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Abstract

The authors establish the existence of nontrival periodic solutions of the asymptotically
linear Hamiltonian systems in the general case that the asymptotic matrix may be degenerate
and time-dependent. This is done by using the critical point theory, Galerkin approximation
procedure and the Maslov-type index theory introduced and generalized by Conley, Zehnder
and Long.
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§1. Introduction and Main Results

We study 1-periodic solutions to the following systems:
2= JH'(t,z), (HS)
where H'(t,z) denotes the gradient of H with respect to the variable z, 2 = dz/dt, and
J = ( 0 —In ) with Iy being the identity matrix in R and N being a positive integer.

Iy 0
We assume:

(H1) H € C*([0,1] x R?*N R) is a 1-periodic function in ¢ and satisfies
|H"(t,2)| < a1|z|® + a2, V(t,z) € R x R*M, where s € (1,00), aj,as >0,

(H2) ) = Bo(t)z+o(]z]) as |z] — 0 uniformly in ¢,
(H3) H'(t,2) = B
where By(t) and By (t) are 2N x 2N symmetric, continuous 1-periodic matrix functions.

H'(t, 2
H'(t, 2 w(t)z+0(|]z]) as |z| = oo uniformly in ¢,

In case By (t) is “nondegenerate”, i.e., 1 is not a Floquet multiplier of the linear system
y = JBu(t)y, the problem (HS) has been studied by many authors. We refer to the papers
by Amann-Zehnder, Changl®, Conley-Zehnder®!, Li Liul¥, Long-Zehnder®), Long!® and
the bibliography therein. However, only few papers have treated the case that Buo(t) is
“degenerate”. For example, in [7] and [§], K. C. Chang and A.Szulkin considered the case
that By (t) is constant; and in [9], the first author considered the case that Buo(t) is
“finitely degenerate” (see Remark 2.1).

The purpose of this paper is to study the existence of nontrival periodic solutions of (HS)
in the general case that B (t) is degenerate and continuous 1-periodic in ¢. In Sectioin 2,
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for a given continuous 1-periodic and symmetric matrix function B(t), we assign a pair of
integers (i,n) € Z x {0,--- ,2N} to it, and call the pair (i,n) the Maslov-type index of
B(t), just as in [6]. Using the results in [5,6] and the Galerkin approximation method!!,
we establish the relation theorem (Theorem 2.1) between the Maslov-type index and Morse
index. The main idea comes from [5, 6, 8]. In Section 3, based on the minimax principlel”-10]
we prove the following main results.

Set G(t,z) = H(t,z) — £(Bs(t)z, 2), and we denote by (g, ng) and (i, o) the Maslov-
type indices of By(t) and B (t) respectively. One of the main results reads as:

Theorem 1.1. Suppose that H satisfies (H1)—(H3) and G'(t,z) is bounded. Then (HS)
has a nontrival solution in each of the following two cases:

(i) P00 & [P0, 70 + Mo, and either ne =0 or G(t,2) — —o0 as |z| — oo uniformly in t.

(il) oo + Moo € [i0,i0 + o], and either no, = 0 or G(t,z) = 400 as |z| = oo uniformly
i t.

Theorem 1.1 generalizes the corresponding results in [1, 3, 4, 5, 6, 8, 11], where B (t) is
restricted to either being constant matrix or being nondegenerate.

In Section 4, we consider the periodic solutions of strong resonant Hamiltonian systems.
This is largely motivated by Changl”'?. Our result reads as:

Theorem 1.2. Suppose H satisfies (H1)-(H3) and
G(t,z) =0, |G'(t,2)] =0 asl|z| = oo uniformly in t. (1.1)

Then (HS) has a nontrival solution if one of the following three cases occurs:

(1) Jy H(t,0)dt = 0.

(2) [y H(t,0)dt >0 and in ¢ [i0,i0 + 10)-

(3) Ji H(t,0)dt <0 and i + oo ¢ [i0, 0 + 10)-

Theorem 3.1 of [7] may be regarded as the special case of Theorem 1.2, where Boo (%) is
restricted to constant matrix and |H" (¢, z)| is bounded.

In Section 5, as an appendix, we give some results which were proved in [13, 14] and used
to prove Theorem 2.3 in Section 2. We sketch the proof briefly.

§2 Maslov-Type Index and Morse Index

Maslov-type index was introduced and generalized by Conley-Zehnder!®!, Long-Zehnder!®!
and Long!%. Here we repeat it briefly, for more details we refer to [6].
Let W = Sp(N,R) = {M € L(R*) : MTJM = J}. We define
P ={y e CH[0,1], W) : 7(0) = I,5(1) = §(0)¥(1),
and Jy(t)y~1(t) is symmetric for each t}.
For every v € P, we define its Maslov-type index (i(7y),n(y)) € Z x {0,--- ,2N} as follows:
n(y) = dimker (y(1) — I).

If n(y) = 0, i(y) is defined just the same as the one in [3,5]. If n(y) # 0, according to the
following Lemma 2.1 proved by Long!®, we define i(y) = i(y_,) for v € (0,1].

Lemma 2.1. For every v € P, n(y) # 0, there exists h € C1([—1,1] x [0,1], W), which
we denote by h(v,t) = v, (t) for (v,t) € [-1,1] x [0,1], such that
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(i) v € P, v0 =7 and v, — v in C1([0,1],W) as v — 0.
(ii) n(vyy) =0 for all v # 0 (in this case i(7y,) is well-defined). Moreover,

i(v) = i), i(y-0) = i(v=)  forall wv,0" € (0,1].

(i) (7o) = i(v-0) = n(3), if v € (0,1]
For a given continuous 1-periodic and symmetric matrix function B(t), let v(¢) be the
fundamental solution matrix of the linear Hamiltonian systems:

y=JB(t)y (2.1)
with 4(0) = I. Then ~(t) € P and the Maslov-type index (i(7),n(y)) is defined. We also
call (i(7y),n(y)) the Maslov-type index of B(t).

Let S' = R/(2rZ), E = W'/22(S* R?V). Recall that E is a Hilbert space with norm
|- || and inner product { , ), and E consists of those z(¢) in L?(S!, R*V) whose Fourier series

z(t) = ao + Z(an cos(2mnt) + by, sin(2wnt))
n=1
satisfies
J21® = lao? + 2 3 nllanl? + baf?) < o0
0 2 ] n n )
where aj,b; € R?N. We define two selfadjoint operators A, B € L(E) by extending the
bilinear forms

1 1
(ry) = [ (~day)d (Bry) = [ (Bl (22
0 0
on E. Then B is compact (cf. [5]). Using the Floquet theory, we have
n(vy) = dimker (A — B). (2.3)

Let Boo(t) be the matrix functioin in (H3) with the Maslov-type index (ioo, 700 ), and B

be the operator, defined by (2.2), corresponding to By (t). Then by (2.3) we have
Noo = dimker (A — By).

Let --- <A, <A <0< A <Az <--- be the eigenvalues of A — B, and let {e;} and
{ej} be the eigenvectors of A — By, corresponding to {\’} and {);} respectively.

For m > 0, set Ey = ker(A — By), By = Eo® span{ey, -, en 1 span{ef, -+, e, } and
P,, to be the orthogonal projection from F to E,,. Then {P,,} is an approximation scheme
with respect to the operator A — By, i.e., (A — Bso)Py = Pn(A — By) and Ppx — x as
m — oo for any z € E. In the following we denote T# = (Tr,,7) "', and we also denote by
M*(), M~(-) and M°(-) the positive definite, negative definite and null subspaces of the
selfadjoint linear operator defining it, respectively.

Lemma 2.2. For any continuous 1-periodic and symmetric matriz function B(t), there
exists an m* > 0 such that for m > m*,

dimker (P,,(A — B)P,,) < dimker (A — B).
Proof. There is an my > 0 such that for m > mq,

dim P,, ker(A — B) = dimker (A — B). (2.4)
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For otherwise, there exist x; € ker(A — B) N (I — P,,,)E such that |z;]| = 1. Notice that
(A= By)zj = (I — Pp,;)(B — Bs)x;. Then we have

(A = Boo)zj|| = [I(A— Boo)¥[ 7! >0,
and
[( = Pm;)(B — Boo)zj|| < (I = Pn;)(B — Bo)|| = 0

as j — 0o, a contradiction. Thus (2.4) holds.
Take m > myq, let X,,, = P, ker(A — B) and E,, = X,, ®Y,,. Then we have

Y, C Im(A — B).
Let d = 1||(A — B)#||~!. Since B and By, are compact, we have
(I = Py)(B—Bx)||—0 as m — +oo.
Hence there is an mgy > my such that for m > ms,
(I = Pn)(B — Boo)|| < 2d. (2.5)
For m > mo, Yy € Y,,, we have
y=(A-B)*(A- B)y=(A— B)*(Pyn(A— B)Ppny+ (P — I)(B — Bx)y).
This implies that
1
1l < 511 Pm (A = B) Pyl (2.6)
Hence by (2.4) and (2.6) we have
dimker P, (A — B)P,, < dim X,, = dimker (A — B).
Theorem 2.1. For any continuous 1-periodic and symmetric matriz function B(t) with
the Maslov-type index (ig,no), there exists an m* > 0 such that for m > m* we have
dim M (Pp(A— B)Py) = m + i — g + Neo — Mo,
dim M, (Pn(A — B)Pp) =m — ix + io, (2.7)
dim MY(P,,(A — B)P,,) = no,
where d = 1||(A— B)#||7Y, M (-), M (-) and MJ(-) denote the eigenspaces corresponding
to the eigenvalue A belonging to [d, +00), (—oo, —d] and (—d, d) respectively.
Proof. Case 1, ng = 0. By (2.3) we have dimker (A — B) = 0.
Since B and B, are compact, there exists an m* > 0 such that for m > m*,
1 1y —
17 = Pon)(Boo = B)| + [[(Boo = B)(I = )|l < 5[I(A = B)7H[| ™.
Since P, (A — B)P,, = (A— B)Py, + (P, — I)(Bo — B) Py, for m > m* we have
1
|Pn(A — B)Ppx| > §H(A —B)7 Y| for any z € E,,.
Hence we have

M} (P, (A - B)P,,) = M*(P,(A - B)P,), where *=+,—,0.
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Notice that
A—B=P,(A-B)P,+ (I - P,)(A— By)
+(I_Pm)<Boo _B)+Pm(Boo _B)(I_Pm)
=A— (B + Pn(B — Boo)P) + (I — Pp,)(Beo — B) + P(Bow — B)(I — Py,).
By Theorem 5.1, Theorem 5.2 and Definition 5.1, we have
I(B,Bs) = I(Boso + P (B — Boo)Priy Boo)
=dim M T (P, (A~ B)Py,) — dim M1 (P, (A — Boo)Pr) — Neo-
Hence dim M (P, (A — B)Pp,) = I(B, Boo) + M + Moo = oo — 0 + M + N
Similarly, dim M~ (P, (A — B)Py,) = m — is + io.
Case 2, ng > 0. Let v be the fundamental solution matrix of (2.1) and ~, be the things
described in Lemma 2.1. For —1 < v < 1, we define

By(t) = =J4(t)7, ' (1), 0<t<1L
By Lemma 2.1 we have By(t) = B(t), n(v,) = 0 for v # 0, and ||B, — B|| = 0 as v — 0,
where B, is the operator, defined by (2.2), corresponding to B, ().

Choose 0 < vy < 1 such that for v = +uvg, |B — B,|| < 4d. By Case 1, there exists an
mq > 0 such that for m > mq,

M+(Pm(A — By)Pp) =m +iso — i(V0) + Moo,
M~ (Pp(A—By)Pp) =m —is + (), (2.8)
M°(P,,(A - B,)P,,) = 0.
By Lemma 2.2 there exists an m* > my such that for m > m*,
dim MY(P,,(A— B)P,,) < no. (2.9)
For otherwise, there exists y € M?(P,,(A — B)Py,) N Yy, |ly|| = 1, where
E,, = P,ker(A—B)®Y,,, dim P, ker(A— B)=ny.
Then || P, (A — B) Pyl < d||y||, a contradiction to (2.6).
Since P,,(A— B,)P,, = Pw(A— B)P,, + P,,(B — B,)P,,, by Lemma 2.1 and (2.7), for
m > m* we have
MF(Py(A— B)Pp) < MT(Pp(A = Byy)Pm) = m + oo — io — 1o + Moo,
M;(Pm(A - B)Pm) > M+(Pm(A - B—vo)Pm) - Mg(Pm(A - B)Pm)
=M+ in — ig + Moo — MY(P (A — B)P,,).
By (2.9), we have M(P,(A — B)P,,) = ng and
M} (Pp(A = B)Py) =m — i — i — n0.
Similarly, we have M (P, (A — B)P,,) = m — i + 0.

Remark 2.1. (i) We say that B(t) is admissible for Bu(t) if ||(Pn(A — B)Py)#|| 71 > d
for m large enough and some d > 0 independent on m. It is easy to show that B(t) is
admissible for B (t) iff dimker (P,,(A — B)P,;,) = dimker (A — B) for m large enough.

(ii) If Boo(t) = 0, then {P,,} is the usual approximation scheme with respect to the
operator A. In this case, we can prove Theorem 2.1 similarly. If B(t) is admissible for 0,
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Theorem 2.1 is the same as Theorem 6 in [6]. It is easy to show that if B(¢) is constant
or B(t) is nondegenerate or B(t) is “finitely degenerate” (i.e. ker(A — B) C E,,, for some
mo > 0), then B(t) is admissible for 0.

Lemma 2.3. Suppose that f € C2(R™,R) and there are symmetric matriz L on R"™ and
constants v > 0, d > 0 such that

|f'(x) — Lz|/|x] =0 as |z|—0,
1
|f"(z) — L| < id’ Vo € Vo = {x € R" : |z| < 2r}.
If f'(£) # 0 for any x € C, = {z € R" : v < |z| < 2r}, then for any € > 0 there exists a
g € C?*(R",R) such that
(1) g(z) = f(x) for |x| > 2r, ¢'(x) #0 for x € Cy, and |f(x) — g(x)| < € for x € R™.
(2) g(x) has only finite number of nondegenerate critical points, say {x1, -+ ,Tmy}, in Va
satisfying
dim M (L) < dim M~ (¢"(z;)) < dim M (L) +dim MJ(L), for j=1,2,---,mq.
Proof. Just the same as the proof of [4, Theorem 1.3], we repeat it briefly.
For any x € C,, since f'(x) # 0, we have |f'(x)| > p > 0. Let g(x) = f(x)+ (a,2)h(|z|?),
where a € R", |a| < min{e/2r, p/(2 + 64r)}, and h : [0, +00) — [0,1] is a smooth truncated

function

0, s > 2r,
h(s) = { smooth, 2r <s<2r, satisfying |[h/(s)| <4/r,
1, s < %r.

Then g satisfies (i), and for any x € V;, ¢’ (z) = " (x).
On the other hand, for any z € V., u € M (L)\{0},

(f"(@)u,w) < (Lu,u) + |f"(x) = Lf|ul]* < *%dIUIQ <0.

Then dim M~ (f"(z) > dim M, (L), Yz eV, .
Similarly, dim M*(f”(z)) > dim M; (L) for z € V,. Now by Sard’s Lemma we can
choose the vector a € R™ such that g satisfies (ii). The proof is complete.
Lemma 2.4. Suppose x,, € ker(P,(A— B)P,), ||zn|] = +00 as n — +o0, h € C(]0,1] x
R2NV R) and K C L4([0,1],R?Y) is compact for ¢ > 1. Then
(i) (h(t,x) = 0 as |z| = oo uniformly in t € [0, 1])
. 1 . .
S (nh_>ngo Jo 1h(t, zn + y)| dt = 0 uniformly in y € K).
(ii) (h(t,2) = £oo as |z| = oo uniformly in t € [0,1])
= (nlggo fol |h(t, x, + y)| dt = £oo uniformly in y € K).

2.

Here the limit “lim 7 is in the sense of subsequence.

n— oo
Proof. Let u, = z,/||x,]||. Tt is easy to show that

Up, — 20 € ker(A — B) ( in the sense of subsequence).
We claim that Ve > 0, there exist d(e) > 0, n* > 0 such that for n > n*,
meas {t € [0,1] : |un(t)] < d(e)} <e. (2.10)
In fact, since zg € ker(A — B) and ||z0|| = 1, we have

meas {t € [0,1] : |z0(¢)| = 0} = 0.
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Hence it is easy to show that
(1) Ve > 0, there exists d(e) > 0 such that
meas Q(€) = meas{t € [0,1] : |z0(t)] < I(e)} <e.
(2) Ve > 0 and Vo > 0, there exists n; = n1(¢,d) > 0 such that for n > nq,
meas Q1 (6,0) = meas {t € [0,1] : |20(t) — un(t)] > 0} <e.
If the claim is false, then there exists an ¢y > 0, and for any integer k > 1 there exists an
ng > k such that
meas (0, = meas {t € [0,1] : |up, (t)| < £} > €.
Let €; = f€o in (1). Then there exists §(e1) such that
meas Qo(€1) < €. (2.11)

Let €9 = %60, 0y = %(5(61) in (2). Then there exists an ny = n(ez,d2) > 0 such that for
n Z na,
meas Q1 (€2,02) < €3.
Now we take k large enough such that % < %(5(61), ng > no. It is easy to show that
Qk n ([O, 1]\91(62, 52)) C 90(61).
By (2.11), we have
1
70 = €1 > meas Qo(e1) > meas (2 N ([0, 1]\21))
1
> meas Q) — meas Q;(e2,02) > €9 — €3 = 360

This is a contradiction. Hence (2.9) holds.
Since K is compact, using the same arguments as in the proof of [11, Lemma 3.2], we
have that Ve > 0 there exists M (e) > 0 such that

meas {t € [0,1] : [v(t)] > M(e)} <e forany wveK. (2.12)
By (2.10) and (2.12), using the same arguments as in the proof of [11, Lemma 3.2], we get

(1), (ii).
§3. Periodic Solution of (HS)

In this section we establish the periodic solutions of (HS) and prove Theorem 1.1. Just as
in Section 2, let E = W1/22(S* R*N) and {P,,} be the approximation scheme with respect
to A — Bs, E,, = P, E. We define

() = %(Az,z)—/o H(t, =) dt

on E. It is well known that f € C?(E,R) whenever H satisfies (H1). Looking for the
solution (HS) is equivalent to looking for the critical points of f (see [4, 8]).

Let f,, be the restriction of f to the space E,,.

We say that f satisfies the (PS)* condition for ¢ € R, if any sequence {x,,} such that
Tm € B, fl(xm) — 0 and f,,(z,,) — ¢ possesses a subsequence convergent in E (cf. [4]).

Now let (ico, Noo) be the Maslov-type index of By, (t) and

G(t,z) = H(t,z) — %(Boo(t)z, z).
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Lemma 3.1. If G'(t, z) is bounded, then for any c € R, f satisfies (PS)* and f,, satisfies
(PS). in each of the following three cases:

(i) neo =0,

(i) G(t, z) — —oo uniformly in t as |z| — oo,

(iii) G(t,2) — +oo uniformly intas|z| = co.

Proof. Let 9(z fo (t,2)dt for z € E. Then

flz) = §<(A — Bz, z) — ¥(2).

It is easy to show that ¢'(z) is compact and bounded. In view of Lemma 2.4, the proof is
just the same as the proof of Lemma 2.1 in [4] and Lemma 7.1 in [8].

Proof of Theorem 1.1. Step 1. Let (ig,ng) be the Maslov-type index of By(t) and By
be the operator, defined by (2.2), corresponding to By(t). Let d = iH(A — By)#||~!. Then
there exists an m; > 0 such that Theorem 2.1 holds for m > mj.

For m > my, we consider

fm(z) = Az z) / H(t,z) ((A Bo)z, z) — o(2)

on E,,, where t)y(z fo (t,z) — 5(Bo(t)z, 2)) dt. Since H satisfies (H2) and (H3), using
the same arguments as [4, Lemma 3.1], we have

1£'(z) = (A= Bo)zll/llzll = 0,  [[f"(2) = (A= Bo)ll =0 as [z] —0. (3.1)
Noticing that f},(z) = Pn(A — By)z — Pp))(z), we have

£ (2) = P (A = Bo) Pz|l/||2]| < [1f'(2) — (A = Bo)zll/]l2] — 0,
as ||z|| = 0 and z € Ey,. By (3.1) there exists » > 0 such that
1
Ilf"(z) — (A= Bo)| < §d for z€ Vo, ={2€ E:|z| <2r}
Hence we have
1
I f7(2) = Pr(A — Bo) Pl < ||f"(2) — (A — By)|| < §d for z€ Vo, NEp,.

Now we claim that there exists an ms > my such that for m > maq, f], (z) # 0 for x € E,,
and r < ||z < 2r.

For otherwise, there exist z; € Ep,; such that r < [lz;[| < 2r and f}, (z;) = 0. Then
by Lemma 3.1, it is easy to show that there is a critical point z* € E of f such that
r < ||z*|] < 2r and the proof is complete.

Take m > my. By Lemma 2.3, for any 0 < € < 1, there exists g,,, € C*(Ep,, R) satisfying

Lemma 2.3 (1), (2).
For any z € Va,., we have

5) = FO)] < 5d- (2r)? +]14 - Byll(2r)".

Let ag = |f(0)] + 4r?(3d + ||[A — Bo||) + 1. Then |fy,,(2)| < ag for any z € V3, N E,, and
fma = gma for |a| > ag, where fiq ={z € Ep ¢ f(x) < a}.
Step 2. Let 9(z fo (t,z)dt. Then [¢'(z)| < ¢; and

fm(z) = 5((‘4 - BOO)ZaZ> - ¢(2)7 Vz € En,.
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Set EY = MY(A - By), E- = M~ (A - By), Ey = M°(A - By), E} = P,Et and
E,. = P,E~. Then dim E;} =dim E,, = m.

Let 11 = (c1 + D|[(A — Boo)¥|| and D,, = (Ef NV,,) x (E,, © Ey). Noticing that
P (A — By) = (A — Bx)Pp, just as in the proof of [10, Lemma II 5.1], we know that f
has no critical points outside D,,, and that —df (z) points inward to D,, on dD,,.

Now we prove Theorem 1.1 in the Case (ii). By Lemma 2.4, either ¢(Pyz) = ¥(0)
whenever ny, = 0 or ¥(Pyx) — 400 as |Poz|| — oo whenever G(t,z) — 400 as |z| = o
uniformly in ¢t. Just as in the proof of [10, Lemma II 5.1], there exist a; < as < —ao,
ro > 1r3 > 0 such that

(Em N Vi) % ((Epy & Eo)\V,) C finay N Din
C (Eq NViy) X (B, ® Eo)\Vry) C fimaz N Dim,
and ap, ag, rg, r3 are independent of m. For any = € D,,,, we have
1 1 _
Fm(@) < SlIA = BuolIrt = S l1(A - Boo) ||z 12
+a(lz—[l +r) — ¥(Pox).

It is easy to show that there exists b > ag, which is independent of m, such that f,,(z) <b
for x € D,,.

We claim that there exists an mgz > mso such that for m > mg, f,, has not any critical
points in {x € E,, : a1 < fr(z) < as} .

For otherwise, there exist {x;} such that z; € Ey,;, f;, (2;) =0 and a1 < fi; (25) < as.
By Lemma 3.1, it is easy to show that there exists * € E such that f'(z*) =0, a3 <
f(z*) < as < —ap < £(0) and the proof is complete.

Using the same arguments as in [10, Lemma IT 5.1] we have

Hq(gmb; gmaz) = Hq(fmba fmag)
= Hq(Dm7 Dm N fmag) = 6q(m+noo)~
Since fy, satisfies (PS). condition, it is easy to show that g,, also satisfies (PS),. condition.

By Principle IT in [6], there exists a critical value ¢, € (a2, b) of g,,, which is determined by

Cm = lIl[f] sup gm($)7 where 0 7é [T] € Hm-i—noo (gmbagmaz)a
TE|T zG\T|

where 7 is a singular chain in [7], and |7| is the support of 7.
If the number of critical points of g,,, with the critical value ¢,,, #K,,, (gm) < +00, by
Principle IT in [6], there exists ., € K., (gm) such that the critical group

Cm+noo (gmaxm) 7& 0
By Lemma 2.3 and Theorem 2.1, if ||z,,]| < r, we have
M — oo + 10 <M+ Noo <M — i + 1o + No,

a contradiction to the condition that is + neo € [i0,%0 + no|. Hence ||z, || > 2r.

If #K., (gm) = +o0, by Lemma 2.3, there is a critical point z,, € E,, of g,, such that
Im(Tm) = ¢m and ||a,,|| > 2r.

But fin(2) = gm(2) if ||z|| > 2r, therefore we have

fr(@m)=0 and fun(zm) = cmn.
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By Lemma 3.1, it is easy to show that there exists a crtical point z* € E of f such that
|z*]] > 2r. We have proved our conclusion in Case (ii) .

Similarly we can prove our conclusion in Case (i) and the proof is complete.

Based on the local link idea*'®! and Remark 2.1, similarly, we can prove the following
local link theorem, we omit the details.

Theorem 3.1. Suppose that H satisfies (H1)—(H2) and G'(t, z) is bounded. If By(t) is
admissible for Boo(t) (cf. Remark 2.4), then (HS) has a nontrival solution in each of the
following two cases:

(i) ioo # G0 + no, Go(t,2) = H(t,2) — 2(Bo(t)z,2) > 0 for |z| > 0 small, and either
Noo =0 or G(t,2) = —o0 as |z| = oo uniformly in t;

(ii) oo + Moo # G0, Go(t,z) < 0 for |z| small, and either ne = 0 or G(t,z) — 400 as
|z| = oo uniformly in t.

As a direct consequence, we have

Corollary 3.1. Suppose that G'(t,z) is bounded and G'(t,z) = o(|z]) uniformly in t as
|z| = 0. If neo # 0, then (HS) has a nontrival solution in each of the following two cases:

(i) G(t,z) > 0 for |z| > 0 small, and G(t,z) — —o0 as |z| = oo uniformly in t;

(ii) G(t, 2) <0 for |z| > 0 small, and G(t,z) — +00 as |z| — oo uniformly in t.

§¢4. Strong Resonant Hamiltonian Systems

In this section, we consider the strong resonant Hamiltonian systems (HS) with G(¢, z)
satisfying (1.1). This is motivated by Chang!"12].

Lemma 4.1. Under the assumptions of Theorem 1.2, the function f satisfies (PS)% for
¢ # 0. Moreover any (PS)% sequence {xp,}, i.€., Tm € En, f(zm) — ¢ and f,(zm) — 0,
possesses a subsequence (still denoted by {x,}) with the property that either {x,,} strongly
converges to a critical point of f in E orc =0 and (I — Py)xm — 0, [|Poxm| — oo.

Proof. For z € E, let ¢(z) = fol G(t,z)dt. Then

f(2) = (A~ Boc)z,2) — ().
In view of the fact that (A — Boo)Pm = Pn(A — Bw), the proof is just the same as [12,
Lemma 3.1].

Proof of Theorem 1.2. By Lemma 4.1 and Lemma 2.3, using the same arguments as
Step 1 of the proof of Theorem 1.1, there exist my > 0, r > 0 and ag > 0 such that for
m > my and for any 0 < € < $ there exists a g, € C%(E,,, R) satisfying Lemma 2.3 (1),
(2), and fina = gma for |a| > ag.

Now we shall apply the abstract theorem on strong resonance problem in [8].

Let S™~ = EyU {oco}. We extend the function f,, to the enlarged space:

- fm(u,v) = $((A — Boo)u,u) — (u,v), (u,v) € PypEy x Ep,
Fml0) = { H(A- Bo)uu) (u,00) € Py Ed x {00},

Let 71 = (c1 + 1)||[(A — Bso)¥|| and b > ag be the constants described in Step 2 of the

proof of Theorem 1.1. Then f,,(z) < b for z € (E;, NV,,) x E,, x S™>.

(4.1)
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According to a theorem due to Chang('?1? we have
Hy(PnEy x 8™, fma) = Hy(E}, N V) x E; % 8™ fr.q)
= Hq—nz(Snoo)

for —d > ag large enough and independent of m. There is a pair of subordinate classes
[Om1] < [omz] with
[0m1] € Ho (P Eg % 8™, fing) and [0m2] € Hygno (P Eg X S™, fima).
Let
Cmi = inf  sup fm(x), 1=1,2.
T€[omil ze|r|

Then d < ¢p1 < o < b. In the sense of subsequence, we have

¢ = lim ¢py, d<ci <cy<bh.
m—00

Now by [12, Proposition 3.2], if Ko(f) is compact (otherwise, our proof is complete),
there is a constant ¢y > 0 such that either ¢ > ¢j is a critical value of f or ¢; < ¢ is a
critical value of f.

In Case (1), f(0) = 0. Thus there must be at least one ¢; # 0 for ¢ = 1,2, which is a
critical value of f, and f has a nontrival critical point.

In Case (2), f(0) < 0. If ca > €, the proof is complete. If ¢; < —¢g, there must

be an m3 > msy such that for m > ms, ¢ — %

e < ¢m1 < 1 + ieo. Take m > ms
and € = min{3, 1¢0}. By Lemma 2.3 there exists a g, € C?(E,,, R) satisfying Lemma
2.3 (1), (2). It is easy to show that g,, satisfies the conclusion of [12, Lemma 1.1}, and
we can extend g, t0 G @ PnEg x S™= — R, just as (4.1), which satisfies Fmd = Gmds
| fn (1, 0) — G (u, )| < € < Leg. Hence  [041] € Hn (P B+ % 8™, Gina).

Let ¢fy = inf sup gm(z). Then

TElom1] ze|7|

1 . 1 1 1
Cm1 = 7€ <cp1 <1t 760 <c+ 5€0 < 3¢ <0.

Therefore c},, is a critical value of g,,.
If #Kcx  (gm) = +00, then there exists a critical point ., € Ep, of g, such that ||z,,[| >
2r.
If #K.: (gm) < +oo, by Principle I of [7], there is a critical point z,, € E,, of g, such
that g (zm) = ¢f,; and the critical group
By Lemma 2.3 (2) and Theorem 2.1, if ||z,,|| < r, then we have
m_Zoo+7/0 Smgm_loo+20+n07

a contradiction to the condition that is ¢ [i0, %0 + no].
Hence ||, || > 2r. But f,(2) = gm(2) if ||z]| > 2r, therefore we have

fr(xm) =0 and f"™(zm) =c,-
By Lemma 4.1, it is easy to show that there exists a critical points 2* € E of f such that

[|z*|| > 2r. Similarly, we prove the case (3). The proof is complete.
As a direct consequence, we have
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Corollary 4.1. Suppose that H satisfies (H1)—(H3) and (1.1). If [io, %0+ 10] N [ico, too +
Noo] = 0, then (HS) has a nontrival solution.

§5. Appendix

Let Ls(E) denote the space of the bounded selfadjoint linear operators from F to E and
let £.(E) denote the space of the bounded linear compact operators from F to E.

Let Q € L4(E), S € LJ(E)N LAE); dim ker@ < 400 and @ + S is invertible. Set
Pt :FE— M*(Q) and P} : E — M*(Q + S) are orthogonal projections.

Lemma 5.1. P;- — Pt € L.(E).

Proof. By [16, Problem VI 2.36 and Lemma VI 5.6], we have

P = w20+ u.0), P = %(UQ(O) +U(0),

S
2
U(0)=s— lim U,,(0), Us(0)=s— lim Us,(0),
r—0 r—0
t—+oo t——+oo

where
U0 =2 [ (@ 1) Q.
2 K
Uers®) =2 [ (Q+ 87 +47) 1@+ 8)dy
U0+ [ (Q+ 5P +5) 'S dy

t
=2 Q9447718+ 5Q+ Q)@ +7) Q.

Since @ + S is invertible and S € L;(E) N L (E), it is easy to show that there are Ky, K €
L.(F) such that
Us(0) =U(0) + K1 + Ko, UZ(0) = U?(0) + K3,
where
Ky = (K1 + K»)* + (K1 + K2)U(0) + U(0) (K1 + K2) € L(E).
Hence P;” — Pt = %(Kl + Ky + K3) € L(E).
Definition 5.1. Let B; € L(E)N L(E), i = 1,2. We define the relative Morse index
as
I(Bl, B2) = dim (M+(A - Bl) N M_(A - BQ))
—dim (M~ (A= By)® M°(A— By))N (M (A~ By) ® M°(A — By))).
Theorem 5.1. Suppose that B;,S; € Ls(E) N L.(E) satisfy M°(A — B; — S;) = {0},
I1Si]] < [|(A— B)#||7Y, for i=1,2. Then
I(By + S1, By 4+ S3) — dim M°(A — By) — dim M°(A — By)
< I(B1,B3) < I(By+ S1,B2 + S2).
Proof. By Pt, P, P?, Pt and P, we denote the orthogonal projections from E to

(2] 18

MT(A-B;), M~ (A-B;), M°(A—B;), M*(A—B; —S;) and M~ (A— B; — S;) respectively,
i=1,2.
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Let T = (P + P)P" : PtE — (PyE)® PYE, Ts = (Py + PP, : PLLE —
PYE & PJE.

It is easy to show that the Fredholm index

indT:I(Bl,Bg), ind T :I(Bl —‘rSl,Bg).
Let T! = (P + PY)P.P : PE — Py E® PYE. By Lemma 5.1, P, — P}t € L.(E).
Noticing that
T(PP1) =T( =T+ (P + P))(P, — PP,
we have
indT = ind 7! = ind T, + ind (P} P;").
Since M°(A — By — S1) = {0} and ||Si1]| < |[(A — By)#||71, it is easy to show that
—dim M°(A — B;) < ind (P}, P;") < 0. Hence
I(By + S, B2) — dim MY(A — By) < I(B1,Bs) < I(B1 + S1, Bs). (5.1)

Using the same arguments as above, we have

I(By + 81, By + S3) —dim MY(A — By) < I(By + S1,Bs) < I(By + S1,Bs + S).  (5.2)

Our conclusion follows from (5.1) and (5.2).

Theorem 5.2. Let B;(t) be continuous 1-periodic symmetric matrices in R*N with the
Maslov-type indices (ij,n;) and B; be the operators, defined by (2.2), corresponding to Bj(t),
for 5 =1,2. Then I(By,Bs) =iz — i1 — 1.

Proof. Case 1. n; = ng = 0. By [5, Lemma 3.2], for j = 1,2, there is a continuous
family of matrices Bjs(t) deforming B;(t) into the standard matrix B%(¢), 0 < s < 1.
Let Bjs and B% be the operators corresponding to Bjs(t) and B% (t) respectively. Then
M°(A — Bjs) = 0 and the Maslov-type index of B% (t) is (i;,0) for j = 1,2. By Theorem
5.1, I(Bi, Bs) = I(B™, B™2). Since B" (t) and B*(t) are standard matrices, using the same
argumants as [13, Lemma 2.8] or the similar arguments as [10, Theorem IV 1.2] we can
prove that I(B%, B2) = iy —iy. Hence I(By, By) = iy — i1.

Case 2. m; # 0 or ng # 0. For j = 1,2, let y; be the fundamental solution of (2.1)
corresponding to Bj(t) and +;, be the things described in Lemma 2.1.

For —1 <wv <1, we define

Bjy(t) = =J4ju(t)77, (1), 0<t <1

Let Bj, be the compact operator corresponding to Bj,(t), defined by (2.2). By Lemma 2.1
we have M°(A — Bj,) = 0 for v # 0, || Bj, — Bj|| = 0 as v — 0. Now by Theorem 5.1 and
Case 1, for 0 < v < 1 and close enough to 0, we have

I(B1, B2) < I(B1y, Ba,—y) = i(72,—v) — i(710) = 12 — i1 — n1.

I(By, By) > I(By, .y, Ba,) — dim M°(A — By) — dim M°(A — By)

= i(v2y) —i(y1,20) — M1 — Mg = i3 — i1 — Nq.
Hence I(By, B2) = is — i1 — ny. The proof is complete.
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