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Abstract

The author considers Verigin problem with surface tension. Under natural conditions the
existence of classical solution locally in time is proved by Schauder fixed point theorem.
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¢1. Introduction

We shall consider “pushing oil by water around it” and assume that the displacement
of water and oil is piston-like. The displacement is called piston-like, that means during
the process of displacement porous media always can be divided in two parts: one of them
contains oil only and the other contains no oil but water. We neglect the gravity and consider
a two-dimensional “horizontal” field ) € IR?, from which the oil is produced through the
well D in Q. Let Q1(t),Q2(t) be the water field and the oil field respectively, I’y be the
interface of two fluids, © = Q4 (£) UT, U Qy(t) = Q — D.

When the porous media is compressible, Verigin put forth the mathematical model of
this kind of problem in 1957 as Muskat problem!®). We call it Verigin problem!™*!. In fact,
from the law of conservation of mass and Darcy’s law it follows that

8813: -V (va> =0 in @Q; = tL>JO(Qi(t) x {t}) (i=1,2), (1.1)
p1—p2=0 on I'= U Ty x {t}, (1.2)
t>0

k Op1 k Opa
7E%:7£%:¢Vn on T, (1.3)
where Q(t), Q2(t) are regions of water and oil respectively, T’y is a free boundary between
Q1(t) and Qa(t). Let Q = Q(t) UT, U Qa(t) be a bounded annular domain in IR?, Qy(t) is
inside. n; is a normal of I';, pointing inside (¢), p; and ps are pressures of water and oil
respectively, p1 and po are viscosities of water and oil respectively, k is the permeability, ¢

is the porosity, V,, is the normal velocity of T';.
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When two immiscible fluids are in contact in the interstices of a porous medium, a dis-
continuity in pressure exists across the interface separating them. Its magnitude depends
on the interface mean curvature at the point. The difference in pressure is called capillary
pressure p. (see [1]):

Prnw — Pw = Pec;

where pn.w, P are the pressures in nonwetting and wetting phase respectively. And from
Laplace equation for capillary pressure p. = oK, where o is the surface tension and K is
the mean curvature.

In the piston-like displacement two immiscible fluids are in contact only at the interface
which separates two fluids into two parts.

Thus Verigin problem with surface tension is the problem (1.1), (1.3) and
pr—p2=0cK on T. (1.4)

In the physical fact the capillary force may affect the stability of the front (see [1]). For
the stability of the interface it is a good term, it always tends to stabilize the displacement
front.

So we expect that the above Verigin problem with surface tension is well-posed under
natural conditions.

In one-dimensional case, there are many results about Verigin problem (see [3], [8], etc.).
In multidimensional case, E. V. Radkerich has considered the problem (1.1)—(1.3) in [10].

This paper is devoted to the study of the problem (1.1), (1.3) and (1.4). It is organized
as follows. In Section 2, we shall parameterize the free boundary by the distance function p
from initial position of free boundary Ty (in R?) and reformulate the problem. In Section 3,
we construct an initial approximation and introduce two key Lemmas 3.1 and 3.2, which the
main result is based on. In Sections 4-5, we prove Lemma 3.2. In Section 4 we derive the
model problem. In Section 5 we study the model problem by establishing some estimates of
the kernels of it.

§2. Formulation of the Problem

For simplicity, we assume without loss of generality that ¢ = 1 (which corresponds to the
hypothesis that the porous media is homogeneous) and % = 1. Then

ﬁ _ M o > 1.
H2 H2
Remark 2.1. In piston-like displacement of oil and water, the viscosity of viscositied
water is grater than the viscosity of oil, i.e., uo < 1 (see [6]).
Introduce w as the local coordinates of points on the surface I'g. We also use x = Xo(w)
to denote the points on I'g in R2. Let ng(w) be the unit normal to I'y which is outer with
respect to €1(0). Let p(w,t) be a function of class C*1(I'y x [0,T]) such that p(w,0) = 0.

Let T > 0 be small and let
Iy = {z = Xo(w) + plw, t)no(w), t € [0,T]}

denote the free boundary.
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Straighten the free boundary (see [5]).
transformation
¢ —— T,
transformation
() ——5 Qur = 2(0) x [0,T] (i =1,2),
t
transformation .
pl(m,t),pz(x,t) ’——>V7:Vz(yvt) (7’ 172)
The Verigin problem with surface tension becomes
LY =0, j=1,2 in Qr, (2.1)
vgl) - v/()Q) = oK (p, 0up, 0 (0wp)) on Tor, (2.2)
Op = —a(Q)Spanv[(f) + a(2)kp,w8wv[()2)
fSp&?vf()l) + kp,wﬁwvl()l) on Lo, (2.3)
vl()j) = g(j)(y,t) on I'jr, (2.4)
v,()j) = ¢V (y) at t =0, (2.5)

where (see [10, 11])
a2y, t) = a) (p.0up), j=1,2, 1<kl1<2,
a9 (y.1) = a (0, 0up. 0up, 0s(Dup)). k =1,2,
ool€]? < gl < aul?, for € € R?,
09,01 >0, dependson p,T,
Sp=8(p;0up),  kpw = k(p,0up).

Iy =00:(0)\ Ty, To=00(0)\T2, Tip=TI;x[0,7] (i=0,1,2),

2 2
i) _ () 92 ()
ng) =0 - Z apjklaykyl - Z apjk Dy
k=1 k=1
99 (y,t) and ¢V (y,t) are known functions defined on I';7 and €2;(0).
Let G be an open set in IR" x (0,00), n = 1,2. Define
Chtelbte)/2(Gr) = {v € Ck-tHeth=140)/2(Gr) 020 € c’“—m*k—?*a)”(@)} 7
O<a<l, k=4,5---;
HU||6k+a,(k+a)/2(éT) = ||’U||Ck72+a,(k72+a)/2(a,r) + ||at'U||Ck—3+a,(k—3+a)/2(éT)

+ ||851}||Ck72+a,(k'—2+a)/2(§T) .
Denote

Chte(kta)/2(G ) — {v € CFHeH)/2(GY: (., 0) = 0} :

ak+a,(k+a)/2(éT) _ {U c 6k+a,(k+o¢)/2(éT); ’U(',O)
Now we can state our main result as follows:

= 9(-,0) = 0}.

Theorem 2.1. IfT'; € C%F (j =0,1,2), dist (['y,00Q) > L >0, and o > 0. Then for
any initial boundary data

gV (y,t) € OO T2y, ¢l (y) € COF(9(0))
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satisfying the consistency conditions to order 3, on a sufficiently small time interval [0,T)]
there exists a classical solution of problem (2.1)—(2.5) such that

U[()j) c 02+a,(2+o¢)/2(QjT), pE 64+a’(4+a)/2(F0T)~

Moreover,

2
D oDl garaararsz + 1ol e aser 2
j=1

2
< O Y169 losse @, 0 + 199 lovrorarraqr,m |

j=1
We now consider the nonlinear operator:
1 1
F(p) = 0ip + Sp0uvV) — ky 00V
on function p € C4+o(+e)/2(Py 1) with small T, where vél) is a solution of the parabolic

diffraction problem in (2.1)~(2.5) for given p € C*+e:(4+2)/2(Dy1) (here the first equality is
canceled in (2.3)). We have
F: O+ 2(pypy 5 ot (4e)/2( 1,
Obviously, that (2.1)—(2.5) has solution (p, v,gj)) (j = 1,2) is equivalent to the existence of a
root of F(p) = 0. So Theorem 2.1 of this section is reformulated as follows.
Theorem 2.2. Under the same assumptions as in Theorem 2.1, for a sufficiently small
T, there exists p € 6‘”0"(4*“)/2(1“@) satisfying F(p) = 0. Here we suppose p is the only

unknown of the problem because vgj are obtained once p is determined.

§3. An Initial Approximation and Two Key Lemmas

From the compatibility condition which {g(j) (y,t), 1) (y)} satisfies up to order 3 at t = 0,
and using Theorem 4.3 in [7, p. 298], we know that there exists po(w,t) € CO+t(6+)/2(D 1)
which satisfies

[pollceta @rer2(r,.) < C,

where C only depends on [|¢Y) (y)|| o+ (61a)/2-
Let vf(fo) be a solution of parabolic diffraction problem (2.1)-(2.5) for p = p, (here the
first equality is canceled in (2.3)). We have v (y, t) € CFe(d+a)/2 (Q;r), and

H’Ué{)) (Y, )|l cataararsz < C,

where C' is a constant, which only depends on initial-boundary data.
The proof of Theorem 2.2 is based on the following two key Lemmas.
Lemma 3.1. For any dp € C'4+az.,(4+oz)/2(I‘OT)7 H6p||54+u,(4+u>/2(rw) < N, where N is to

be determined later on, we define p = pg + dp and
m = B1(0p) = F(p) — F(po) — DF(po)dp. (3.1)
Then m € C1Ho0+2)/2(T1) and

”m”CHQ’(HQ)/Z(FOT) < C||5p||254+m‘(4+a)/2(1"0,r)’ (3'2)

where C' only depends on o, gt ¢U).
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Lemma 3.2. For any m € C*t*0+0)/2(T7) we define 6p = Ba(m) as the solution of

—F(po) — DF(po)dp = m. (3.3)
If T is small enough, then there exists a unique 6p € CA+os(4+e)/2 (Tor) satisfying (3.3), and

[19pll gt acararrzrygy < C (Imllcrsaatarsmyry + 1F(po)lorre.aterz ) » (3.4)

where C only depends on o, g\9), ¢U).

The proof of Lemma 3.1 is straight forward with tedious calculations. We omit the
detail. The main difficulty is to prove Lemma 3.2, which is left in Sections 4-5. The proof
of Theorem 2.2 can be done by Schuader fixed point theorem, the reader can be referred to
paper [11]. We shall skip the proof here.

§4. Model Problem

In order to study the invertibility of F’(pg) and prove Lemma 3.2, we will solve the
equation:

;D]:(po)% =m +]:<p0) =m in FOT7
6p|t:0 =0

for any m € C1(+)/2(Dor) where dp is unknown.

Using partition of unity (localization), freezing the coefficient at ¢ = 0, neglecting the
lower order terms and using the continuity methods (see [4, Theorem 5.2]), we only need to
consider the simplest model problem as follows (see [10, 11]):

WD — oIV U = 0 in R} x (0,00), (4.1)
w|_, =0, (4.2)
0., W =a@g, W on {z3 =0} x (0,00), (4.3)
WO —Ww® = 682 5p+ Bép on {zo =0} x (0,00), (4.4)
d0p+ 0.,Wh =@ on {z =0} x (0,00), (4.5)

where G € C1te0+2)/2 o {7 = 0} x (0,00) is a known compactly supported function,
(o)

B = (0.0@(p) — 8,6M (p)) > 0 for any p € T'o, R = {(21,22) : (—1)72 > 0}. We take
the Fourier transform with respect to z; and the Laplace transform with respect to ¢ in
(4.1)—(4.5) and then solve the resulting problem (4.1)—(4.5) on the half line. We obtain

op=G/g(5.8),
where G(S,&) = S + (062 + B)brira(ry + bra) ™, 71(s,6) = (S + €2)12, ry(s,6) = (S +
W22 8 = a +iky, a > 0, (&,€) € R?, b = Va® > 1, f denotes the Fourier-Laplace
transform of the function f in the variable z; and t respectively.

We now proceed to investigate the kernel U, (z1,t) of the symbol G71(S,€), i.e., of the
fundamental solution

. a+1i00 s ) d§
Uy p(z1,t) = (2mi - 27) / e tds/ eFE__> > 0.
a Rt g(

—100
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5. Estimates of the Kernels of the Model Problems

To estimate the kernels of the noncoercive model problems in this section we apply a very
useful generalization of Mikhlin’s theorem to Holder spaces.

The following theorem can be found in [10].

Theorem 5.1. Suppose that K(z,t), x € R™, t € IR, vanishes at t = 0 and its Fourier-
Laplace transform K(S,€) satisfies the conditions

(k) e o dTo o dTm
X HAfo (TO) e Afm (Tm) [5;195 (ghkv Shko) K(£7 S)} ’|L2(R7IL+1)
é Clhl_yjkj,

-  dr R
Mé,kff[’ﬂz/ TfQ/ 372
o7 0 T
x HA€O (TO) e Aﬁm (Tm) [Sljoé (ghk7 Shko) K(f? S)] HLg(Rerl)
S Clhl—yokg

and

for sufficiently large v;, j =0,1,--- ,n—1, where £ = (&1, ,&m) and S = a+1i&, a > 0.
Then the convolution u = IKC x f satisfies

m

2.7 (1A (=rulll ] < 0T [ fiay (-, |

—atH

,u=0, f=0 fort <0, Ay°(—h*) is the finite difference of
order mq in the variable t with step size h*o, A;nj
in the variable x; with step size h*, ||v|l, = |Jv; Ly(IR™ x R)||, ||| - ||| is any monotonic,

transitionally semi-invariant norm defined on functions in R™ and v =0 for all t < 0.

where ’||v|||(a) = |[lve

(—h*3i) are finite differences of order m;

Here ko = 2,ky = -k, = 1, the v; are positive integers, mjk; > r > 0, and mjk; >
r—1>0.
n—1
o(z,t) = ] o(z5)e(t),
j=1
where

Here ¢ € C3°((0.1)). [ ¢(2)dz =1, ¢ > 0.
Semi-invariance is connected with the validity of the estimate

| llw(z,t — h)| ’(a) < ’ lu(zx, )| VYh >0, a>0.

)

This latter is valid, for example, for the norms ||| - ||| = | - ||, and the Hélder norms. For

a > 0 we have

/ dt/|u(m,t—h)|pe’“(t’h)pdx g/ dt/|u(3:,t—h)|pdx = Jlul2.
h h
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Below we denote by J a “functional of mazimum type”, i.e., a monotonically dimensionless
norm defined on functions of positive argument. In the case where ‘|| . |H =| |, and

IH=%H=(AMHWWﬁ Q1

the expression

}jf[ HOYIERTR

is a norm in the Besov space Bl Q(]Rm) If p=Q =1, this norm becomes the Hélder norm.
First, it is easy to prove the following lemmas.
Lemma 5.1. For ¢(z,t), we have

) C(N)
#4690 = T ey

for any positive integer N.

Lemma 5.2.
Re[ri7a(r1 + bra) ™ > C1(|S] + €2)Y/? > O [Im[rira(ry + bra) Y|
Lemma 5.3. For any symbol v(S,&), if (S, &) satisfies Rer > C1|Imr|, then
IS+ 7(S,€)] > Co(|S* + |r]), VReS' >0, ReS >0, ¢ € R

Proof. See [12].
We shall now show that for the symbol G(S5,€) the following lemma holds.
Lemma 5.4. Suppose o, 8 > 0. Then the symbol G(S, &) satisfies

MB G < ontvik j=0,1, (5.1)
if the v; are sufficiently large.

Proof. To shorten our computation we assume that a = 0. By a change of variables in
the integrals it is easy to show that M(];L) [G™1] < hl=¥iki M;(h), where

d d .
m=[" 52/ o < B retm) €36, S

dT dT 5
/ 3/02 / 37/12 X [[Aeo(10)De(m) x [87° (S, )G (S, &M 1, 2 -

Here G(S,&;h) = h™ 1S—|— (B + oh=2¢2)r(S, ), where r(S,€) = rira(ry + brg)~t
The estimates below make use of the ideas and methods of the estimates of [10], which
are very closely related to Hélder spaces.

We proceed to the proof. We set

Ae(r)I6716" 0] = {(6+ ) (8,6 +71) x [0S+ (14 A2 (g + 7)Dr(S, € + )]
~(©)"0(S,6) x [0S+ (L+ b2 g+ m)Pr(5.)]
+(©7(8, 9 { (7S + (1 + A2 +m))r(8,6)]

~ [+ (1R 2e)e(s )
= L1[€76G 71+ A€ 967
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In the case (5.2) £ is replaced by S*°. The definition of the operators Af and A{ is the
same as above.

It is obvious that

d .
m=[ - e T [ S X 1 1+ A1 59656y

T

d d .
/ 5/‘2 / e 18084169(5. 997 (S,

T

dTQ dTl dTO dT1
[ " I 180l o T a T 1888l

dT() dT1
/ e I 7 1Al
= ( +(IID) + IV)

We first consider the integral (I). It is obvious that

dTo OCdTl v 1 _
=[5 [ 5 x 1Al 5.0 (&M
‘/Qo(h) [ AT T
- a0 2 a0 2
0 T(()B/Q 0 3/2 L2 (IR?) 73/2 )T 3/2 Lz (IR?)

o dTo Q1(h) dTl e dTO e dTl
+ 3/2 3/2 || ||L2 (IR?) + 3/2 3/2 || ||L2 (IR?)
Qo(h) Ty 0 Qo(h) Ty Q1(h) T

=hi+hiao+Liz+1ig,

where the functions Q;(h) are defined below. For the integral I; 1, we have

na- / AN
= 2
; 0 73/2 0 3/2 Lo (IR?)

QW gry () dr,
S/ 3/2 3/2 I ||L w2y Il || R2) s (5.3)
0 T 0

where a/q+ (1 —a)/p = &, Va € (0,1), 1 < ¢ < 2. We estimate the finite differences

over &, & in the norms [|-||, |||, in terms of the corresponding derivatives. After simple
computations we obtain

2, oy I11E, Gy < comst (rom) < || D, DELE™ 667 (S. &M, e
x| Dg, DL 3618, &) - (5.4)
We also have
DYE"3(5.€)G7(S. &)
5 (2 3(S.0) 1617 + 1505, Irl 161, (5.5)
63,0971 (S.& )l

< G| 5 (€75(5,0) 1917 +1€a(5,0)l I 1617, (56)
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1Dy Dy [ (S, €)G1(S, & h)]|

0 . y
< Go| 55 (€79(5.) 1917 + 1€ 6(5.)| Irl~21917]- (5.7)
It is not hard to see that
q
M1 = ”g|1 (5”1 (5,9))
Lq

<|ligI~lel 111668, )17,

< [l =tIstig(s, )7, (by 161> Ir(S,€)] = [¢])

S

< v1— 1 N —1 |

const. /IEI 11+ 1€17) d5/1+|5|N ds

§C3a (58)

if (y —1)g> -1, N— (1 —1)g>1and N — ¢ > L.
Mo = [|[€ (S, )il =161,
< |[ligl* =218, o)l
< const. [ |67 31+ 1Y) g [(1+ |5¥)as
< Cu, (5.9)

ifry -3>—-1, N—(vy1 —3)>1and N > 1.
Similarly, we have

a . p
Mz = |[G]7" |55 (€7 6(8,€))||| < const., (5.10)
oS L,
My = ||€]"1(S, §)||r|*2g|*1|}’£ < const. (5.11)
We set Qo(h) = Q1(h) = 1. Thus, from (5.3)—(5.11), we obtain
dTO dT1
L < 05/0 1/2/ 1/2 < (5.12)
For the integral I o, we estimate the finite dlfferences over o, § in the norm || - ||, and over
£o in the norm || - ||z, in terms of corresponding derivatives. After simple computations we
obtain
12, 11z, < comst. (ro7i") x || De, DE[€" 6 (S, & R]||7
v I — 11—«
< ||Dg, [6 6G7 (S, ]|, (5.13)
Noticing (5.6)—(5.9) and (5.13), we have
d
Lo < C7/ 17/02 / ¢ <G (5.14)
0

The integral I; 3 is similar to I; 2, so we have I3 < Cy. For the integral I; 4, noticing that
a 11—« a_a v T — e U1 I — 11—
IIZ, 10z, ™ < comst. (76'r") x || De, De[€” 6~ (S, & Wl < (|7 6G7 (S &nl,,
and (5.7)-(5.9) and
My = [[€16G1(S,& h)|I7, < const., (5.15)
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we obtain
o 51 o 344
ILia < const./ To 2 dT()/ 7, 2 dn < Cho.
1 1
Hence, we have
M =Ii1+L2+I 3+ 4 <const.
Next, we will study the integral (IV):

< dr * dr o _
w)- [ 5S- 5 < 1858115(5.9975: 60
To
[ O P [ Ay
[ [ S
0 Tg,/z 0 3/2 L2 (R?) 0 Té%/2 ) T 3/2 L2 (IR?)

> dr / M)y * dry [*  dn
+ [ 1l e +/ 1l e
Qo(h) T 3/2 0 3/2 (IR?) Qolh 3/2 Q) T 3/2 (IR?)

) To
=D+ 10 + Tas 4+ I1a4.
Noticing that
NLE (S, )G (S, & h)]

={(F'S+ (A +h2(E+m))r(S, 1 =[RS+ (1 4+ h726%)r(5,6)] 71} £719(5,€)
= {[h-ls +(L+h72%)r(S, 6] f:}é”lé(s, £)

2R, €nis.9
= F)(S,&€6+ )\1)71 SEVH(S,6), 0< A <7y
= —[h" S+ (1 4+ B2 (6 4+ M)P)r(S, )17 - 207 %r(S,£)(E + M)EG(S,€) - 1,
we have
D€ (S, 6)G ]
=[S+ (1 + R+ M)P)r(S, 9] 20720 (8,€) (€ + A1)EN (S, €).

(5.17)
Similarly, we have
DY, [€76(S,6)G7] = =[h (S +ido) + (1+h72E%)r(S,€)]
711’51/1@3(55 g)? 0< A0 < 7o, (518)

D¢, D{E™6(S,6)G (S & h)] = [h7H(S +ido) + (L +h72(€+ M)?)r(S,€)]7°
4h™3ir(S, €)(€ + M)EM H(S,€). (5.19)

So, we have

My1 = || Dg, D[ 4(S,€)G7 (S, & M|,
N €[
< co st./ e d€
_/°° € + Aa|9(h—3r]) Js
—oo [RTHS +iX0) + (1 + 272§ + M)2)r(S, )P~ (1 + [SIV)
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<const./ i d€
- L+ ¢V

n € 4+ Auftn— .S
o (ST i00) + (b2 (€A (S, OPT- (11157

(by Lemma 5.3)

vig —3q|£]q "
gconst./ § ~ A€ - / = ] — ds
€] L+ h=2|g[2)a|g]e - (h1]S] + [€])e
(whereS:S—I—z/\o7 fzf—l—/\l, 0<X<70, 0< A1 <)

—3q+1|§‘q ~
< const. / — 21 d¢ < const. h™29+2, (5.20)
(1+h=2|¢]2)e

So, we have (let Qo(h) =Q1(h) =h)
dTO dTl
3/2 3/2 I ||L2(R2)
dT dr « -«
= const / 3/02/ 3/12 7om) x || Dg, D{[€" ¢G5~ HL 1D, D¢ 1€ 66~ ”Lp

<c0nst/ dro (" dn - p(204D) 0t (=) (=2042) /2 py (5.20)
0

1/2 1/2
d hd
< const. / 17;02 17;12 h~! < const. (5.21)
0

The integrals 142,14 3, 14,4 can be estimated in the same way as above. Thus, we have
(IV) < const.
In the same way as above, we also obtain
(IT), (III) < const.

Here we take Qo(h) = 1, Q1(h) = h and Qo(h) = h, Q1(h) = 1 for the integrals (II) and
(III) respectively.
Finally, we have

My (h) = (D+ID)+(III)+(IV) < const.

The estimate about Mg (h) is the same as above. It has thus been proved that (5.1) holds
for a = 0. Since the constant in Lemma 5.3 does not depend on Re S > 0, (5.6) holds for
any a > 0 with a constant not depending on a. Lemma 5.4 is proved.

Lemma 5.5. The symbol G; = SG~1(S, ) satisfies
M) [G1] < const. b8, j=0,1, (5.22)

if the v; are sufficiently large.

The proof proceeds in the same way as the proof of Lemma 5.4. In this case
Gr(S, & h) = h™ S[h™IS + (B + h2€")r(S, €)1

It is easy to prove the following
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Lemma 5.6.
M) [r(S,€)7Y) < const. A1V, (5.23)
M(k) 71 +bT2 -1 S,f < const. hl_yjka j: 07 1a 5.24
J,h

if the v; are sufficiently large.
Noticing that

o&%0p = sbp-7(S5,§) " 6p— G- (5,67

and Theorem 5.1, Lemmas 5.4-5.6, we have
Theorem 5.2. Suppose 3 > 0, o > 0. For any compactly supported ®, G € C1+o(1+a)/2

(IR., x (0,00)), there exists a unique solution W) € C*FeG+a)/2(R? x (0,00)), j = 1,2,
dp € §4+a’(4+a)/2(ﬂil x (0,00)) of problem (7.21)—(7.25). Moreover,

2
Z ||W(J)||C2+av(2+a)/2(R§><(0,oo)) =+ ||5P||64+a,<4+a)/2(1{§1 % (0,00))
j=1

<C |:||(I)||Cl+av(1+“)/2(ﬂ%il x(0,00)) T 1Gllrva.aterrz(mr x(0,00))

Finally, we remove the technical condition 8 > 0 by Schauder fixed point theorem, the
reader can be referred to paper [11].
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