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Abstract

The authors determine the invariants of the irrational rotation C*-algebras over the L-
shaped domain in C? by the maximal radical series.
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§0. Introduction

In [7], R. E. Curto and P. S. Muhly discussed the Toeplitz C*-algebra C*(2) over the
L-shaped domain Q in C? by groupoid appoach, showing that C*(f2) is isomorphic to some
groupoid C*-algebra C*(G). In our former paper29, we discussed the irrational rotation

C*-algebra C*(G(Cp)) for C*(G), presenting the maximal radical series of the rotational
C*-algebra.

{0} 9 C*(G(Cp)") < C™(G(Co)") < C(G(Co)),

which is invariant under the isomorphism. In this paper, we will use the method in [19] to
calculate the K-groups of the series and classify the rotaional C*-algebra C*(G(Cp)).

§1. On the Simplicity of the C*-Algebra C*(R x T x, Z?2)

In our former paper?’l, we have seen that the transformation group C*-algebra C*(R x
T xpZ?), where the action of Z? on Rx T is (s,t)+p = (s+2p2 In §2—2p1 In §1, 107 652), occurs
frequently in the discussion. A natural problem arises when the C*-algebra C*(R x T x g Z?)
is simple. In this section we will determine the necessary and sufficient condition to the
problem.

In order to solve the problem, we need the following well-known classification theorem of
the closed groups in the Euclidian space RY.

Theorem A. Any closed subgroup in the Euclidian space RN is the orthogonal sum of
a linear subspace and a free subgroup finitely generated. The linear subspace is called the
linear part of the group, while the free subgroup is called the free part of the group.

Manuscript received February 26, 1994.
*Institute of Mathematics, Fudan University, Shanghai 200433, China.
**Project supported by the National Natural Science Foundation of China, Fok Yingtung Educational
Foundation and the Foundation of State Educational Commission of China.



258 CHIN. ANN. OF MATH. Vol.18 Ser.B

As a corollary, we have the following criterion for a subgroup to be dense in the Euclidian
space.

Theorem B. Suppose that G is a subgroup in the Euclidian space R™. G is dense in RN
if and only if the projection of G in every direction u (u € RN) is dense in the line Ru.

Proof. The necessity is obvious.

Conversely, if G is not dense in the whole space, there are linearly independent vectors
w1, Uz, ,u, in RN, orthogonal to the linear part of G, such that

G=LOZu ®Zus @ --- ® Zuy,

where L is the linear part of the group G.

Since the vectors uy, ug, - - - , U, are linearly independent, the matrix ((u;, u;))nxn is non
singular. Fix any rational n-tuple (s1,s92,--,s,) € Q™ \ {0}, there is a unique real n-tuple
n n
(r1,72,---,1r2) € R™, such that for i = 1,2,---,n, > (u;,u;)r; = s;. Let u = > rju,;.
j=1 j=1
i U
Then the projection of G in the direction u is {( > pjsj) W‘p € Z"}. However since
i=1 u
n
81,82, , S, are all rational numbers, the coefficient set { > s ‘p € Z”} must be of the
j=1

form Z~ for some v € Ry, a contradiction. The conclusion follows.

Theorem 1.1 The groupoid C*-algebra C*(R x T xq Z?) is simple if and only if the
1 1 )

111(517 111(527 27T1H($1 271'111(52
rational numbers, where 11 and s are the arguments of 61 and 62, respectively.

real numbers are linearly independent over the field Q of the

Proof. Since the groupoid R x Ty x Z? is r-discrete and principal (because In d1/In §y
is irrational), there is an order-preserving isomorphism between the family of the invariant
open subsets of the unit space T x R and the lattice of the closed ideals in the groupoid
C*-algebra C*(R x Ty x Z?).

Define the distance function d on R x T by d((s,t), (s',t")) = |s — s'| + |t — t|’. Then the

distance is invariant under the action of Z2 on R x T. For each v € [u] there is a sequence
{pm}°_; in Z2% such that v = lim (u + py,). However
m—r oo

lim d(u,v —pm) = lim d(u+ pp,v) =0.
m—r o0 m—r oo

It follows that the closed orbits in R x T are either disjoint or identical and therefore they
are the minimal invariant closed subsets in the unit space. Consequently one orbit’s being
dense in R x T implies other’s same property.

By the above discussion, it suffices to determine when there is a dense orbit and when
there is not.

Define the map ¢ : R x R — R x T by ¢(s1,s2) = (s1,exp(2mv/—1s2)). Then ¢ is a
continuous and open homomorphism. The orbit containing (0,1) in R x T is {(2p21ndy —
2p1 In 61, 6P)|p € Z%}, denoted by [(0,1)]. Then

-1 _ _ Y, e >
e ([(0,1)]) = {(2p2 Indy — 2p1 Inéy, py 5 TP2o +q> ‘p €2’ q¢€ Z},

which is a subgroup of R?. Given any direction u € R2, the projection of the group
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~1([(0,1)]) in it is a group

G, = {<p1 (ﬂuQ —2uyIn 51) + po (ﬁuQ + 2uq ln(Sg) + qUQ) iz’p S Z27 qc Z}.
2m 27 |ul

1 U1 P

o, oy 2nlng, T 2rind, are linearly independent over the field of rational

Suppose that

numbers.

In
If us = 0, then G, is dense in the line Ru since is irrational.

In 5
If ug # 0, assume without loss of generality that us = 1.

(1) It —1 — 2uq In §y is irrational, then G, is dense in the line Ru.
2m

(2) If ﬁ — 2uqInd; is rational, then for some r € Q, u; = (;/)1 + >

The

2111(51'

In & 1 1
coeflicient of ps in the group G, is — V2 + Y1 +r 292 which is irrational since ——
2 2 Ind;’ Ind; In 52
1 (s

are linearly independent over Q. Hence G, is dense in the line R u.
27 In (51 27 In (52

By Theorem B, the group ¢~ 1([(0,1)]) is dense in R x R and by Lemma 1.1 below the

orbit [(1,0)] is dense in R x T.
it Vi L2
111(517111527 27’1’11’1(51 27’(’111(52

for some 7,711,712 € Q,
T T2 (2 o
=0.
In 61 + In 6 T (27r1n51 + 27r1n52>

are linearly dependent over the rational numbers Q, then

Iné
It follows that r # 0 since ln (52 is irrational. So we can choose r = 1. Set
nog

_ _ (¥ !
u =) = (7 +71) 551
Then the coefficient of ps in G, is

¢2 e | Indy U2 1 LS
—|—2u11n52 2 +(27T )11151 _ln62(2ﬂ'ln52+2ﬂ'1n51+1n51)_ "

Wthh is rational and the coeflicient of p; in G, is

ﬂ—Zullnél ﬂ— (wl-i-?“l) = -rq,
7T

2 2

which is also rational. Therefore the group G, is not dense in the line Ru. By Theorem B,
the group ¢~ 1([(1,0)]) is not dense in R x R and therefore the orbit [(1,0)] is not dense in
the unit space R x T by Lemma 1.1 below.

Lemma 1.1. Any continuous surjective homomorphism between the locally compact and
second countable groups is open.

If f: X =Y is a surjective continuous map, the following conditions are equivalent.

(1) The map f is open.

(2) For any subset B of Y, f~1(int(B)) = intf~1(B).

(3) For any subset F of Y, f~Y(F) = f~1(F).

§2. Main Result

From now on we will concentrate on the calssification of C*(G(Cp)). We will mainly
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consider the ideals
Ji =XLa(Z2)), Jo=TX(a(Z% U{oc} x Zi UZy x {o0}),
Jy = T(X\ B{—00, +o0}),
and the quotient
I3/ I = C*(Glagz, x{ooh)) ® C*(Gla(focr xz,) © C*(B(R) x L)
~K(*(Zy)) @ O(T) @ C(T) @ K(I*(Z4)) © C* (R x Z?)
~ K(H*(T)) ® C(T) & C(T) @ K(H*(T)) @ C*(R x Z?).
Let u denote the function in C(T) given by x(z) = z and s the unilateral shift on H?(T).
Then e = 1 — ss* is a projection of rank 1 in K(H?(T)). Now we set
e1=1®e, e=e®1l, u =e®u,
Uy =ue, S =8Qe, Sy=eRSs.
It is easy to calculate the K-groups in the Proposition 2.1.
Proposition 2.1. (1) Ko(J1) = Zle ® ] and K1(J1) = 0.
(2) Ko(J5/J1) = Ko(C(T) @ K K ® C(T) & C*(R x Z?)) and
Ko(C(T) ® K) = Zlea], Ko(K® C(T)) = Zlea].
By Connes’ Thom isomorphism the group Ko(C*(R x Z?) is free abelian of rank 2 (see the
later part of the proof of Lemma 2.9) with geneators [u] @ [e] and [e] ® [u].
(3) K1(J5/J1) =K1 ((C(T) e K@K @ C(T) ® C*(R x Z)) and
Ki(C(T) ® K) = Zlw], Ki(K®C(T)) = Zlug].
And again by Connes’ Thom isomorphism Ki(C*(R x Z?)) is free abelian of rank 2 with
generators [e] ® [e] and [u] ® [u].
Proposition 2.2. Ky(J5) = Ko(Jy/J1) and K1(J5/J1) is free abelian with rank 3.
K1 (J5) has a generator [v1] such that Ki(m)([v1]) = [u1] — [us].

Proof. Applying the six-term exact sequence to the short exact sequence
0—J— Jy— Jo/J1 — 0,

we obtain the exact sequence

%0 T%0
Ko(Jl) —_— Ko(Jé) e K()(Jé/Jl)

I Js

Ki(J3) 1)+ K (J) < Ka(h),

Since K(J1) = 0 and the inclusion j : J; — J} is the composition of the inclusion 7 : Jo — J§
with the inclusion k : J; — J5 while the latter’s Ky-level homomorphism k. is zero as shown
in [19], we get that j.o = 0 and therefore . is isomorphic, i.e., Ko(J5) = Ko(J5/J1).

Next we will determine one generator of the group K;i(J}), which is important in the
calculation of other C'*-algebras’ K-groups.

The subset a((N U {oco}) x {0}) is both open and compact in the unit space X and
therefore the characteristic function Xo(mu{oo})x {0})x{(=1,0)}, denoted by f, is in C.(G).
However inddq o) (f) = s1, hence s; is in C*(G) and a fortiori s is in C*(G).
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Now that 1—e; +u;’s belong to Uy (J}/Jy), it follows that if we denote [1 —e; +u; } briefly

by [u;] and let
Ul_(lelJrsl e®e >,
1—es+s5

then vy belongs to Uz (J5) and K1 (m)([v1]) = [u1] — [uz].

Proposition 2.3. Let pg be the Rieffel projection of the rotation C*-algebra Ay, then
Ko(J3/J1 Xay Z) = Z° with base {[e1], [pa,], [e2], [po, ], [e] ® [u], [u] ® [¢], [e] @ [e]}.

Proof. Similar to [4.2, 19]. We just point out that ay preserves the direct sum.

Proposition 2.4. Ko(J X4, Z) is free abelian with rank 7 and base {[e1], [e2], d;|1 < i <
5}.

(1) The boundary map 0 : Ko(J} Xa, Z) — K1(J5) in the Pimsner-Voiculescu sequence
is given by O([ex]) =0 for 1 <k <2 and 9(dy) = v;.

(2) The induced K-group homomorphism mw @ Ko(J) X, Z) — Ko(J/J1 Xa, Z) i
partially given by mwo(lex]) = [ex], for k =1,2, and mwo(d1) = —[pe,] + [pos]-

Proof. The short exact sequences

0—=J1—=Jy—=J5)J1 =0, 0= J1 XayZ—Jy Xay Z— J5)J1 Xay Z — 0

yield the communicative diagram of the K-groups

K (i) o
0 —— Ki(Ji) —— Ki(JiXayZ) —— Ko(Jy) — 0

SQT OQT BIT
/ Ko(d) / O / (2.1)
0 —— Ko(J})Jh) —— Ko(Js)J1 Xay Z) —— Ki(J})J}) — 0

T Ko(wﬁ Kot |

0 —— Ko(J)) —— Ko(JyxayZ) —2s Ki(Jy) —s 0.
Let dj be the lift of [v1], i.e., Opd} = [v1], and Ko(m)d] = mies + maes + lipo, + lapo, .
Since functor K;’s preserve the direct sum?* and each component in the direct sum
J4/Jy is invariant under the isomorphism oy, the homomorphism 0y, : Ko(J5/J1 X o, Z) —
K (J5/J1) preserves the direct sum.
Let di = di — mye1] — males]. Since Ko(m)[e;] = [es], Ko(m)(d1) = lipg, + lapy, and dy
is the lift of v1, we have
Ki(m)0y(d1) = [ua] = [uz],  Oulpe,] = —[uil.
If we set Ko(m)(dy) = l1pe, + lapg, + *, then O,x = 0, and therefore x = 0. All these imply
Iy =—=1and ly =1, ie., Ko(m)(d1) = —po, + peo,-
Proposition 2.5. 9y : Ko(J5/J1 Xa, Z) = K1(J1 Xy Z) = Z. do([ex]) =0, dolpe,] =1,
the generator of K1(J1 X, Z), pre-image of [e ® e].
Proof.
9o([ex]) = o Ko(i)([ex]) = K1(i)0o([ex]) = 0.
9:00(po,) = 0:0m(pe,) = Oi(—ur) = —[e ®e].

Since 9; is isomorphic, 9y(py, ) = 1.
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From now on, we will determine the invariants of the irrational rotation C*-algebra
C*(Q) Xq, Z.

Suppose that the irrational rotation C*-algebras C*(Q) Xq, Z and C*(Q) X, Z are
isomorphic with isomorphism h. Then we have the communicative diagram

CH(G"(Ch)) —— C*(G'(Ch)) —— C*(G(Cy))

isomlho isomihl isomlh
Cr(G"(Cp)) —— CH(G'(C,)) —— CT(G(C)),

i.e.

Ji Xag L — Ty Xoy L — C*(G) X, Z

isomAJVho isom.lhl isomAJVh (22)
Ji Xa, li —— Jy Xa, L —— C*(G) Xq, L.
The isomorphism A induces an isomorphism between the first quotient algebras
h/ Jé/:]l XQQZ%JQ/Jl Xap 7. (23)
Equivalently we have
(K(2(Z+)) © C(T)) o, Z& (C(T) ® K(A(Z4))) X3, Z& C* (R X9 Z2) 1, T
= (K(1*(2+)) ® O(T)) Xa, Z& (C(T) @ K(I*(Z4))) xp, Z® C*(R %, Z%) x4, Z,
where ag(z ® f) = ug, vup @ fpg,, with the unitary operator ug defined by ug, (¢,) = 07¢,
and the homeomorphism g, defined by @y, (A) = f(M2), Bo(f @) = fps, @ ug,xuy, , with
ug, and g, defined in the same ways as ug, and g, , respectively, and vo(f)(x, p) = 6P f(z, p)
for f € C*(R x Z?) C Cy(R x Z?) (see Propositions II. 4.2, IT. 5.1 and IL 5.7 in [1]).
Definition 2.1. The C*-algebra A is non-complementary if for any proper closed ideal
I of A there is no proper closed ideal J of A such that INJ =0 and I +J = A.
Lemma 2.1. Suppose that the C*-algebras A;’s and B;’s are non-complementary. Then
A1 @ @A, 2 B @B, if and only if there is a permutation o on {1,2,--- ;n} such
that A; = B,y fori=1,2,--- n.

(2.4)

n n
Proof. Suppose that ¢ : @ A; — @ B; is an isomorphism.
j i=1

1=1 =

For a € Ay, p(a) = (b1, - ,by). Since p(A;) is a closed ideal in € B;, for the approxi-
i=1
mate unit u; of By, (ujb1,0,---,0) is in p(A). We get that (b1,0,---,0) is in ¢(A4;) and a

fortiori (0,b2,0,---,0), -+, (0,0,--- ,b,) are in ¢(A;). And now we have the decomposition
0(A1) =111 & I112® - & L1y, where I; is the closed ideal of B; for j =1,2,--- ,n. Repeat
the procedure above we get for i = 1,2,--- ,n, ¢(A4;) = I;1 ® L2 ® - - - & 1, where I;; is the
closed ideal of B; for j =1,2,--- ,n. And now it is easy to verify that for j =1,2,--- |n,
Bj =1j®1;®---®1I,;. Since A;’s and B;’s are non-complementary, we find a permutation
o on {1,2,---,n} such that p(A4;) = B,).

Remark 2.1. Being connected, R x T has no disjoint pair of invariant proper open
subsets U; and U, such that U;UUs; = R x T. Hence the C*-algebras C*(R x T x4 Z2) is
non-complementary. The C*-algebras C*(G(Co)|a(z, x {oo})xT) a0d C*(G(Co)|a({oc} xZ4)xT)

are simple and therefore non-complementary.
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Lemma 2.2. The K-groups K, (KQC(T)) X q,Z) = Z* and K, ((C*(RxZ?)x,,Z) = Z*.
As a corollary, the C*-algebras (K@ C(T)) X o, Z and (C*(R x Z?) X, 7 are not isomorphic.

Proof. Apply the Pimsner-Voiculescu exact sequence to the crossed product (K ®
C(T)) Xa, Z, we obtain

KoK ©CT)  —2% KoK ® O(T)) —— Ko((K® C(T)) ey Z)

| l

(e 77

L. 1—
Ki(K®C(T)) Xqp Z) «—— K1 (K®C(T)) +—— Ki(K®C(T))
Now that K.(K ® C(T)) = Z and the isomorphism «y is homotopic to the identity 1 and
hence ag, = 1, we get K.((K® C(T)) Xq, Z) = Z2.

Since C*(R x Z?) = C(T?) xR (see the remark below), the Connes’ Thom isomorphisms
yield K;(C*(R x Z?)) = K;_;(C(T?)) = Z2, and now again applying the Pimsner-Voiculescu
exact sequence to the crossed product C* (R x Z?) X », Z, we get that K.(C*(RXZ?) X o, Z) =
72,

Remark 2.2. Suppose that G and G’ are locally compact and second countable abelian
groups and there is a continuous homomorphism ¢ : G — G’. Then the transformation
group (G',G) with action ¢’ + g = ¢’ + ¢(g) is just the skew product groupoid G x, G,
while the latter’s groupoid C*-algebra, by the Proposition 5.7 in [1], is isomorphic to the
crossed product C*(G) x., G’ where 7, (f)(9) = o(p(9)) f(g) for f € C.(G).

By Lammas 2.1, 2.2 and Remark 2.1, we get that

R(C*(R x T xg Z*) = C*(R x T x, Z?),
h (K((Z4)) ® C(T)) xa, Z® (C(T) @ K(1*(Z4))) x5, Z) (2.5)
—(K(2(Z4)) ® C(T)) xa, Z& (C(T) © K(X(Z4))) x5, Z.
Now applying the exact sequence of the K-groups to the the following communicative dia-

gram with exact rows

0 — Jy Xay Z —— JyXayZ —— J})Jy XayZ —— 0

I q
0 —— JiXa, Z —— JyXoq, Z —— J3/J1 Xq, Z —— 0

we obtain the communicative diagram

Kl(Jl Xp Z)
hy
K()(Jé/.]l Xag Z) —_— Ko(Jé/Jl Xap Z) — 0 (26)

Ko(m) | Kot |

h
Ko(Jh Xay Z) ——  Ko(Ja Xa, Z) —— 0.
From the above, we know that {[e;], [pe,],1;} is the base of Ko(J}/J1 X o, Z) and

hu:<$1 91)@(362 yz)@A’
zZ1 w1 Z2 W
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where we do not need the action of A. By a similar argument as in [19], we get that z; =0
and w; = wy by equalities 0 = 'h, Ko(7)([ex]) = 2k, 0= dh,Ko(m)(dy) = —w;y + wo.
The same analysis as in [19] yields

T = X9 = 1,
(2.7)
wp =1 —= Y = 0.
or
T, = T2 = 1,
(2.8)
wp =—-1 = Y = 1.

(2.7) implies 0; = p; for i = 1,2 and (2.8) implies 0; = p; for i = 1, 2.

Finally we can state our main result.

Theorem 2.1. If the irrational rotation C*-algebras C*(G) X o, Z and C*(G) X, Z are
isomorphic, then up to a permutation 61 = p1 and 03 = pa, or 01 =p1 and 0y = p3.
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