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SINGULAR BOUNDARY PROPERTIES OF HARMONIC
FUNCTIONS AND FRACTAL ANALYSIS**
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Abstract

This paper shows an important relation between the fractal analysis and the boundary
properties of harmonic functions. It is proved that the multifractal analysis of a finite measure
p on R? determines the (non-tangential) boundary increasing properties of Pu, the Poisson
integral of p which is harmonic on Rfrl. Some examples are given.
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¢1. Introduction

Consider the half-space B! = {(z,7);z € R!,r > 0} (d > 1). Its boundary is IR =
{(2,0); > € B'} which will be identified with R’. The Poisson kernel with respect to R is

Py(xz,r)=T "

d+1

(lz —yl?+r2)=
where (z,7) € Rf’l, y € R = aRf'l, and T is a constant depending only on d.
Let p be a finite positive measure on R?. It is well known that the Poisson integral of x

Pu(e,r) = / By (., r)du(y)

is a positive harmonic function on Iﬁﬂ, and that locally (near a finite boundary point) any
positive harmonic function differs from a Poisson integral by a harmonic function with local
boundary values 0 (see the remark below).

Many general boundary properties of u = Py have been studied, especially for p = f(x)dx
with f € LP(R?) (see for example [8, 9]). However, when y is singular with respect to the
Lebesgue measure L4 we know that (apply [1, Corollary 6.7] to the harmonic functions u
and 1)

li, wler) =

{O for L4 —a.e. z € B2,
+oo for pp—a.e. x € R

Therefore, we must study the asymptotic behaviour of v as r — 0. We shall first define
the degree of u at a boundary point z € R in a natural way, and then establish the
relation between the degree and the local Lipschitz exponent of p at . We show that the
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multifractal analysis of u is exactly the decomposition of the boundary according to the
degrees of u. Consequently some singular boundary properties can be deduced from the
multifractal analysis.

Remark 1.1. Instead of the Poisson kernel, we can use the Martin kernel K (x,r),

(z,7) € B,y € B'{oo} :

d+1
1+y) > ——-— ifye R,
Ky(z,r) = S Ui S
r if y = oo,
the Martin boundary of =" being A = R*(J{oc}.
Then by the Martin representation theory or by a Riesz-Herglotz-type representation!3!,
any positive harmonic function u can be uniquely represented as

u=Ku, = /AKydUu(y)v

where p,, is a finite measure on A.
If we study the local properties of u near a point (b,0) € 81{{“, we can suppose that i,
is supported by B(b,1). Then

d+

u=Pp, with du(y) =T 1pg0 @)1+ [y2) F dp(y).
Note that 1 < 1+ |y|> < 1+ (|b] +1)2 (y € B(b,1)). Hence all our results have similar
statements when the Martin kernel is applied.
We notice also that similar results still hold when Rfrl is replaced by the unit ball of
R In this case the Poisson kernel and the Martin kernel are the same.
We shall suppose without loss of generality in what follows that p is a probability measure,

and u = Pu.

§2. Preliminary

With the above notations, we define the degree of u at x as follows:
deg(u;x) = inf{s > 0; u(z,t) = O(t™?), ¢ | 0},

which characterizes the asymptotic behaviour of u at the point = as r tends to zero.

Remark 2.1. It is easy to check that u(z,t) = O(t~9), so that deg(u;x) € [0,d]. Note
also that if u(z,t) = O(t~*) and if &' > s, then u(x,t) = O(t™*).

The local Lipschitz exponent of u at = is defined as

Lip(i;@) = sup{a > 0; u(B(x,7)) = 0", 7 4 0},

where B(z,r) denotes the open ball of R, centred at = and with radius 7.

Lemma 2.1. We have

limsupw if the right side is monnegative;

deg(u;x):{ ro0+ BT

, otherwise.

oy o log p(B(x, 7))
Lip(p; x) —hrrgér}rf I —

Proof. Let s = deg(u;x). Then by definition for any € > 0
u(z,r) = O(r=°7°),
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which means 3 C' > 0 and r¢ €]0, 1] such that for 0 < r < rg
u(z,r) < Cr—°7¢.

It follows that
log u(x,r) < log C

< +s+¢
—logr —logr
and then
) log u(z,r)
limsup ——— <s+¢
r—0+ —logr
so that lim sup % < s since ¢ is arbitrary.
r—0+4 &
Conversely, let s = lim sup %. Suppose first s > 0. Then
r—0+
log u(x, r) . .
——— - <s+e¢e if r is small enough,
—logr

which implies u(x,r) < r~*7¢, then deg(u,z) < s.

Now if s < 0, we may take £ < |s|. We get in the same way

u(z,r) <r °7° <1,

which gives deg(u; ) = 0. Thus the fist assertion of the lemma is proved.

The second assertion can be proved in the same way.

Remark 2.2. By the Harnack Principle (see Lemma 2.4 below) the above limit for u
can be replaced by the non-tangential limit.

Remark 2.3. Since p is supported by R, the dimension of y (see [5] and [6]) dim u < d.
Thus Lip(p; 7) < d for y — a.e. v € B (see [6]).

Lemma 2.2. Vz € R*, r > 0

u(e,r) = Cr~*u(B(,1)),
where C is a positive constant depending only on d. In particular, we have
u(z,r) = O(r=°) = u(B(z,r)) = O(r?=*).
Proof. Note that for y € B(x,r), Py(z,7) > Cr~9, hence

we.r) = [ Ptz [ P rdut) 2 OB n)

It follows from Lemma 2.2 that
log u(x,r) > C de log p(B(x, 1))
—logr —logr logr
which yields the following corollary.

, 0<r<l,

Corollary 2.1.

1 1 B
i inf 2BUET) S g g sup 2B HBE )
r—0+ —logr r—0-+ logr
I 1 B
lim sup log u(x, ) > d — liminf log u(B(x,r)) :
ro0+ —logr r—0+ logr

Now we show that the converse of Lemma 2.2 also holds.
Lemma 2.3. Let 0 < s < d, x € R*. Then

w(B(z,r)) = 0(r’) = u(z,r) = O(r‘“_d).
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Proof. By hypothesis, there exist C' > 0 and ry > 0 such that
w(B(z,r)) < Cr®, 0 <r < 2r. (2.1)
Note that

ulz,r) = / Py (z,r)dp(y) + / P, (z,r)dp(y)
RA\B(z,r0) B(z,ro0)

and that the first integral tends to 0 as r — 0. It is sufficient to show

[ perdut) = 06 (22)
B(z,r0)
Let 0 < r < rg, and let n be the integer such that
2l < g < 27
Denote Iy = B(z,r) and
I; = B(z,27r) \ B(z,27"'r) for1 <j <n.

Then we have

/ Py(z,7)du(y) S/ Py(z,r)du(y Z/ (x,r)du(y (2.3)
B(z,ro) B(z,2"r)

If y € I;(j > 1), then |z — y| > 2/~ 1r and P,(x,r) < Cjr~9, where C; = W
If y € Iy, then Py(z,7) < Cor~¢, with Cyp = I'. Hence by (2.1) and (2.3) we have

successively
[ Pendu) < > Curult) < 32 Cor (B )
B(z,r0) =0 Jj=0

< ZCC i disys = ps—d C'C’j2]é < COrs,
Jj=0 0

~ oo
where C = CT + CT2%! Y m is a finite positive constant depending only on C, s
3=0

and d. This establishes (2.2) which proves the lemma.
Remark 2.4. Similar result as Lemma 2.3 holds for more general casel*?) .
The following Harnack Principle (or Harnack Inequality) will be useful (see [10, p.16]).

Lemma 2.4. Let g € B and r > 0. Suppose that u is a positive harmonic function
defined on B(xg,r). Then Vz, y € B(xo,7/2), u(x)/u(y) < 3¢+,

§3. Main Results

We can now prove the following

Theorem 3.1. Let u = Pu be a positive harmonic function on Rfrl, and x € K. Then
we have

.y Jd=Lip(z),  ifLip(u;x) < d;
deg(u; z) = {O, otherwise.

Proof. We have first by Lemma 2.1 and Corollary 2.1 that
deg(u;x) > d — Lip(y; x).
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Let us prove the opposite inequality:
deg(u; x) < d — Lip(p; ).

Let s = Lip(p;x). If s = 0, this inequality is trivial by Remark 2.1. If s > d, then it
follows that

w(B(z,r)) = O(r?) (r L 0),

which implies by Lemma 2.3 u(z,r) = O(1), hence deg(u;x) = 0.
Now let 0 < s < d. Then for any € > 0,¢ < s,

p(B(z,7)) = O(r*™%).
Then Lemma 2.3 gives
u(z,r) = O(r~(d7te))
so that
deg(u;a) <d—s+e¢

and then by the arbitrary of €, deg(u;x) < d — s. The theorem is thus proved.
Corollary 3.1. If the limit lim log”l('w evists and < d, then the limit lim °84(:r)
r—0+4 ogr r—0+

—logr
exists and
L logu(wr) L logu(Bl,r)
r—0+ — IOg r r—0+ ]og r
Proof. By Corollary 2.1 and Theorem 3.1 we have
1 B 1
d— lim log u(B(x, 1)) < lim inf log u(x, r) < lim sup log u(x,r)
r—0+ logr r—0+ —logr r—0+ —logr
o logu(BG )
r—0+ logr

Let p be a probability measure on R!. Consider its multifractal decomposition (see [4]

and [2]):
Ef ={zc R Lip(u;2) =a} (0<a<d), with dimE* = f(a).
If we write D% = {z € K; deg(u;z) = s} (0 < s < d), then we have immediately
Theorem 3.2. With the above notations, we have
D! = EY ., and then dim D} = f(d — s).
In particular if p is unidimensional (see [5] or [6]) with dimp = «, 0 < « < d, then the
corresponding harmonic function u satisfies
deg(u,2) =d—a for p—ae. xR,

Proof. In fact, by [6] u is unidimensional if and only if Lip(y;-) = @ u — a.e..

Remark 3.1. For the multifractal analysis, see [7] and [4]. In many “self-similar” cases
the function f(a) = dim E* can be calculated by means of the Legendre transform (see for
example [2]). Then dim{deg(u;-) = s} is determined by Theorem 3.2. As an application of
Theorem 3.2, we give the following example.

Example 3.1. By Remark 2.1 we know that 0 < deg(u;z) < d. It is not difficult to
show that for any s € [0,d] there exists harmonic function u such that deg(u;z) = s for
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some 2 € R?. Futhermore one can pose the following question: Is there a harmonic function
u such that the set {s; deg(u;x) = s for some € R'} is the whole interval [0,d]? Using
the multifractal analysis and Theorem 3.2, we can give a positive answer.

From the Moran fractals?! we can construct without difficulty a series of measures p, €
M ([2n,2n 4+ 1]%) (n > 0) (we omit the details of the construction) such that

dim B > 0, Yo € E,d— ﬂ

o0
Let w = Py + >, 27" Pu,. It is obvious that w is a harmonic function. We claim
n=1

that the set {s; deg(u;z) = s for some x € R'} is the whole interval [0,d]. Moreover

dim{deg(u,-) = s} > 0 for any s € [0,d]. In fact, we observe that deg(u;0) = d and that for

x € [2n,2n +1]? | deg(u; ) = deg(Pu,;z). It suffices then to apply Theorem 3.1.
Example 3.2. Recall that the classical Cantor’s set K C R' is defined as follows:

K = () Ej, where By = [0,1],---, E;41 = 1B, (%Ej + g) (j > 0). It is clear that
=0

FEj11 C E; and that E; consists of 27 intervals I;(k) = [a;(k),b;(k)] (k =0,---,27 — 1) of
length 377, with

(Lj(O):O,'" ,aj(kz—i-l) >3_j+aj(k). (31)

For each j > 0, define the probability measure u; on [0,1] as the uniform distribution
on E;. Then in M'[0,1] (the spaces of probability measures on [0,1] endowed with the
weak topology), {u;} has an adherent measure u € M?'[0,1]. It follows easily from the
construction that 4 is supported by K and u(I;(k)) =277, j >0, k=0,---,27 — 1.

Consider the corresponding harmonic function v = Pu. By Theorem 3.1 the boundary
properties of u can be deduced from the fractal properties of ;1. We can also get information
about p by the boundary behaviour of w.

Let s = %gig We claim that u(z,r) ~ r°7 % 2 € K, r < % That is, there exist two
absolute constants C7, Cs > 0 such that
1
Cir* ' <u(z,r) < Cor* ™' 2 € K, r < 3 (3.2)

The first of the above inequalities is easy to prove. Let us prove the second.
Let x € K and let NV be the integer such that

37N <p <3N, (3.3)
Then z € In(K) for an integer K € {0,---,2¥ —1}. Since |z — ax(K)| < 3r, we deduce
from the Harnack’s inequality (Lemma 2.4) that
’LL(LC, T) ~ U(G‘N(K)v 7“).

For convenience, we suppose K = 0, that is, ay(K) = 0, the demonstration for K €
{1,---,2N — 1} is similar. Therefore, we have only to establish (3.2) for x = 0.

In fact, using the fact that ay (k) > k3~ > kr (which follows from (3.1) and (3.3)) and
that

.
sup Py(0,7) < I'5——,
yom B0 < a2
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we have successively

2N 1 2N 1 2,NA
u(0,7) = Z /Py((),r)du( ) < T2 er 1+k2 <= C, (3.4)
k=0
In (k)

where C = Z 1+k2

Finally notlng that 3° = 2, we have then by (3.3) 2=~ < 3%r*. This combined with
(3.4) gives u(0,r) < C'rs=1, ¢’ = 3°C, which proves our assertion.
An immediate consequence is the following
deg(u;x) =1 — s, then Lip(p;2) = s (Vo € K).

log u(B(z,r)) _ s, 7€K.

Remark 3.2. Using Corollary 4.1 below, we can also get lim+ Tog
T—0

§4. Further Discussions

It follows from the Harnack’s inequality that
w(z,r) ~u(z,r’), Vee B, r>0, r<r <2

From this fact we deduce that the increasing properties of u(z,r) as r | 0 is characterized
by the sequence {u(x,27")},>1.

In particular we have
log u(z,2™"™)
—log2—"

log u(z,r)

Proposition 4.1. The limit lim ==
r—0+ og T

exists if and only if the limit lim
n—oo

exists.

log pu(B(z,r))
logr

“homogeneous” properties. Then we can show the following further result.

Note that in general there is no such property for lim unless p satisfies some

Proposition 4.2. Let x € R*. Suppose that for some positive constant C < 291 and
rg > 0,

w(B(z,2r)) < Cu(B(z,r)), Vr < rg. (4.1)
Then we have
u(@,r) ~ = pu(B(e,r) (r 1 0).

Proof. We have to show u(x,r) < Const.r~¢u(B(z,r)) for r near 0. In fact, we can
suppose that u is supported by B(x,r9/2). Then for r near 0 and 2"r < ro, u(B(z,2"r)) <
C"u(B(x,r)). We can then proceed as in the proof of Lemma 2.3, where we notice that
> (20,%)” is convergent.
n=0

An immediate consequence of Proposition 4.2 is the following supplement of Corollary
3.1.

Corollary 4.1. If i satisfies (4.1), then
log u(x, r)

1 B
lim inf = d — limsup M.
r—0+ —logr r—0+ logr

In particular, if li%1+ w = « exists, then lim log u(B(@.r) orists and is equal to d — a.
r—

logr r—0+ log r
Remark 4.1. If p has positive finite density 11%1+M (0 < s < d), then the
r—
condition (4.1) is satisfied with C' = 25F¢.
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Now let us estimate u(z,27") in terms of u. For simplifying notations we consider the
case where d = 1, z = 0 and suppose that u is supported by the interval [0, 1].
For j >0, let B; = B(0,277), and I; = B; \ Bj+1, p; = u(l;), v; = p(Bj). Obviously
vn = > i+ p({0}).
jzn
Then we have
Proposition 4.3. With the above notations, we have
n—1
27" (0,27") ~up +477 Z 49
j=0
as n tends to 4o0.
Proof. For y € I;, j < n, we have by a simple calculation that

27" P, (0,27") ~ 4777,

which gives

n—1
2‘%(0,2—”):/3 2_"Py(0,2_")d,u(y)+2/j 27" P, (0,27 ) du(y)
n j=0"1i
n—1 )
~ U AT Ay
§=0

Similarly, we can obtain the following proposition, where yu € M'(R?), u = Py, and
Bj = B(x,er), Jj = Bj+1 \BJ (] Z 0)
Proposition 4.4. Vz € K, r > 0,
rtu(e, ) ~ p(B(x,r) + > (27 u(J)).
§=0
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