
solution of (2.2). The proof is complete.

Proof of Theorem 2.4. The proof of this theorem follows immediately from Theorems
2.2 and 2.3.

Proof of Theorem 2.5. Because an a.p. solution of (2.2) is uniformly continuous on R,
the condition (As) is not needed. From Theorem 2.1, obviously, it suffices to prove that Z(t)
is an a.p. solution of (2.2) which satisfies mod (Z) C mod (F). Using (3.14), we have

Bt 1) = /: esp (- %(t 7)) lols, 7)., 2) + F(s,0,0)]ds

s = u—i—T/_toO exp ( — %(t—u))[g(u—l—r,:ﬁ(u—l—T),fqurT) + F(u+7,0,0)]du

= /t exp ( - %(t - s)) [g(s+7,Z(s+7),Ts4r) + F(s+7,0,0)]ds

- (3.27)
for all t,7 € R. Tt follows from (3.14) and (3.27) that
s®) ~alt+) = [ ew (= 5t =5)F )~ als+ )+ h(Plsa(s). )

—F(s+T7,Z(s+7),Totr))]ds

= / exp ( - %(t - 8)) {%[E(s) s+ )+ h(F(s,5(s),50) O 2®)

—o0
— F(s,Z(s +7),Tsqr))] + [F(5,Z(s+ T), Toyr)
—F(s+71,Z(s +7),Ts1r)] }ds
for all t,7 € R. By (A1), for each £ > 0, there exists an [(¢) > 0 such that every interval of
R of length I(g) contains a 7 = 7(g) such that

|F(t,z(t +7),Tpyr) — Ft +17,2(t +7),T4ar)| < € (3.29)

for all t € R. Let Lo = sup{|Z(t) —Z(t+7)| : t € R,7 = 7(¢)}. Thus, for such a 7, it follows

from (A7) and (3.28), (3.29) that
¢

R I B G ) | L R

< (I =ph)Lo + he,
i.e., Lo < (1—ph)Lo+ he. Therefore there is Ly < ¢/p. Thus 7 is an ¢/p-translation number
for Z(t), and since £ > 0 is arbitrary, Z(¢) is a.p. and the module of Z(¢) is contained in the
module of F'. The proof is complete.

Proof of Theorem 2.6. The proof of this theorem follows immediately from Theorems
2.2 and 2.5.

¢4. An Application

The following equation can arise in a study of the dynamics of a single-species population
model (cf. [4, p.123]):

0
N'(t) = N(t)(1 — k()N (t) — l(t)/_ N(t+ s)dn(s)). (4.1)
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Since in this equation N (¢) represents population density, we are only concerned with positive

solutions, and can make the change of variable x = log NV to get the equation
0

2 (t)=1—k(t)expz(t) —I(t) /_ (expx(t + 5))dn(s). (4.2)
This is in the form of the scalar case of (2.2) with
0
F(t,x,¢) =1 - k(t) exp(t) - l(t)/_ (exp ¢(s))di(s)- (4.3)

We assume that
(Asg) n(s) is nondecreasing on (—oo, 0] with f_ooo dn(s) = B < 0.
(Ag) k(t) and I(t) are a.p. with inf{k(¢):t € R} =k >0, and I(t) > 0 for t € R.
(A1p) Define d = sup{|1 — k(t)| : t € R}, L = sup{l(¢) : t € R}. Then there is

d+ LB <k (4.4)
and there exists at least an > 0 such that
d+ LB < (ke" — LBe")r. (4.5)
Remark 4.1. Obviously, if d and LB are sufficiently small, then £ must be near 1, and
thus (A1) must be valid.
The conditions (Ag)-(A1g) contain the conditions (A1)-(Az) and (As), (Ag) for (4.3). In
fact, setting M = d+ LB and M; = 1+ dye" + LBe", where d; = sup{k(t) : t € R}, we have

|memr=u—mo—uo/:cmwﬂgu—kan+uw/ dn(s) < M

—o0
and |F(t,z,¢)| < My for t € R,|z| < r and ||¢|| < r. Therefore it is easy to see that the
conditions (A1)-(As) and (As) are satisfied. Taking p = (ke™" — LBe") > 0, where r is as
in (Ayp), and taking h > 0 such that ph < 1 and h < dy€”/2, from (4.5) we have M < pr.
And it follows from the Mean Value Theorem that
|(t) — y(t) + h(F(E,2(t), x) — F(t,y(t), y))]|
< a(t) = y(t) — hk(t)(expa(t) — expy(t))]

0
+ hi(t) / |expa(t+ s) —expy(t+ s)|dn(s)

— 00

0

< |1 — hk(t) exp Z(t)] |z (t) — y(t)| + hl(t)/_ (expz(t +5)) (4.6)

St +s) —y(t + s)|dn(s)
0
su—Maﬂwrwm+Mémrwm/ dn(s)

=[1 = h(ke™" = LBe")]||lz: — i

= (L=ph)|zs — ys|
for all ¢ € R, and any functions z(t),y(t) with |z(t)] < r and |y(t)] < r; here Z(t) =
y(t)+0(t)(z(t) —y(t)) for some function 0(t),0 < O(t) < 1 (thus there is |Z(t)| < r), i.e., the
condition (Ag) also is valid. Therefore from Theorem 2.6, we have
Theorem 4.1. If the conditions (Ag)-(A1o) are satisfied, then (4.1), and hence also (4.2),

has only one a.p. solution T(t) with mod (Z) C mod (I(t),k(t)) and |Z(t)| <r fort € R
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where 1 is as in (A1o). Moreover, this a.p. solution Z(t) is uniformly stable.
Remark 4.2. Theorem 4.1 is much better than Theorem 3 of [1].
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