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Abstract

Let X be an m-symmetric Markov process and M a multiplicative functional of X such
that the M-subprocess of X is also m-symmetric. The author characterizes the Dirichlet form
associated with the subprocess in terms of that associated with X and the bivariate Revuz
measure of M.
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§1. Introduction

Let X be a Borel right Markov process on (E, £) with semigroup (P;) which is symmetric
relative to a o-finite measure m on E. Then P, is self-adjoint as an operator on L?(m). Let
(a, D) denote the Dirichlet form associated with X and m. Assume that M is a decreasing
multiplicative functional of X such that the M-subprocess of X is also m-symmetric. Our
goal in this paper is to give a formula of Feynman-Kac type to characterize the Dirichlet
form (b, D(M)) associated with (X, M).

Our approach is that used in [2], and our tool is bivariate Revuz measures and respective
Revuz formula. Some standard results on Dirichlet form are contained in §2. Our main
results will be proved in §3.

§2. Preliminaries

Let X = (X¢, P®) be a Borel right process with state space (E, &) which is assumed to
be Lusinian, semigroup (P;) and resolvent (U?). We fix a o-finite measure m with respect
to which X is symmetric

(f; Pg) = (P:f; g)

for each ¢t > 0 where (-,-) is the inner product in L?(m). Note that Walsh!® has showed
that P™ a.s.

X;_ existsin B for all ¢ €]0,(]. (2.1)
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The family (P;) determines a strongly continuous semigroup of subMarkovian contractions
on L?(m), which we denote by (P;) as well. It is proved in [2] that X is also an m-special
standard Markov process. Thus by [6, IV.5.1] there exists a unique Dirichlet form (a, D(X))
associated with X such that

D(X) = {uec L*(m): 1 lim o (u,u) < oo},
P (2.2)
a(u,v) = lim a® (u,v) for u,v € D(X),

pP—00

where a®) (u,v) = p(u,v — pUPv), called the approximating form of a.

A set B is m-polar if and only if P™(Tp < oo) = 0, and a statement is true m-quasi
everywhere (m-q.e.) provided it holds off an m-polar set. It is known from [6] that any
function v € D(X) admits a quasi-continuous m-version. Note that by the transfer method
developped in [6, VI.2], we can make free use of almost all results in [4], though we are
actually in the frame of [6]. Now we are going to settle down the notations for multiplicative
functionals involved in this paper.

Definition 2.1. A real-valued, decreasing, right continuous process M = (My : t > 0) is
called a multiplicative functional (MF) of X if M is adapted, i.e., My € F; for any t > 0,
and Myt s(w) = Miy(w) - Mg(6ww) for any s,t > 0 and w € Q. In addition, an MF M is exact
provided for any t > 0 and every sequence t,, | 0,

Mi_t, 00, = My a.s. asn — oo.
Let MF be the set of all exact multiplicative functionals of X. For any M € MF, denote
Ey:={x e E:P*(My=1)=1}, Sy :=inf{t: M; =0}.
Then by [7, §57] the M-subprocess, (X, M), is a right Markov process with state space Ey,
semigroup (Q:) and resolvent (V9) given by
Qif(z) == P*(f(Xe) M),
Vif(x):=P” /000 e f(Xy)Mydt.

Let M € MF. Write m* := m|g,,. The bivariate Revuz measure of M with respect to m is
defined by

t
vy (F) := lim Lpm: / F(X, ,X,)d(-M,), FEEXEF>0.
0

t—0 t

Denote pps := v (1®-). Note that we actually use the definition for additive functionals of
M (Refer to [3] for definition of additive functionals of M, or M-additive functionals, and
existence of Revuz measures) since (1 — M; : ¢ > 0) is an additive functional of M. For the
later use of definition of Revuz measures we will not repeat this technique. It is clear that
vy does not charge any m-bi-polar set, which is a set of form F; x Fy with either Fy or Fo
being m-polar.

Let sMF be the set of all M € MF such that the M-subprocess (X, M) is also symmetric
with respect to m, and

sMF, :={M e€sMF : Ey =FE};
sMF, :={M €sMF : Sy, > (, where ¢ is the life time of X}.
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From §5 of [9] we know that M € sMF if and only if the measure vy is symmetric; that
is, vy (de, dy) = var(dy, dz). There certainly exists a Dirichlet form, donoted by (b, D(M)),
associated with (X, M).

Some results, which will be used throughout this paper, are listed below for handy refer-
ence.

Generalized Revuz formula: for any f, g € p€

(9. Ujrf) = v (Vg ® f), (2.4)

where
oo

Ul fa) = 7 [ e (-0,

0
This can be proved by the approach employed by Getoor and Sharpel®! for proving the
Revuz formula in the frame of weak duality.
Representation of bivariate Revuz measures: Let S := Sj; and vg the bivariate Revuz
measure of 1jp g[. The Stieltjes logarithm of M is defined by

( slogM ), := /O 1po.5((s) d%‘fg). (2.5)

Then slogM is an S-additive functional. Indeed it is easy to see that
(slogM )y = ( slogh), + ( slogh), o6, - 1.

Hence v gogs makes sense. Let Sy be the bivariate Revuz measure of M relative to m in
the frame of the subprocess, (X, 5), of X killed at S. Then it is not hard to check that

s
VM = Vg + Vslogm and Vsiogn = V- (2.6)

The readers interested in (2.4) and (2.5) may refer to [9] for details.

§3. Feynman-Kac Formula

In this section any element in D(X) takes its quasi-continuous m-version. Let DV (X)
and DV (M) be the sets of those non-negative elements in D(X) and D(M), respectively,
and

LIM)={ueD(X): vyu®u)<oo}.
Proposition 3.1. If M € sMF, and vy is finite, then DY (M) = DT (X) N L(M) and
b(u,u) = a(u,u) + vyr(u@u), foru € D(M). (3.1)
Proof. Let u € L?(m) and u > 0. By Dynkin’s formulal”> 8561
UP=vP+UYUP, p>0
and using the approximating form, we have
b®P) (u, u) = p(u, u — pVPu) = a® (u,u) + p?(u, Uy UPu).
Then using the Revuz formula (2.4), we have
(u, UV, UPU) = var (VPu @ UPw).

Bring them together, we have

b (u, u) = a® (u, u) + vas (pVPu @ pUPw). (3.2)
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Immediately from (3.2), it follows that D (M) C Dt (X).

(1) If w € D(M), by [4, Theorem 3.1.4], there is a sequence py 1 oo such that pUPru
converges to u m-q.e. Since £ = Ejs, we can pick (the same) py such that ppVP*u — u q.e.
m. Since v); does not charge m-bi-polar sets, pip VP*u @ ppUPku converges to u @ u a.e. vy;.
Again invoking Fatou’s Lemma, we have

0o > lilgnVM(kap’“u ® prUP*u) > vy (u @ ).

Therefore DT (M) C DT(X) N L(M).
(2) f w € D(X) N L(M) and u is bounded, there is a pj such that p,UP*u — u m-q.e.

Since u is bounded and vy is finite, the dominated convergence theorem gives

sup bP) (u, u) = liin bPe) (u, )
» ;

< lim[a™) (u, u) + var (peUP 0 @ prU* )]

=a(u,u) +vm(u®u) < oo,
i.e., u € DT(M). Then pick a subsequence pj such that pyVP*u — u m-q.e., and (3.2)

becomes (3.1) as k 1 oo by the dominated convergence theorem again.
(8) If u € DT (X) N L(M), define u,, = v An. Then u,, € DY (M) and

bty Up) = a(tn, ) + Var(Un @ uy). (3.3)
Clearly

sup b(tn, un) < alu,u) + vy (u® u) < co

and by [6, (1.2.12)] v € D*(M). Then by the monotone convergence theorem and [4,
Theorem 1.4.2], we have (3.1).

In the rest of this section, we aim to remove two auxilliary conditions in Proposition 3.1:
the positivity of u and the finiteness of vy;.

Now we introduce the well-known Beurling-Deny’s formula of Dirichlet forms. Since
(a, D(X)) is quasi-regular, by [6, VI.2.5] the Fukushima’s decomposition still holds: for any
u € D(X), u(Xy) —u(Xo) = Mt[u] + Nt[u] where M is a martingale additive functional of
finite energy and N[ is a continuous additive functional of zero-energy. Hence Beurling-
Deny’s formula (see [6] or [4]) follows:

a(u,u) = a®(u,u) + % / /(u(m) —u(y))?v*(dz, dy) + k*(u?), (3.4)

where a®¢ is the strongly continuous part, v® the jumping measure of a, k® the Kkilling
measures of a.
Denote a‘(u,u) := a*¢(u,u) + k%(u?) and uq(z,y) := u(z) — u(y) for any u € .
Proposition 3.2. If M € sMF, and vy is finite, then
D(M) = D(X) N L*(pu),
b(u,u) = a(u,u) + var(u @ u) (3.5)

= a(u,u) — %VM('U%) + o (u?),

for any uw € D(M).
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Proof. Let D be the diagonal of E' x E. Since each jump of M is less than or equal to 1,
1pe vy < v Ifu € D(M) and u > 0, then by Proposition 3.1 u € D(X), vy (u®@u) < 0.
But it is easy to check that

ar o © ) = —gvas (u3) + pas (v?) (3.6)

and

var(u?) < v(u?) < a(u,u) < oo.

Thus we have pys(u?) < oo, i.e.,
DT (M) Cc DY(X)NL*(pur)-

Conversely, if u > 0 and u € D(X) N L?(pyr), it follows from (3.6) that vy (u ® u) < oo.
Then by Proposition 3.1

DT(X)N L3 (prr) C DT(M).
In general v = u* — u~. Since v — u* and u — u~ are contractions which operate
both sides of (3.5), the result follows immediately.
We will now consider two basic types of multiplicative functionals for which we can remove
the finiteness condition on v,; in Proposition 3.2.
Proposition 3.3. If M € sMF, ., then we have
D(M) = D(X) N L*(pm),
b, ) = a(u, u) + var(u & u) (3.7)
1
= a(u,u) — §VM(U§) + o (u?)

for any u € D(M),

Proof. Since vy, is symmetric, we can find a sequence of symmetric functions {g,} C
ExE satisfying that 0 < g, < 1, g, T 1 and g,,-vas is finite. Due to the work of Fitzsimmons!?
it suffices to show Proposition 3.3 when M is purely discontinuous. Then

M, =[]0 - 2(Xo-, X)),
s<t
where ® € p€ x £, & < 1 and ® vanishes on D. It is clear that
( slogM); = Z‘I)(XS_,XS) and vy = @ - v
s<t
Define
M = H[l — gn - ©(Xs—, Xi)]-
s<t
It is easy to see that M;" | M; a.s. for each t, M"™ € MF, ., vy = gy, - var which is finite
and symmetric, and thus M™ € sMF . We can apply Proposition 3.2 to (b™, D(M™)).

Now let (V,P) be the resolvent of (X, M™) and (b", D(M™)) the Dirichlet form associated
with (X, M™). Clearly VP f(z) | VP f(x) if f > 0 and V{ f(z) < co. We need only to show
that D(X)NL(M) C D(M).

Given u € pD(X) N L(M) C L?(m), we have Vu < UPu < oo a.e. m. Since

DM™) =D(X)NL(M™) for any n,
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it follows that

b(u, u) = sup b®) (u, u)
P

= sup sup(u, p(u — pV;Yu))
n p

= sup b"(u, u)

n

= sup(a(u,u) + vy~ (u @ u))

n

= sup(a(u, u) + gn - vm(u @ u))

=a(u,u) + vy (u®u) < oo.
That completes the proof.
Remark. Actually Proposition 3.3 was proved in [10] without revoking the generalized
Revuz formula (2.4), but a bit more indirectly.
Proposition 3.4. Let T € sMF and (b,D(T)) be the Dirichlet form associated with the
subprocess (X, T). Then

D(T) = D(X) N L*(pr);

b(u,u) = a(u,u) + vr(u @ u) (3.8)
= a(u,u) — % 7(u3) + pr(u?), ue D(T).

Proof. By representation of terminal times, there exists L € £ x £, which is disjoint
from D, such that

T=J,:=inf{t>0: (X,_,X,) €L}
Then by [9] vr =11 -v®. For n > 1 let
1
G, = {(m,y) EEXE: dlz,y) > E}’

where d is a metric on E compatible with the topology. Since v® is symmetric, o-finite and
carried by E x E — D, we can choose a sequence of sets {E,} C £ x £ such that

(1) E,CEXxE—-Dand E, T Ex E— D,

(2) E,, is symmetric;

(3) v*(E,) < oo.

Define

Tn = 1nf{t >0: (th,Xt) eLn Gn n En}

It is easy to check T, | T. But we need a stronger convergence in the sense of the following
lemma.

Lemma 3.1. For P™-a.s. w, there exists an integer n = n(w) such that T, = T for
k>n.

Proof. [9, 1.3.2] tells us that P™-a.s. (Xr_,Xr) € L. For such an w, Xy # X, and
since G,NE,, T ExE—D, we can find n = n(w) large enough such that (Xr_, Xr) € G,NE,.
Hence (Xr—,Xr) e LNG,NE,,or T, =T.

Back to the proof of Proposition 3.4, let VP be the resolvent of (X,T,,). By this strong
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convergence of {T},}, we have

VP f(x / f(Xy) i<t }dt
0

VP / e F(X)Lerydt = VP (@)
0
for m-a.e. x. Since G,, and E,, are symmetric and
vr,(1)=v*(LNG,NE,) <o
T, € sMF, and (3.8) holds for T},. On the other hand,
vr, = linGg.ng, V" 11 -v* =vr.
Therefore for u € pD(X) N L(T),

b(u,u) = sup bP (u, u)
p

= supsup(u, p(u — pVPu))
n p

= s%p(a(u, u) + vy, (u®u))
= S?Lp(a(u, u) +vr(u®u)) < oo;

ie,ue D).
Here is our final version of the Feynman-Kac formula for Dirichlet forms.
Theorem 3.1. Let M € sMF and (b,D(M)) be the Dirichlet form associated with the
subprocess (X, M). Then
D(M> =Dgy, (X) N L2(pM)§
b(u,u) = a(u,u) + vy (u® u) (3.9)
1
= a*(wu) + 5" = var)(ud) + (K + par) (v?), w € D(M),

where Dg,, (X) :={ueD(X): u=0 g¢e. on E§}.

Remark. (3.9) actually gives the Beurling-Deny’s decomposition of b. It says that
bse = ¢, vb = po — var|pe and kb = k% + pus.

Proof. The whole proof will be accomplished in three steps.

(1) Killing X by R := Tk, .

Let (', D(R)) be the Dirichlet form associated with (X, R). It follows from the discussion
in [6, IV. Lemma 5.6] that

D(R) =Dg,,(X) and b =a on Dg,,(X).
(2) Killing (X, R) by S := Sy.
It follows from [1] that (X,S) is m-symmetric. Let (b”,D(S)) be the Dirichlet form

associated with (X, S). Start from the subprocess (X, R), S > 0 a.s.; i.e., P™ -a.e. S > 0.
Thus using Proposition 3.4 we have

D(S) = D(R) N L*("ps) = Dg,, (X) N L*(ps)
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and for any v € D(S),
V' (u,u) = b (u,u) + g (u @ u) = a(u,u) + vs(u @ u),

since u ® u is supported by Ey; X Ejpy.

(3) Killing (X, S) by M.

Clearly the resulting Dirichlet form is (b, D(M)) and M does not vanish under the sub-
process (X, .S). Hence we can apply Proposition 3.3 and obtain

D(M) = D(S) N L*(%par) = Dy, (X) N L (ps) N L2 (p siogn)-
Since pyr = ps + p slognr and vy = Vs + V gloght
D(M) = Dg,, (X) N L*(par)
and for any u € D(M),
b(u,u) = b (u,u) + vpr(u @ w)

= a(u,u) + vs(u ® u) + v siognm (u @ u)

= a(u,u) + v (u @ u).
That completes the proof.
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