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BERGMAN TYPE OPERATOR ON MIXED
NORM SPACES WITH APPLICATIONS

REN GUANGBIN* SHI JIHUAT*

Abstract

The authors investigate the conditions for the boundedness of Bergman type operators Ps ¢
in mixed norm space Lp q(¢) on the unit ball of C™ (n > 1), and obtain a sufficient condition
and a necessary condition for general normal function ¢, and a sufficient and necessary condition

for
o(r) =(1—-r>%0g’2(1 =)™ (a>0,8>0).

This generalizes the result of Forelli-Rudinll on Bergman operator in Bergman space. As

applications, a more natural method is given to compute the duality of the mixed norm space,

solve the Gleason’s problem for mixed norm space and obtain the characterization of mixed

norm space in terms of partial derivatives. Moreover, it is proved that f € ng)’q@p) iff all the
. [ex| . .

functions (1 — |z|2)‘a|%(z) € ng)’q(w) for holomorphic function f, 1 < ¢ < co.
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¢1. Introduction

Let B denote the unit ball of complex vector space C™. v is the Lebesgue measure on
C™ normalized so that v(B) = 1, o is the surface measure on the boundary 9B of B with
o(0B) = 1.

A positive continuous function ¢ on [0,1) is normal, if there exist 0 < a < b,0 < rg < 1
such that

(i) (1“’_(:%& is nonincreasing for rop < r < 1 and };ml (f_(:;a =0;

(ii) o) g nondecreasing for rg < r < 1 and lim 20 oo,
(1-r) r—1 (1-r)

For 0 < p < 00,0 < ¢ < 00, and a normal function ¢, let L, ,(¢) denote the space of
measurable complex function on B with
1 1/p
Wlhae = { [ 7200700 par | <o, 0<p<ox,
0

||f||<>o,q,<,a = Sup @(T)Mq(rv.f) < 007
0<r<1
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where

mn ) ={ [ 1eapaso}’ . 0<o<x.
Moo (r, f) = sup{|f(r{)| : ¢ € OB}
Denote
LD, (¢) = {f € Locg(9) : Tim o(r) My (1. /) = 0} .
If for dv,(z) = (1 — |2]?)%dv(2) (o > —1), let LP(v,) (0 < p < o) denote the space of
measurable complex function on B with

/ F)Pdua(z) = / PGP~ [22)%du(z) < oo,
B B

then from the integral formula in polar coordinates

[P0 Byt = 20 [t se g,
we obtain ’ i
LP(dve) = Lyp((1 = 12)@+D/7).
We use H(B) to denote the class of all holomorphic functions on B. Let

Hp,q(‘/’) = Lp,q(‘P) N H(B),
HY () =LY (¢) N H(B)

denote holomorphic mixed norm space. By the monotonicity of the integral means M, (r, f)
of holomorphic function, the norm in H, 4(¢) is equivalent to
1/p

1
llae ={ [ =0zt 0<p<x0<gs )
0
For s € R,t > 0, let P;; be the Bergman type operator defined by

Pt = a1 = 1y [ SRSl o),

where the complex power is understood to be principal branches,

n
<Z7w> = Z ZiW%Z: (217"' 7Zn)aw: (wla"' ,’U)n).
=1

For s = 0, Forelli-Rudin/® first obtained a sufficient and necessary condition on the
boundedness of Py ; for LP(v) (1 < p < 00), and subsequently Kolaskil®/, Gadbois!*, Choel?!
and Zhu!'3! investigated the operator P; ; in their interesting problems and got the corre-
sponding results. In this paper we will consider the action of the operator P, ; on the space
L, 4(¢). Our results contain those of the above-mentioned authors. Our main result is

Theorem A. Let ¢ be a normal function with constants a, b as in the definition of
normal function.

(1) If Py : Lpg(p) — Lpq(ep) (1 < p < 00,1 < g < 00) is a bounded operator, then
s> —=b, t>a.
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(i) If t > b > a > —s, then Psy 1 Ly o(p) — Lpq(p) (1 < p < 00,1 < g < 00) and
Py Lég)’q(cp) — L(()g)’q(cp) (1 < g < o0) are bounded operators.

(it)) If o(r) = (1 — r2)log’(2(1 —=7)"Y) (@ > 0,8 > 0), then Ps; : Ly ,(¢) —
L,q(p) (1<p<oo,1<g<o0)isabounded operator iff t > a > —s.

(iv) If t > b, then Pyt : Ly o(¢) — Hpolp) (1 <p < 00,1 < g < 00) is a bounded linear
operator. Moreover Py f = f for any f € H, 4(¢) (1 <p < 00,1 < q < 00).

Before proving Theorem A, we first give some of its simple corollaries.

Corollary 1.1. For 1 < p < oo,a > —1, P, is a bounded operator on LP(dv,) iff
—sp<a+1<pt.

Proof. Taking p = ¢, p(r) = (1 — 72)(@+TD/P in Theorem A(iii) gives Corollary 1.1.

For n = 1, Zhul"3 proved Corollary 1.1 on the unit disc.

Corollary 1.2. For 1 < p < 00,1 < q < co,a > —1, then Py : Lp4((1 —1?)%) —
H, ,((1 = 72)) is a bounded linear operator iff pt > o+ 1.

Proof. Taking o(r) = (1 —72)(@*1/? in Theorem A(iii), (iv) gives Corollary 1.2.

Gadbois!¥ proved the necessity of Corollary 1.2 for 1 < p < 00,1 < ¢ < 0o, > —1.
Forelli-Rudinl® and Choel?! proved Corollary 1.2 for p = ¢,a = 0 and p = ¢,a > —1
respectively.

It is worth to point out that the proofs of the above authors depend on the following
important facts:

/ 1Ky (z,w)|(1 = Jw]?)"%dV(w) < C(1 — |2[2)~°, VzeB,0<a<t,
B

/ Ky (z,w)|(1— [22)"%dV (z) < C(1 — |w]?)™%, VYweB,0<a+t—1<t,
B

where
(1= Jwf)!

Kt(Z,U)) = (1_ < z,w >)n+t7

zZ,w € B,

and our method is different from this.

The proof of Theorem A will be given in section two.

As the first application of Theorem A, we investigate the Gleason problem on H,, ,(¢)
and Hég?q(gp), and obtain the following

Theorem B. Gleason problem can be solved on H, ,(¢) (1 < p,q < o0) and Hég?q(go) (1<
g < o0). More precisely , for any integer m > 1, there exists bounded linear operators A,
on Hy, q(p) (Hy()) such that if f € Hyq(p) (HL(¢)), D*£(0) =0 (Jo] <m —1), then
fz)= > 2*A.f(2) on B, where a = (a1, -+ ,ap) is multiindez, |of = a1 + -+ + ay,.

loe|=m

For p = ¢, 1 < p < oo, Zhul'? and Choel? proved Theorem B in the cases o(r) =
(1 —r2)P and @(r) = (1 — r2)(@+D/P respectively.

Using Theorem A and Theorem B, we obtain the characterization of Hp 4(¢) in terms of
partial derivatives. That is the following

Theorem C. Let ¢ be a normal function, f € H(B), m be an integer.

() f € Lyglp) (1< pg<o0) iff (L=[2P)IGELG) € Lygle)  for all o with
la| = m.
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(i) f e L(p) (1 < q < o0) iff (1-[2P)9L(z) € LUy(e)  for all o with
la] = m.

For p = ¢, 1 < p < oo, Zhul*?l and Choel? proved Theorem C(i) in the cases of ¢(r) =
(1 —7r2)YP and ¢(r) = (1 — r2)@+D/P respectively. Shil®l proved Theorem C(i) in the case
of p(r) = (1 —r2)@+tD/P and p=¢q, 0 < p < 0.

In the proof of Theorem C, we will use the following result of Jevticl®! on the duality of
Hyq(p) (1 <p <oo,1<g<00)

Theorem D. For 1 < p < o0,1 < ¢q < o0, %—l—i =1, %—&—% =1, let v,y be normal
functions, o(r)(r) = (1 —r2)B. Then (H, ,(p))* = Hy (1), with pairing

(f.9) = /B F2g)( — 227 Ldu(z).

Using Theorem A, we will give a new proof of Theorem D in the case of 1 < p < 00,1 <
q < 0o, which seems to be more natural.

The proofs of Theorems B—-D will be given in section three.

In what follows, C denotes a finite positive constant, not necessarily the same at each

occurrence.

§2. The Proof of Theorem A

The following lemmas will be needed in the proof of Theorem A.
Lemma 2.1. If1 <g<oo,s+t>0, then

1 ,r2n71(1 o 7,2)1571

My(p, Psf) < C(1— PZ)S/O (1 —rp)t+s Mq(r, f)dr.

Proof. By the integral formula in polar coordinates, we have

1 _2yt-1
Ps,tf(z) — ann,t(l _ |Z|2)9/0 T2n—1dr - ((11 <'; )T<>){L€:£r)s da(C)

Taking z = p€, £ € B, gives

_ 2\s 1T2n71 _ 2yl |f(r)|do(C)
(Panee)l < c- ) [ | (i [ 1)
=c=p [ g
where

If 1 < ¢ < o0, then by Holder’s inequality and the formula in [7, 1.4.10] we have

z r¢)|4do Ya o v
Fono<{ [l erecm | L, T perdm

<C 1 - {/ |f(r¢)|%da(¢) }1/617
o

B 11— {pg,rQ)|Hstt

(L—rp) "

1,1 _
where . + 7 1.
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Thus using Minkowski’s inequality we obtain

MQ(/)7 Ps,tf)

e pQ)S{/BB (/o1 P L= T p,f)dr>qdo—(§)};

<C-p?) /01 P (1 - 7‘2)t1{/BB(JE(T»/J,5))qd0(£)}1/qd7"

Lp2n=1(1 _ p2)i-1 rC)|4do /a
gy X Spﬁl U (L, ierdmee) d"@}l v

1 n— _
g0(1—p2)8/0 L qu(r,f)dr

(I —rp)t+s
If ¢ = 1, oo, then the lemma follows from (2.1) and (2.2) directly. This proves the

assertion made about My(p, Psf).
Remark 2.1 If 1 < g < o0, s+t > 0, then we have actually proved that

B 1 2n—-1 1— 7,2)t71
M Pg < 1— 2\s r (
Q(p7 k,tf) = C( p ) /0 (1—7"p)t+s

Mq (T7 f)d’f‘,

where

~ — |w 2\t—1 w
Pusf(e) = enst = oy [ ST ol v,

Lemma 2.2.[10Lemma 6] [ 0 < p < 1,5y > 55 >0,

1 so—1
(1—r)*2 1
———dr <O
/0 (L—rpyr = (L= p)r=

Lemma 2.3. Let ¢ be a normal function. If s+t >b > a > s, then

/0 1- p)fsp-(rfzfp_ rp)Pt = C(l (pigz()sﬂ) 0<r<1,p>0). (2.3)

Proof. From the definition of normal function, there exists 0 < rg < 1 such that for
ro<r<l,r—1,
e(r) e(r)
0,
(l—r)a\‘ (l—r)b/‘
By the assumption s + ¢ > b, using Lemma 2.2 gives

/ol<1—>ps£11—rp / //

¢P(r) 1 1
<
S s N g i 0(1 - 1") (1= r)pi—patps
D
<o ¥

(1 — (st

The last step is because has a posmve minimum in [0,1]. Lemma 2.3 is proved.

P (r)
a-= r)p(s+t>

Lemma 2.4. Let 1 < p < 00,1 < q < 00, ; + 17 = 1,% ? =1, be a normal function.

Then ((Lp,q())* = Ly o (cpﬁ) The pairing is given by
= 5 [ FEEEI = 12D (=du(e). (24)
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P
7

More precisely, T € (Ly 4())* iff there is a unique function g € Ly ,(p? ) such that for
ony J € Ly@), TS = (1,g) and TN =gl

Proof. With the notation of [1], we can write

1
1 »
1£1lp.q.0 = {/0 PN (1 =) TP () M (r, f)dr} = lIfrllca@B.ao)|lLo(r.am,  (2.5)

where f,.(z) = f(rz),I = [0,1],du = r®"=1(1 — r)~LoP(r)dr.
Thus, according to [1], the norm of (L, 4(¢))* is

1
1 ¥
I ||gTHLq/(8B,do)HLP/(I,dM) = {/0 Tzn_l(l - T)_lwp(T)Mg/ (T,g)dr} = H9||p, p

p

Hence (Lpq(9))" = Ly ¢ (¢?").
Again according to [1], the pairing is

(f,9) = / (an(rC) (rQ)dor(c ) p=o / a1 - 2D P (|2 dv(2).

The rest of the proof is a direct corollary of Theorem 1 in [1]. Lemma 2.4 is proved.

We are now ready to give the

Proof of Theorem A. (i) Assume that Ps; is bounded on L, ,(¢). Let N be a positive
integer large enough such that fn(z) = (1 — [2|*)Y € L, 4(¢). Thus

(1= )N+

(Puat)() = st = ) [ o).

Write the integrand in terms of its Taylor series. It follows easily from the orthogonality of

{w®} (o be multiindex) in B that the above integral is a constant, that is (Ps.fn)(z) =
C(1 — |z/?)®. Hence the boundedness of Ps; on Ly, ,() implies

0> Peafsl g € [0 i

1
> C’/ (1 —7)P= 1 Pbqr (rg < e < 1), (2.6)

thus s > —b.

On the other hand, if 1 < p < oo, then from Lemma 2.4 the boundedness of P;;: on
Ly 4() is equivalent to that of Py, on Ly 4 (gm’ ), where P7, is the adjoint operator of P ;.
It is easy to compute that

O By A o e (A
P = e i [, i )

The fact that gy (z) = % € Lp,7q,(@p£,) for sufficiently large N and the boundedness

of P}, on Ly o (gpp ) give

1

o> |[PLanll? 4 > 0/ (1= =1P gy (g < e < 1). 2.7)
P P €

Hence t > a

If p =1, then from [1] and (2.5), the norm of (L, 4(¢))* is given by

I 1] HL‘I'(é)B,do—)HLO"(I;dH)’
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and the pairing is given by

mmzz(%ﬂmumw )M—/f (1~ o) ol do(z).

Thus in this case the adjoint operator of P, is given by

" o A=EP) A= wP) re(w]) f(w)
Py f(z) =cny ~(12) /B (= (z,w))rtrs dv(w).
(a—[z»)"

As in the proof of the case p > 1, since gy (z) = DR € (L1,4(¢))* for sufficiently large
N, the boundedness of Py, on (L ()" gives

e . I C(l—r2)t
- p oo (Idy) = SU —
s,tIN)rllLe (8B,do) || L2 (1,dp) = 0< rp1 o(r)

Thus the condition hm G o) ) = 0 implies t > a.

(ii) We now prove that Ps7t 2Ly () = Ly g(@), 1 <p,qg < oo is a bounded operator.
Write t as t = t1 + to = t3 + t4, which satisfies

(a) t; >0,i=1,2,3,4, (b) a+t; >t3 >,

(c) ts+s>ty, (d)ta>h.

For example, taking a sufficiently small € > 0, and assuming

ti=t—(14+eb, to=(14+¢€b, ts=t—(1+e)b+(1—¢€a, ta=(1+€)b—(1—¢€)q,

we see that t1, 9,3 and t4 satisfy the above conditions.

We first prove that for 1 < p < 00,1 < g < o0,

1
C 1 (1 _ ,,,2)pt2—17,p(2n—1) . )
My(p, Psif) < W{A (1 —rp)ts M; (r, f)dr ¢ . (2.8)
In fact, using Lemma 2.1, Lemma 2.2 and Holder’s inequality we obtain
Mqy(p, Pstf)
1

1 (2n—1)p(1 _ T,Q)ptg—l 5 1 (1— T2)p/t1—1
< O(1— p2)° r MP B S A —
= C( p ) {/0 (1 _ rp)pt4 q (’r7 f)dlr} A (1 — rp)p’(t3+5) d?ﬁ

1 .p(2n—1) _ »2\pta—1 %
¢ {/ ! (=) My (r, f)dr} )
0

<
T (L=p)tsh (L —rp)rta
Thus, when 1 < p < 00,1 < g < 00, from (2.8) and Lemma 2.3 we have
1 P
P r)Pta= 1,2n—1p ¢?(p)
||P5¢f||p,q,<p =< C/ M (r, f)dr/o (1— p)p(tg—t1)+1(1 — rp)Pta dp

gOA( — )Y () ME(r, fdr = C|l |-

When p = 1, the result follows from Lemma 2.1 and Lemma 2.3 directly.
When p = oo, from ¢t > b > a > —s, there exists a positive number 8 such that 5 > b
and f+s >b>a > p —t, for example 8 = (1 — €)b+ a (e be sufficiently small). Let

P(r) = a (:; Then v is a normal function as well. From Lemma 2.1 and Lemma 2.3 we
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obtain
1 —B—
, s 10
1Putflle € s (o) =p)* [ St o e
‘ e ¥(r)
< O flloo,q,0 02‘;121 e(p)(1 —p) /0 (1—r)BHit(1 — rp)its dr

< Cl[fllooq,0-

Next we prove that P;; is also a bounded linear operator on L((,g)’q(cp) (1<gq< ).
For any 0 < § < 1,

L1 = p)t=B=Ly(r
oMo Poaf) < Colp) o [ D opaty

1 5
< Co(p)(1 - p)* (/6 +/>
_ r)t=B-ly(r)

1
< Colp) -9 swp el f) [ O gy

d<r<l1
5 (1 _ \t—B—1
+Co(p)(1 - P)S||f||oo,q,<p/0 4 (2 rp)tjf(r)dr

<C s Q)M (1) + OO flloaiol = )" = T+ 1o
<r<

Since f € LS,%’,Q (p) and a > —s, we can choose 0 so that the first term is less than the given
€. Then the second term goes to zero as p — 1, thus P, is a bounded linear operator on
0
Lgozq(@)-
Remark 2.2. From Remark 2.1, we have actually shown that

||ps,tf”p,q7w <Ol fllpgys 1<p<o0,1<g< o0 (2.9)

This fact will be needed in the proof of Gleason’s problem below.

(iii) If (r) = (1 — r2)*log” (2(1 = r)~1) (a > 0,3 > 0), then according to the definition
of normal function we can take a = o — €,b = a + €, where € > 0 is any sufficiently small
number.

If P, is bounded on L, ,(¢), then from Theorem A(i) we have t > o — ¢, 8 > —(a + €).
It follows easily that ¢ > o, s > —a. But if t = o or s = —a, then P;; is unbounded by
(2.6) or (2.7). Hence the boundedness of P, ; implies t > a > —s.

On the other hand, if £ > a > —s, then there exists an € > 0 such that t > a+€e¢ > a—e >
—s. Take a = a — €,b = o + €. Theorem A(ii) shows that P;; is bounded on Ly, ,(¢).

(iv) We treat the two cases 1 < p < oo and p = oo separately. When 1 < p < oo, [7,7.1.2]
shows that Py.f = f for f € H*>®(B). Hence the result is an immediate consequence of
Theorem A(ii), since H>(B) is dense in Hp () (1 < p < 00, 1 < ¢ < 00) (see [10,
Proposition 2.3]).

Now let p = co. Assume that ¢(r)y(r) = (1 — r2)? p,1 are both normal functions,
f € Hooq(9), g € Hi o (¢). Then from Lebesgue dominated convergence theorem we have

im 9(2) fr(2)(1 = |2)?)Ptdu(z) = a(2) f(2)(1 =122 tdu(2).
iy [ G0 = ) = [ G ) ()
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For any given w € B, take g(z) = (1 — (z,w))""*#) € H, , (). Thus

1—[2%)7! : 1— %!
Cn,,B/ Wf( z)dv(z) :}L)Hicnﬁ/ Wf(w)d”(z)
= lim f(rw) = f(w),
that is, Py, f = f. This completes the proof of Theorem A.

§¢3. Some Applications

We now begin the proof of Theorem B.

Proof of Theorem B. Assume m = 1. Let Ay f(z fo azj (rz)dr. Then for any
f € H(B),f(0) = 0, we have f(z) = Y 2z, Arf(2), so it remains to show that Ay is

k=1

bounded on H, 4(¢) for 1 <p,qg < oo and on Hég?q(ga) for 1 < ¢ < oo.

Given f € H, 4(p), for t > b we have

_ (1 —[w)
1) = cur [ e fw)dot) (31)

by Theorem A(iv). Differentiate (3.1) under the integral and then substitute the result into
the integral formula of A;. We have

Af(z) = n+tcnt/ e e Ul (OB

(1 —r(z,w))ntitl

Wi (1 — [w)" fw) 1 = (1 = (z,w))"+*
n+t)cp, / dv(w).
R e P ) )
Take t € N,t > b. Then %ﬂ”m is a polynomial of (z,w), and so is bounded on B.

Therefore we have

_ t 1 -
e < ¢ [ GO, w) - oy,

From (2.9), we get

||Akf||p7q7so < C||P0,tf||p,q7v < C||f||p,q,w'

We see that Ay is bounded on Hp, 4(¢) (1 < p,q < 00). Using Theorem A(ii) gives the proof
for Hy(¢) (1< ¢ < 0),

For m in general case, the proof is the same as that of Theorem 5 in [13]. This proves
Theorem B.

Now we apply Theorem A to prove Theorem D.

Proof of Theorem D. Let f € H, ,(¢) and g € Hy (¢). Holder’s inequality implies
that

1
(f9)] < 2n / P21 = 12) () () My (r, )My (r, g)dr

< 20/ fllp,q.0l19llpq'0-
This shows that every g € H,y (1) defines a bounded linear functional Ty, by the formula
To(f) = (f9) on Hpq(p),1 <p<o00,1 <q< o0, and |[Tyl| < Cllgllp g
Conversely, when 1 < p < 00,1 < ¢ < 00, let T' € (Hp 4(¢))*, by Hahn-Banach Theorem
T € (Lp4(p))*. Thus from Lemma 2.4, there exists G € Ly 4 (@5) such that for any
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f € Lyg(p),
= 5 [ HEGEI = al) (Do),
and |IT]] = ||¢]

P
p,q 0P .
ﬂ

w(l \
191l a6 < ClIGllpas < CIGI 2 =C||T],
pq" 0P

We define g = Py G, where G(z) = =(1+ |2]) €40 G(2). Then Theorem A shows that

s0 g € Hy (). It is easy to verify that T'(f) = (f,g) for any f € H, ,(¢).

When p =1,1 < ¢ < o0, using the similar method as in the proof of Theorem A(ii) gives
the proof. This completes the proof of Theorem D.

Before proving Theorem C, we first prove

Lemma 3.1. There exists a constant C such that for any f € Hp4(¢) (0 < p,g < 00)
we have

o\ |olelf

() |52 O)] < Cllfllpae

@i > a5 0 e < Cll Sl

Proof. (i) Let ¢t > 2 +b. For any f € H, (), the equality (3.1) gives

lex — lw|?) 1w f(w)dv(w
(- |z|2>'a‘%<z> —ca-ppel [ EEEO SRR )
Here C = (n+t)(n+t+1)---(n+t+|a| —1)c,. Take z=0in (3.2) to get
|
'%Zaf <c / V=M (r, ) (3.3)

By the inequality ¢(r) > C(1 —r)°, and Pr0p051t10n 2.1 in [10],

Mi(r, f) < Co™ (1)L =) "5 | fllpae < CA=1) """ fllpase-
The desired inequality follows from (3.3) and the above inequality.
(ii) is a direct corollary of (i). This completes the proof of Lemma 3.1.
Proof of Theorem C. (i) For any f € Hp, 4(¢) (1 < p,q < 00), from (3.2) we have

(1= 1P T L) = (1) (04 1 m = 1) PSS (2), (3.4)

where t > b, |a| =m, So f(2) =Z%f(2).
Since S, and Py, (¢t > b) are bounded on L, 4(¢) by Theorem A(ii), we have

mO™f
|a—1Pr G @) < OllPneSal Gllnap < Ol s

This proves that f € Hp 4(¢) implies (1 — |z|2)|o“% € Ly q(p).

Conversely we prove that f € H, ,(p) if f € H(B) and (1 — |z|2)|“‘% € Ly q(p). We
treat the two cases 1 < p < 00,1 < ¢ < oo and p=o00,1 < g < oo separately.

Casel. 1 <p<oo,1<qg< 0.

For f € Hp, 4(¢), denote

I llmpae =D

lo|<m—1

lal
o)+ S 10~ P Gt Ol

o=
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We claim that || . |[,4,, and || ||m,p,q,<p are equivalent norms on Hy, ().
In fact, by Theorem D, (H) 4(¢) Hp ¢ (1), the pairing is given by
/ FEIEI o) du(z).

For any g € Hp (), by Theorem B and Lemma 3.1(ii), we can write

9(z) = go(2) + Y 2%gal2),

|a]=m

3\al
where go(z) = 5 ZG2O0: ol <l el < Cllyo
al<m-—1

Thus we have

(fa g) = (angO) + Z (Safa ga) = (vagO) + Z (Saf, P07m+ﬁga)a

|a]=m |a]=m
where fo(2) = > aalZLf (0)z®. A direct computation gives
la|<m—1
c
(Safa PO,m-‘nga) = ZL;B(PWL,BSQJZ ga) = C(Tafa goc)a

where T,, f(2z) = (1 — | 7] )O‘dla‘f( ), and the last step uses the equality (3.4). Now we have

(f,9) = (f0,90) +C Y (Tuf,9a)- (3.5)

la]=m

By Lemma 3.1, we get

[(fo: 90| < llfollp.qiollg0llprars < C

o] <m—1
|(Taf, 90)| < ClITaflpaell9allyaw < CllTafllpaellgllp q v.
From (3.5) and the above inequality, we have

1 fllp.ae < Csup{|(f,9)]: 9 € Hp o (), |9llpr a7 0 = 1}

<ol ¥ 2o+ ¥ 01T )

la|<m—1 la]=m

3\

q' Y,

Together with the above results we have proved the claim.

Next by the claim we prove that f € H(B), || f||m.p,q,e < 00 implies f € Ly, 4(¢).

Let fr(2) = f(rz). Then f, € Hp4(p). Using the claim and the monotonicity of
M,(r, 86::& ) with respect to r yields || fr|[p.q.0 < Cllfrllmp.ae < Cllfllm.p.q,0- Letting r — 1,

we obtain ||f||p.q.0 < C||f|lm,p.q.0- This proves that f € H, o(p) if ||f]lm,p.qge < 00 and
f € H(B).

Case 2. p=o00,1 < g < 0.

From [10], we know that (Hég,)q(go))* = H, ¢ (¢). Hence the same proof as in case 1 shows

that ||+ |[oc,q,0 and || +||m,00,q,» are equivalent norms on H&S?q(w). Therefore

frlloo.a.e < Cllfrllmp.ae < Cllfllm,oo.q,e-
That is, ¢(p)My(rp, ) < C||fllm,c0,q.0» 0 < p < 1. Letting r — 1, we get (p)My(p, f) <
C||fllm,o0,q,05 thus f € Hy 4(¢). This proves Theorem C(i).
.. .. ol 91 .
(ii) By Theorem A(ii) and (3.4), we have (1 — |z|?)! ‘%(z) € L(()gzq(@) if fe Hég?q(go)
(1 <g< ).




276 CHIN. ANN. OF MATH. Vol.18 Ser.B

Conversely, if f € H(B),(1 — |z|2)|a‘%(2) € L(O) q(¢) (Ja| = m), then by Theorem
C(i) we get f € Hxo 4(¢). Hence by Proposition 2.4 in [10], in order to prove f € Hég?q(go)

we need only to prove that lim1 f = folloo,qe a0 .o are
o—
equivalent norms on Hég,)q(gp), and
olel f_ oled
azf (rz) = ol =~ L vaz), (3.6)

we have

||f_fa‘|oo,q,90 S CHf_fO'Hm,oo,q,go
af
<ol ¥ -0+ 3T - flleas )

lof<m—1 o=
Therefore it remains to prove lim1 NTo(f = fo)llso,q,0 = 0.
o—r

Recall that T, f € ng),q (¢). By (3.6) and the monotonicity of means M,, there exists
0 < po < 1 such that for p > pyg,

o(p)My(p, To(f = £p)) < Co(p)My(p, Taf) <

On the other hand, if 0 < p < po, since f € H(B), we have
Hled

(oM, (p. Tulf = £2)) < @lp)(1 = )" Mo (9 5= (F = 1))
|| o]
<C’rznea]§<‘8 / —88 icg(pz)‘<e (o > 00).
Namely sup @(p)My(p, To(f — f5)) <€, (0 > 0p). That is,

0<p<1
}}_}rr% | Ta(f = fo)lloo,qe = 0.
This proves Theorem C.
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