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Abstract

The author introduces a notion of weak I sequences and characterizes such sequences by
means of homological methods. This notion extends the notion of weak M-sequences and thus
extends the notions of generalized Cohen-Macaulay modules and Buchsbaum modules to more
general cases
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§1. Introduction

The goal of this paper is to characterize weak I sequences and M-standard ideal by means
of homological methods. The notion of weak I sequence is closely related to the finiteness
property of local cohomology groups with support in V(I). Our characterization is similar
to that of regular sequences given in [7].

Let A be a commutative Noetherian local ring with the maximal ideal m and I be an
ideal of A. Let M be a finite A-module of dimension d. We say that a sequence z1,--- ,
contained in [ is a weak I sequence with respect to M, if the inclusion

(@, @M et C (a2 )M I
holds, where 1 < i < r, z;° = 0, n being a fixed positive integer and nq,--- ,n, running
through all positive integers. Recall that if I = m and r = d, then that a weak m sequence
T1,- - ,xq with respect to M exists implies that M is a generalized Cohen-Macaulay A-
module and that z1,---,z4 must be a system of parameters for M. In this case, every

3], Then it raises a natural question

system of parameters for M forms a weak m sequencel
whether all the maximal weak I sequences have the same length. After we get a necessary
and suffcient characterization of weak I sequences by means of the homology of Koszul
complex ([Theorem 3.1]), we obtain a positive answer to the question ([Theorem 3.4]). At
the end of the paper we consider the case that the length of the maximal weak I sequence
is d and extend the notion of standard ideals in [13] to general cases.

Throughout this paper, let A be a commutative Notherian local ring with unit and m
the maximal ideal of A. We always denote by I a proper ideal of A and by M a finite
A-module. Let Hi(-) stand for the ith local cohomology group relative to I and I';(M)
stand for H?(M). Finally we use Z* to denote the set of positive integers.
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§2. Weak I Sequences

In this section we will give the defintion of weak I sequences with respect to M and
discuss some basic properties.

Definition 2.1. Let I be an ideal of A and M a finite A-module. A sequence x1, - , T,
contained in I is said to be a weak I sequence with respect to M, if for 1 <i <r, n a fixed

positive integer

(2t 2 )M 2l C (2 )M T (2.1)
holds for ny,no, - ,n,. running through all positive integers.

In the rest of the paper we will simply call x1,--- ,x, a weak I sequence if it causes no
confusion. Clearly, any M-sequence contained in [ is a weak I sequence. If z1,--- ,x, is a
weak I sequence and ny, -+ ,n, € Z1, ', .-+ 2! is also a weak I sequence. If 't (M) # M
and M’ = M/T (M), a weak I sequence z1,xs, - ,x, with respect to M is also a weak [
sequence with respect to M’. In fact, if x1, 9, - , z, satisfies (2.1), then

(o e )Ml © (@l M s I
Furthermore, if 1, - -+ , z, is a weak I sequence, by definition z;, - - - , x, is a weak I sequence

with respect to M/ (a7, x;" " )M.

The following proposition is a simple generalization of a result in [4].

Proposition 2.1 (i) If I';(M) = M, then H:(M) =0 for all i > 0.

(ii) If x € T and (0 :py &) C T (M), then we have the local cohomology long exact sequence

0— (0:ar 7) — HY(M) = HY(M) — H}(M/xM)
— Hj (M) = Hj (M) — -+~

Lemma 2.1. Let I be an ideal of A and M a finite A-module. Then every mazimal weak
I sequence has the length r > 1.

Proof. Since A is Noetherian and M a finite A-module, the accending chain of submod-
ules

(011% I) g (0 M .[2) g (0 M .[3) g
must stop at some s (s € Z1). Hence I'y(M) = (0 :pr I*). If T;(M) = M, then any element

x € I is a weak I sequence. If 'y (M) # M, put M’ = M/T';(M). Consider the short exact
sequence

0—T;(M)— M — M — 0,

from it we can deduce that HY(M’) = 0. Thus there exists an M’-regular element z € I
such that 0 :pr 2™ C (0 :ps I®) for all n > 0.

Now, we consider the converse to the part (i) of Proposition 2.1.

Proposition 2.2. Let I be an ideal of the local ring A and M a finite A-module. If there
exists a positive integer n such that I"H%(M) =0 for alli >0, then M =T [(M).

Proof. We use induction on the dimension of M. For dimM = 0, the result is trivial.
Now suppose the statement holds for those A-modules with dimension less than dimM. If
M # T (M), then we put M’ = M/T';(M). Clearly I'y(M') # M’'. Consider the short exact
sequence

0— HY(M) — M — M' — 0,
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this implies H4(M') ~ Hi(M) for all i > 1. Since HY(M’) = 0, there exists an M’-regular
element = € I. For a positive integer s such that s > 2n, consider the following short exact
sequence

x

0— M — M — M/z*°M" — 0.

We have the long exact sequence
0 — HY(M'/z*M') — H}(M') “= H}(M') —> .-

From this we have I*"Hi(M'/x*M’) = 0 for all i > 0. Since

dim M > dim M’ > dim (M'/2°M’),
by the induction hypothesis, we have

Iy(M'Jz*M') = M'Jz*M', ie. I*"M' CaM'.

So I?"M' C z*=2"[*"M[’. By Nakayama lemma, we have I*" M’ = 0. Hence I';(M) = M,
this is a contradiction.

Proposition 2.3. Let I be an ideal of A and M a finite A-module. If there exists a weak

I sequence x1,--- ,xs such that

(1‘1?1’ e 7$ZL1_11)M : 957‘ - (ljlll?' o "’E:li_ll)M A
where 1 <1 < s, 1 is a fized positive integer and ny,--- ,ng run through all positive integers.
Then there exists an integer k € Z+ which depends only on r such that INHi(M) = 0 for
1< 8.

Proof. We use induction on the dimension d of M. For d = 0, the result is trivial.
Suppose the conclusion holds for those A-modules M; with dimM; < d. If T';(M) = M, the
result follows from Proposition 2.1. Now, If T';(M) # M, put M’ = M /T (M), then z; is
M’-regular. For n € ZT, consider the following long exact sequence

o HOM Ja7 M) — HN M) 2 HY (M) — HY (M J27 M) —> -
Since xa, - - - , x5 is a weak I sequence with respect to M’ /x?M’, the integer r in the theorem
may be selected such that r does not change for each A-module M’/z7M'(n € ZT). On the

other hand, dimM >dimM’ >dim(M'/z}M'). Hence we can use our induction hypothesis
to assert that there exists an integer k£ > 0 such that

I"HY(M' JaM') =0foralli<s—1, andallne ZF.

Now, for any a € Hi(M') (i < s), we can choose n € ZT such that z7a = 0. Hence it can
be seen easily from the long exact sequence that I*a = 0. This implies I*H!(M) = 0 for
1< 8.

One can prove immediately the following by Proposition 2.2 and Proposition 2.3.

Corollary 2.1. Let I be an ideal of A and M a finite A-module. If (M) # M, then
any mazximal weak I sequence has length r <dimM .

By means of Proposition 2.1 and by induction on 7, we have

Propostion 2.4. Suppose IkH}(M) =0, fori <r. Let x1,--- ,z, be a weak I sequence.
Then

(@2t )M

P (a, e a)M TR (2.2)
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where 1 < i <r, and ny,--- ,n, run through all positive integers.

In the following, we use H,, (gj, M) to denote the p-th Koszul homology group of a module
M with respect to a sequence x1,--- ,x,. For properties of Koszul homology one can refer
to [1].

Proposition 2.5. Let A,I,M be as in Proposition 2.3 and I = (y1,y2, - ,Yn). If
T1,-- ,Xs 15 a weak I sequence such that

(quv e 7‘73:511)M : x? c (quv' o vxfill)M 17
where r is a fized positive integer and ry,--- , 75 run through all positive integers, then there
exists an integer k € ZT which depends only on r such that IkHi(g;j7M) = 0, for all
i>n—sandry,---,Ts running through all positive integers.

Proof. If M =T;(M), the result is trivial. Suppose M # I';(M). Put M’ = M/T';(M).
We apply induction on the dimension d. Suppose the conclusion holds for those A-modules
with dimension less than d. Consider the following short exact sequence

0—T/(M)—M-— M —0.
For any 7q,--- ,7, € ZT, we have
It can be seen easily from the definition of Koszul complex that
I"H;(y's, T((M)) = 0, for all i > 0.

Hence in order to prove that there exists k € Z* such that I*H; (ygj ,M) =0, fori>n-—s,
it suffices to prove that I*H; (y; " M') =0, for i > n —s. Since z; is M'-regular, we have
the short exact sequence for each n; € ZT,

ny

0 — M’ 25 M — M Ja™ M — 0.
As x9,x3,- -+ , s is a weak I sequence with respect to M’ /27 M’ for each ny, and the integer

r in the theorem may be chosen independent of the choice of ny, by the induction hypothesis
we have an integer k € ZT such that

I"H,(y "M [y " M) =0, for all i > n— s+ 1 and ny cZt.
Now, consider the followmg exact sequence

i—1
(=17 tay?

= Hi(y, M2 M) — Hia(y?, MY) - — " Hia(y?, M) —

For any fixed ri,79, - ,rn, Hi—1(y T77M’) is annihilated by x7* for n; large enough, i.e.
H; ( s M2 M') — Hi—1(y; ‘,M’) is surjective for large ny. Hence, for ¢ > n — s, we have
I’“Hi(g;j ,M") = 0.

Noting the arbitrary choices of r1.--- ,r, , we have

I*Hi(y), M') =0, forallry,---,r, € Z".

§¢3. Characterizations

In the section 2, we have proved that, if I';(M) # M, then the length of any maximal
weak I sequence must be finite. In this section we obtain a necessary and sufficient condition
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for a sequence to be a weak I sequence and give explicitly the length of a (hence all) maximal
weak [ sequence by means of Koszul homology groups and local cohomology groups.

Theorem 3.1. Let I be an ideal of A and M a finite A-module such that M # 0. Let
T1,- -, Ty be a sequence contained in I. Then the following conditions are equivalent:

(i) @1, ,zp is a weak I sequence;

(ii) There exists a k > 0 such that I*Hy (2], M) = 0, for r1,--- ,r, running through all
positive integers.

Proof. We use induction on n.

(i)=(ii) For n = 1, we have Hy(z1*, M) = (0 :ps 27*)(n1 € ZT), so the assertion holds.
For n > 1, we have the exact sequence

oo — Hy(z] - J:L"_?,M) — Hy(z}Y, - yzin M) —
n (3'1)
M/(IT, T 7x:Ln—_11)M L M/(‘T?a T 7x:Ln—_11)M .
By the induction hypothesis, there exists an integer k&’ such that I Hy (2t o M) =
0 for all 71,-+- ,7,_1 € ZT. On the other hand z1,--- ,z, is a weak I sequence, we have
k" > 0 such that (2, &" )M : x’n C («5, - al" )M : T for all vy, - ,r, € Zt.

So in the above sequence, I k”ker(x:l") = 0 and it implies
Ik/+k//Hl(x71“1’ . ,l';n,M) =0
for any r1,--- ,r, € ZT.
(ii)=() For 1 < i < mn, set M; = M/(z1, -+ ,z;)M. Then M; # 0. By the hypothesis
and by Proposition 2.5 we have

s Hy (20 M) TS Hy (@t M) — Hy (22t M) —

n—1> n—1> sn ’
where 71, - ,r,_1 are arbitrary positive integers, and r,, > k. Hence
i Hy(xft o yar M D TR H (27 - 2, M.
This implies
x:Ln_kIﬁHl(quv T 7‘73;":11’M) 2 IkHl('T?v T vx:z7fll7 )

But quite generally Hq(z, M) is a finite A-module. By Nakayama Lemma we have
IFH (2] al" M) =0

y¥n—17
for all ry,-- ,r,_1 € Z*. Thus by the induction hypothesis, z1,-+ ,z,_1 is a weak I
sequence. Now consider the exact sequence in (3.1). We can see that
(.1371‘1, e 71‘::—711)M : 1‘2" - (Z‘;l, U 7‘7:77?—711)M : Ik
for all 71,--- ,7, € Zt. Hence z1,--- ,x, is a weak I sequence.
Corollary 3.1. Let x1, -+ ,zy, be a weak I sequence. Then x;,, - ,x; 1is a weak I
sequence, where x;,, - ,x; 1S a permutation of x1,--- ,Ty.

Now, we prove a lemma which will play an important role in the proof of Theorem 3.2.

Lemma 3.1. Let A be a Notherian local ring and I an ideal of I. Let M be a fi-
nite A-module and x1,--- ,x, be a weak I sequence. If there exists an integer s such
that ISHY(M/(x}, -+ ;2" )M) = 0, for all ny,--- ,n,. € Z*, then there exists an element

Try1 € I such that x1, -+ ,xr41, is a weak I sequence.
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Proof. It suffices to construct an element x,,; such that for any nq, -+ ,n,,n.41 € 27,
(2}, )M oy C (e, ar )M TP (3.2)

We first put N = > n; and choose an element z,411 € I such that (3.2) holds for N = r,
i=1

i=
this is possible because I*H(M/(x1,- -+ ,z,)M = 0. Now we use induction on N to prove

that x,q satisfies (3.2) for all N > r. Suppose the conclusion holds for those N’ with
r < N’ < N. Due to Corollary 3.1, without loss of generality we may assume n; > 1. For

any a € (a1, &l )M : 2.}, we may express

o a =2 ay + dl, (3.3)
where a1 € M, o} € (z3?,--- ,al'")M. By the induction hypothesis, for any y € I*, we may
write

ya = 20 " tag + b, (3.4)
where ag € M, ab € (z52,--- ,z")M. From (3.3) and (3.4), we assert that

P (yra — 2t as) € (ah?, - al) M.

By Corollary 3.1, zo,--- ,x,,21 is also a weak I sequence. Hence we can find an integer
s’ € Z*t such that for any y' € I, y/(yzia — x, i taz) € (252, a7 )M. This implies
xfﬁly’ag € (z1,252%,--+ , 2 )M. By the induction hypothesis, we have for any y"” € I*,

i

y'y'az € (x1,252,- -+ 2" )M. Hence, from (3.4), we obtain yy'y"a € («]*, -+, 2" )M. By
the arbitrary choices of y,v and y”, we see that I2575'q € (7, -+, 2l )M. But by the
assumption, I*HY(M/(z}*,--- 27" )M) = 0. Therefore a € (z}*,--- , 2 )M : I* and this
proves the lemma.

Theorem 3.2. Let I be an ideal of A and M a finite A-module such that T'r(M) # M.
Set r = inf{i | for some s > 0, I*H:(M) # 0}. Then every mazimal weak I sequence in I
has the sc;me length r.

Proof. Let x1,--- ,xs be a maximal weak I sequence in 1. We argue by induction on s.

For s = 1, if 7 # 1, then there exists a positive integer k such that I*H} (M) = 0. By

Proposition 2.1 (ii), we have the long exact sequence
L
0 — (0:r 27) —> HY(M) ™ HY(M) — HY(M/2}* M) — H} (M) — -~

Hence I?*HY(M/x7* M) = 0 for all ny > 0. By Theorem 3.1, we have a contradiction. Thus
r=1.

For s > 1, according to Proposition 2.3, we have s < r. If s # r, then there exists an
integer k > 0 such that I*H}(M) = 0, for i < s. Using Proposition 2.1 (ii) s times, we
can choose an integer &' (cf. k' = 2°k) such that I* HY(M/(z}",--- a7 )M) = 0, where

S

ni, -+ ,ns run through all positive integers. By Lemma 3.1, we can construct an element
Ts+1 € I such that zq,--- , 25,2541 is a weak I sequence. This contradicts the choices of
T1, + ,Tg. SO S=T.

Write wdepth(I, M) = r. We call r the weak I-depth of M. If M = T'j(M), the weak
I-depth is by convention co. We make a remark here. For i < r, Hi(M) is a Noetherian
A-module, i.e., H:(M) is fintely generated. In fact, letting z1, - - - , 2, be a weak I sequence,
without loss of generality, we may assume depth;(M) > 1. If » > 1, we have an integer k
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as in the proof of Proposition 2.3, such that I*Hi(M/z7 M) = 0, for all i < r — 1. Now,
choose k large enough such that I kH}(M ) =0, for ¢ < r. Clearly, we have the short exact
sequences

0 — Hy(M) = Hy(M/2{M) — H; ™' (M) =0, fori <r—1.
So by induction on the dimension of M, Hi(M) is finitely generated.

Corollary 3.2. Let I = (y1, - ,yn) be an ideal of A and M a finite A-module with
T;(M)# M. Set

v =sup{i | for any s € Z, there exist r1,--- ,r, € Z such that ISHi(g;,’f,M) #0}.
Then n — 1" = wdepth(I, M).

Proof. By Proposition 2.5 and Theorem 3.2, n — v’ > wdepth(I,M). If n — 1" #
wdepth(I, M), then from

lim H, ;(y/, M) = Hj(M),

00
there is an integer k such that I*H7 (M) =0 (r = wdepth(I, M)), a contradiction.
Corollary 3.3. Let I = (y1, -+ ,yn) be an ideal of A and M a finite A-module such that
T (M) £ M. Then the following conditions are equivalent:
(i) y1, - ,Yn is a weak I sequence;
(i) wdepth(I, M) = n.

¢4. The Case wdepth(I,M)=dimM

In this section we consider the case wdepth(Z, M) =dimM. It is known that if wdepth(m,
M) = dimM, then a sequence x1, xa, - - - , x4 is a weak m sequence if and only if 1, zo, -+ , x4
is a system of parameters of M. Now we extend this result to our case.

Theorem 4.1. Let I be an ideal of A and M a finite A-module of dimension d with
T;(M) # M, and wdepth(I, M) =d. Let x1,x2, - ,xq be a sequence contained in I. Then
the following conditions are equivalent:

(i) 21,22, -+ ,xq is a weak I sequence;

(ii) there exists a positve integer n such that I"M C (z1,z2, -+ ,xq)M .

Proof. (i)=>(ii) We use induction on d. For d = 1, put M’ = M/T';(M). Then z; is M-
regular and dim M'/z1 M’ = 0. So I'f(M'/x1M") = M'/x1 M'. This implies I" M’ C z1 M’
for some n € ZT, namely I"M C 1M +T;(M). For n large enough, we have I"M C x1 M.
Suppose the conclusion holds for those A-modules with dimension less than d (d > 1). Put
M’ = M/T;(M). Then T'(M') # M’ and dim M’ = d (because of wdepth (I, M) = d).
Now consider the short exact sequence for each s € Z+

0— M "5 M M J25 M — 0.
We have the long exact sequence
0 — HO(M'Jzi M) — HNM') 25 HY M) — -
Since d > 1, we can choose k € Z* such that I*H}(M’) = 0. Hence I*HY(M'/z5M') = 0
for all s € ZT. Now we claim that Ty(M’/z¥ M) £ M’ /2 M’. Otherwise, I*M’' C
aF*tIM’. This implies I¥M’ C I*2,M’. By Nakayama lemma, I*M' = 0, a contradic-
tion. So from I'y(M'/z¥™ M’ # M'/a¥T M, we assert that T'p(M'/zyM') # M’ [z, M,
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dimM’/x1M" = d—1 and wdepth (M’/xz1M’) = d— 1. By the induction hypothesis, we can
choose a positive integer n such that I" M’ C (zq,--- ,24)M’. For n large enough, we have
I"M C (21, ,xzq)M.

(il)==(i) Clealy, rad((z1,- - ,zq) +annM) = rad(I +annM). So by the characterization
of local cohomology via Koszul cohomology, we have H¢ (M) ~ H:(M) for all i > 0, where
I' = (%1, - ,z4). From this we can assert that x,xzs, -+ ,24 is a weak I sequence by
Corollary 3.3.

Now, we prove a result which states that I has a generator consisting of weak I sequences.

Lemma 4.1. If wdepth(I, M) = d, then there exists n € ZT such that for every weak I
Sequence xTi,xa, -+ , T4

dim M/ (2}, -z, )M " =1,
where ny, - -+ ,ng_1 Tun through all positive integers.

Proof. We use induction on the dimension d. For d = 1, the result is obvious. Suppose
the result holds for those A-module with dimension d’ < d. For d > 1, put M’ = M/T';(M).
As xg,- -+ , x4 is a weak I-sequence with respect to M’ /x7*M’, and dimM’'/z]*M' =d —1
(see the proof of Theorem 4.1), by the induction hypothesis, we assert that

dimM’/(zh*, - )M 1) =1
for n satisfying Proposition 2.4. This implies that dimM /((z}*, -+ 2" )M : ") =1, for
a fixed large n’.
Proposition 4.1. If wdepth(I, M) = d, then there exists B = {y1, -+ ,yn}t C I such

that every d-element of B forms a weak I sequence and I = (y1,-+ ,Yn)-
Proof. Since wdepth (I, M) = d, we have a weak I sequence yi,---,yq. Let B' D
{y1," - ,ya} be a maximal subset of I such that every d-element of B’ forms a d-sequence and

(B") CI. As A is Notherian, we can choose a finite subset B C B, B = {y1," " , Yd, Yd+1,
-, Yn} such that (B’) = (B). By Proposition 2.4 and Lemma 4.1, we have k € Z*, such
that for every d-element y;,,--- ,y;, of B,

(yiu"' 7yid71)M *Yiqg C (yin"' ’yid—l)M : Ik7

and dim M/(y;—_1," - ,¥i,_,)M : I* = 1. This implies that y;, is M/ (v, »¥i,_, )M : I¥)-
regular. If (B) # I, let Py, --- , Ps be the non-embedded associated primes of all submodules
(Yiys -+ i, )M : I* where y;,,--- ,yq is an arbitrary (d — 1)-element of B. Choose
yeI\(B). fygP foralli=1---,s, then we set y,41 =y. fye P, fori=1,---,t
andy & P, fori=¢t+1,---,s, 1<t <s, we first choose an element ¢y € ((B) N Pygq---N
P;)\ P, U---U P, which is possible because B € P; for 1 < ¢ < t. Otherwise B C P,
P; is a non-embedded associated prime ideal of some submodule (y;,, - ,yi,—1)M : I Tt
means there exists b € M/((yi,,  , i, )M : I¥), b # 0 and ann b = P;, so y;,b = 0.
This implies b = 0, a contradiction. Set y,11 = ¥’ + y. Clearly, in either case, we have
Ynt1 & P1, Pa, - -+, Ps. From this we can see that y,, 11 is (M/(vyi,, -+ ,¥i,_, )M : I¥)-regular
for any {i1, -+ ,iqa—1} C {1,---,n}. Hence, for any fixed i1, -+ ,i4—1, we have an integer ¢
such that I'M C (yi,, - s Yiy_,sYnt1)M. By Theorem 4.1, y;,, -+ ,¥i, 1, Ynt1 iS & weak [
sequence.
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Since (Y1, YnsYnt1) € (Y1, ,Yn), this contradicts the choice of B'. So I = (y1,---,
yn) and the proof is complete.

§5. Standard Ideals

In this section, we extend the notion of standard ideals in [13] to more general cases and
discuss some basic facts about it.

Definition 5.1. We say that I is an M-standard ideal if wdepth(I, M) = d and every

mazimal weak I sequence with respect to M x1,--- ,xq forms an [-weak sequence, i.e. the
equality (x1,--+ ,xi—1)M :x; = (x1,- -+ ,x;-1) : I holds fori (1 <1 <d).
Recall that a sequence x1,--- ,x, € I is said to be a d-sequence if

i) eiM g ey M+ -+, M+ 20 M+ 4+ 2. M,

(ii) (21, y@xim1)M iz = (21, ,xi-1)M = 2y
for1<i<r,i<k<r.

For the properties of d-sequences, one can refer to [13] and so on. The following result is
an extension to the results in [13].

Theorem 5.1. If wdepth(I, M) = d, then the following conditions are equivalent:

(i) I is M-standard;

(i) every I-weak sequence x1,--- ,xq forms a d-sequence.

Proof. (i)= (ii) Let z1,---,z4 be an I-weak sequence, since every permutation of
T1,--- ,2q is also an [-weak sequence. In order to prove x;M ¢ 1M + -+ - 4+ x,_1M +
TipaM + -+ x. M, it suffices to prove o, M & x1M + --- 4+ 2,1 M. As xq, -+ ,Tr_1, 2,
is a weak I sequence, according to Lemma 4.1, dim M/(z1,--+ ,zq-1)M : I™ = 1 for n
large enough. If .M C (z1,---,z,—1)M, we have (1, -+ ,xq-1)M : I"™ = M; this is a
contrdiction. For any i,k (1 <i<d, i<k <d), as I is M-standard, we have

(1, @i )M 2y = (x1,--- ,2_1)M : 22,

(1, xim1)M s xp = (21, ,x5-1)M : 1.

Aszy, -,z 1, xpand xy, -+ , L1, xf are I-weak sequences, assume ¢ € (z1,--- ,x;-1)M :
x;Tk, that is, z;xre € (x1, -+ ,x;—1)M. This implies x;c € (x1,--- ,x;—1)M : I. It shows
that z2c € (21, -+ ,x;i—1)M. Hence ¢ € (24, ,2;-1)M : x;, that is,
(xl, T 73%71)M XL = ($1> T ;xifl)M LTy
(ii)=(i) By the proof of Proposition 4.1, every weak I-sequence 1 - - - , 24 can be extended
to B={x1, - ,xq, -, 2, } such that every d-element subset of B forms a weak I-sequence
and I = (z1, - ,2,). Foreach i (1 < i < d), since x1,x9, -+ ,xi—1,2 (i < k < n)isa

weak [-sequence, by the hypothesis it is a d-sequence. We have
(1, zim) M wp = (21,0, mi1)M 2wy,

for any s € Z*, it means that

(@1, i) M a2 | (@1, )M I
n=1
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On the other hand, xq,--- ,x;_1,xx is a weak I sequence, and we have

(1, ,xi—1)M 2 C U(xlv"' L) M ™
n=1

Hence we have
o0

(xlv"' a‘ri—l)M LT = U(xla"' 7xi—1)M : In7
n=1
SO

(1, xim1)M iy = ﬂ (1, ,zim1)M iz = (21, ,24-1)M : L.
zeB

Because of Theorem 5.1, many results concerning m-primary standard ideals in [8, 13]
can be extended to our cases. We quote two important results here, which can be proved
word by word as that in [8, 13]. We will omit the proof of them.

Theorem 5.2.8:Theorem 11 104 \f be g finite A module of dimesion d and I an ideal of
A such that T1(M) # M. If the canonical maps ¢;: Ext 4 (A/I1, M) — Hi(M) are surjective
for all i # d, then I is M -standard.

Let G4(M) = n@oan/anM be the associated module of M relative to an ideal ¢ =

(1, - ,2q) CT of A where I is an M-standard ideal and r1,---,xq 1s an [-weak sequence.
It is well known that!”) the dimension of G, (M) as G, (A)-module is the same as that of M.
Then we have

Theorem 5.3.[13:Theorem 5.41 104 1 he qpn M -standard ideal and T1,-- ,xq be an I-weak
sequence. Then

(i) Hb(Gy(M)) = Hi(M)(i) fori=0,--- d—1,

(ii) [HL(Gy(M)],, =0  forn > —d,
where Hi(M) is considered as a graded module concentrated in degree 0 (the integer in the
round brackets denotes the shifting degree) and P =1/q® q/q* ® - --.
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