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AN IMPROVEMENT OF A RESULT OF IVOCHKINA
AND LADYZHENSKAYA ON A TYPE OF
PARABOLIC MONGE-AMPERE EQUATION

WaNG RouHuAr* WANG GUANGLI®

Abstract

For the initial-boundary value problem about a type of parabolic Monge-Ampére equation
of the form (IBVP): {—Dyu + (det D2u)/™ = f(x,t), (z,t) € Q = Q x (0,7T], u(z,t) =
o(z,t) (z,t) € 0pQ}, where Q is a bounded convex domain in R™, the result in [4] by Ivochkina
and Ladyzheskaya is improved in the sense that, under assumptions that the data of the problem
possess lower regularity and satisfy lower order compatibility conditions than those in [4], the
existence of classical solution to (IBVP) is still established (see Theorem 1.1 below). This can
not be realized by only using the method in [4]. The main additional effort the authors have
done is a kind of nonlinear perturbation.
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¢1. Introduction

In a recent paper by Ivochkina and Ladyzhenskayal¥!, they discussed the initial-boundary
value problem for a type of parabolic Monge-Ampére equation:

Pu = —Dyu + (det D2u)Y/™ = f(z,1), (x,t) e Q=Qx (0,T],
u($7t) = ¢($,t), (xvt) S 81)@7
ou

where () is a bounded convex domain in R", Dyu = %7, D2u is the Hessian of the function

(1.1)

u(z, t), ie., D2u = (u;j) = (%&j),i,j =1,2,---,n, 9,Q denotes the parabolic boundary
of Q. As a solution of (1.1), u(x,t) should be a strictly convex function in z € Q for any
fixed t € [0,T7, so the differential equation in (1.1) is a non-uniformly parabolic equation.
Under the structure conditions that either
mc;nf + (xgleigpQthS(x,t) — %ad2 =uv >0,
d is the radius of the minimal ball containing §2, (1.2)

a = max{0; max D:f},
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or
giicrgl(Dtd)—'_ = >0,
f(x,t) is a concave function in x € Q for any fixed t € [0, 77, (1.2))
(det D2¢(x,0))/™ is a concave function in z € €,

as well as

Po(z,t) = f(x,t), VYxeQ t=0, (1.3)
they essentially established the following existence result of solution with global regularity
in [4]:

If Q is a bounded and strictly convex domain in R"™, 00 € C*, f(z,t) € C*H(Q), p(x,t)
€ C*2(Q), (D2¢(x,0)) > 0 on Q; f and ¢ satisfy the compatibility conditions up to the
first order, and moreover either both (1.2) and (1.3) or both (1.2°) and (1.3) are valid, then
problem (1.1) has a unique solution u(x,t) € C?**1+3(Q), Va € (0,1).

As mentioned by Ivochkina and Ladyzhenskaya in [4], our early work [6] studied another
kind of parabolic Monge-Ampére equation, i.e.,

— Dyudet D?u = f(x,t), (2,t) € Q =Q x (0,T],
u(z,t) = ¢(x,t), (z,t) € 90,Q,

where u(z,t) is strictly “convex-monotone” i.e., strictly convex in = and strictly decreasing

(1.1°)

in ¢ on Q. And, as can be seen, the results in both [6] and [4] have one thing in common:
under higher regularity and compatibility assumptions they obtained solutions of higher
regularity; but limited by the method used there (which is a kind of “linear perturbation”),
the higher regularity assumptions can not be relaxed in those papers, even at the expense
of only lower (or even only lower and interior) regularity of the solutions is required.

By further extending the idea and techniques used in [8], which so relaxed the regularity
and compatibility conditions of the data in [6] that the existence of classical solution with
interior regularity was still obtained, we improve their result in [4] mentiened above.

Besides f(z,t) being only required to be Lipschitz continuous, the condition (1.3), which
is a little stronger than the first order compatibility condition, can also be relaxed. When
(1.2) holds, we replace (1.3) with something like the “one-side first order compatibility
condition” as follows

f(2,0) — [~ Dy (2, 0) + (det(D2p(x,0)))*] <0, V€ I (1.4)

When (1.2°) is valid, there is not any kind of compatibility conditions required, but, to
replace (1.3), we need other restrictions on ¢(z,t), i.e.

D, ¢(x,t) is increasing in ¢ near 0 for z € 99,
_ 1.4
— D¢¢p(x,0) is concave in z € Q. (1.4)

The main result in this note is the following

Theorem 1.1. Assume that Q is a bounded and strictly convexr domain in R™, 02 €
C?, flx,t) € COTLOYL(Q) (d.e., f(x,t) is Lipschitz continuous with respect to x and t),
é(x,t) € C*1(Q), and (D24(x,0)) > 0. If, moreover, either conditions both (1.2) and (1.4),
or conditions both (1.2°) and (1.4°), are valid, then the problem (1.1) has a unique solution

u(x,t) which is Lipschitz continuous on Q and belongs to Cfata’lJr%(Q).
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Remark. Here and in the sequel the notation of the subscript loc means locally in the
parabolic sense, e.g. f(z,t) € Ci::a’H%(Q) means f(z,t) € C?T**+% (D) for any domain
D with D C @, which is also denoted by D CC Q (note Q =  x (0,77).

Theorem 1.1 will be proved by an approach consisting of establishing the uniqueness,

. 24,1+ 4%
existence and C 2

loc (Q)-regularity of the viscosity solution to (1.1), which is, of course,

also a classical solution to (1.1).

In §2 we show the uniqueness and existence of the viscosity solution to (1.1). This
viscosity solution is specially constructed as the limit of certain approximation solutions,
their properties are also studied there.

The regularity is established via nonlinear perturbation introduced by Caffarelli in [1]
and [2]. To realize the procedure one needs both the existence of the solution to the “frozen
problem” and suitable interior estimates of its higher order derivatives. These are given in
3.

The regularity result is stated in §4.

Those approximation solutions in §2 are of global regularity. Because we assume that
neither f, ¢, 082 are smooth enough, nor the first order compatibility condition is satisfied,
in order to use the result in [4] (more precisely, what we use is the approach to establish the
result) to obtain the existence of such approximation solutions, we need, after smoothing f,
¢, 02 and so on, to modify the value of the smoothed f(z,t) in a neighborhood of the base
of the smoothed cylindrical domain, so that the compatibility conditions up to the first order
be satisfied. Of course, the range where the smoothed f(z,t) is modified must be getting
smaller and smaller and eventually tending to an empty set. Obviously this requirement
certainly brings some trouble to the task of establishing uniform (independent of the range
of modification) estimate of the derivatives with respect to ¢ of the approximation solutions,
which is of crucial importance in our approach. We confront with the same kind of difficulties
in dealing with the “frozen problem” as can be seen in §3, where we show how to overcome
these difficulties.

Owing to the form of the equation in (1.1) treated here, which is different from the
corresponding parabolic Monge-Ampere equations in [8], in proving the existence of approx-
imation solutions or of the solutions to the frozen problem, in the present case we need
to verify the necessary condition of preventing them from blow up, i.e. “the sum of the
derivative of the solution with respect to t and the function on the right hand side of the
equation must be strictly positive”, which is showed in §5.

By the way, comparing the result here with an early one on the existence of solutions
in Cfota’Haﬂ(Q) to (1.1°) in [5], one can see that f(z,t) needs to be in C%1(Q) in [5] but
only needs to be Lipschitz continuous on @ in [8] and in this note. Actually, in [5] the
author did not give the proof (even the precise formulation) of a theorem of the existence
of solutions with global regularity, as it was needed to get his conclusion, so the problem
of how to deal with less regularity of f(x,t) and the lack of compatibility conditions as we
do in this note and in [8] were ignored. Mainly the interior estimate of second order spatial
derivatives (like Theorem 3.5 in this note) and some lower order estimates for the solutions
to (1.1) are obtained in [5]. Moreover, as can be seen in [8] and in this note, to realize
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the nonlinear perturbation, we have more and crucial work to do. Of course, owing to the
special structure of the equation in (1.1%), there is no problem of “preventing the solution
from blow up” in [5] to be treated, but we need to treat such problem for (1.1).

§2. The Special Viscosity Solution

Assumptions.

(A1) Q is a bounded and strictly convexr domain C R™ with C? boundary, i.e. there
is a strictly convez function V(z) € C*(R"™) such that Q = {x € R"|¥(z) < 0} with
N = {x € R"|¥(z) =0} and that |D,V(x)| #0, Va e .

(A2) f(z,1) € COHIOH(Q).

(A3) ¢(z,t) € C*H(Q) with (D2¢(x,0)) > 0,Vx € Q. (Hence, by (Al), one may assume
that ¢(x,t) is strictly convex in x for any fized t € [0,T].)

(A4) Either (1.2) and (1.4), or (1.2°) and (1.4°), are valid.

Convention.

We will say that “a constant C' is under control” or “a controllable constant C”, if the
constant C depends only on the date in (Al)— (A4), e.g. the C? norm of O), the Lipschitz
constant of f(x,t), the C*>! norm of ¢, bounds of the eigenvalues of (D2¢(x,t)) as well as
n—the dimension of R", etc.

Definition. We call u(z,t) a viscosity subsolution (supersolution) of the equation
Pu(z,t) = f(z,t) inQ, (2.1)

if u(z,t) € C(Q) is convex in = and there exists a constant C > 0 such that u(x,t) — Ct is
strictly decreasing in t. Moreover for any v € C*(Q), whenever

u(z,t) = P(z,t) < (Z)u(zo, to) = (20, t0), V(2,t) € QN{t <to},

we must have

Py(xo,t0) > (<) f(z0,t0)

(for supersolution, we also require that (D;ji(xo,t0)) > 0 in matriz sense). If u(x,t) is both
a viscosity subsolution and supersolution of (2.1), then we call u(x,t) a viscosity solution of
(2.1). By a wviscosity solution u(x,t) to the problem (1.1) we mean that Pu = f in Q in the
sense of viscosity solution with u(z,t) = ¢(x,t) holding point wise everywhere on 0,Q.

As a standard consequence of this definition we have:

Let uy(z,t), u(z,t), fr(z,t) and f(z,t) be continuous functions on Q. Assume that
ug(z,t) and fr(z,t) uniformly converge to u(x,t) and f(x,t) on Q respectively. If there
exist constants Cy > 0 such that u(x,t) — Cit is strictly decreasing in t with Cy uniformly
bounded, then, in the sense of viscosity solution, “Puy = fr in Q7 implies “Pu= f in Q.

For the special viscosity solution and its approximations we have

Theorem 2.1. If (A1)—(A4) hold, then the problem (1.1) has a unique viscosity solution
u(z,t) € C(Q). Moreover there exists an approzimation sequence {uy(z,t)}3, C C=(Q)N
C*e1+5(Q) such that

sup |ug(x,t) —u(z,t)| = 0 ask — o
Q
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and that
|Uk($,t)| < M07 v (‘T,t) € @7
|DtUk(£L',t)| S MT7 v (.’E,t) € 67

|Dyur(e, )] < My, ¥ (2,1) € Q, (2:2)
1 _
Dyug, + fr(x,t) > 51/1 >0, V(z,t)eq
as well as that
Pug(z,t) = fr(z,t),
sup | fi(z,t)| < sup|f(z, )| + 1,
Q Q (2.3)

sup|f(x,t)| +sup | — Dy + (det D3¢)"/"| < Mo,
Q Q

where the constants My, My, My and My are all under control.

The uniqueness can be obtained in the same way as in Proposition 2.3 in [9]. And the
proof of existence can be realized by almost the same approximation procedure as in [8],
with the fi(z,t) constructed by the procedure stated in the opening part of §5, i.e. set
€ = €, > 0 small enough in (5.6) or (5.6’). But, to prove the existence of the approximation
solutions is different from [8] in directly using the existence theorem of classical solution in
[6]. In the present case one can not use directly the corresponding result in [4] mentioned in
Section 1 of this note since the required structure conditions may not be satisfied. What we
have to do is to follow the approach for deriving this theorem in [4] to establish the existence
again. In so doing there are some points that we need to deal with carefully. For instance,
in proving

|Dyug(z,t)] < Mrp, V (2,t) € Q,
there is a little difference from [8], which can be seen from, and can be treated by the method
in the proof of Proposition 3.4 below; moreover, for establishing the fact that
1 _
Dyuy, + fr(x,t) > Pl >0, V(x,t) eq,

we give a derivation in Lemma 5.1 and Lemma 5.17 in §5. The rest part of the proof for the
existence of approximation solution is omitted here.

Then obviously we have

Corollary 2.1. Let u(x,t) and ug(x,t) be those from Theorem 2.1. Then, for any
constant C' > My + My with My from (2.3), the functions

vg(z,t;C) = ug(z,t) — Ct (2.4)
and
v(x,t;C) = u(z,t) — Ct (2.5)

are strictly “convex—monotone”, i.e., strictly convez in x and strictly decreasing in t on Q
with

Puog(x,t;C) = fr(x,t) + C inQ, (2.6)

{ —MT—CSDt'Uk(LC,t;C) < Mr—C < —M, <0, V ]ﬂEN,

2.7
Dy (z,6;,C) + fi(z,t) +C >v/2>0, V ke N, 27)
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Pu(z,t;C) = f(z,t) + C in Q. (2.8)

It is easily seen that the regularity of the viscosity solution u(z,t) follows from the same
regularity of v(x,t; C) given by (2.5).

§3. Auxiliary Results for Regularity

In this section some auxiliary results for establishing the regularity of v(z,t; C) given by
(2.5) are formulated, most of which can be derived in similar ways as in [8] except one fact
(Proposition 3.4 below).

Theorem 3.1 below tells us that, for any fixed point (xg,ty) € D’ with D’ CC @Q, one can
find a sequence of domains Dy with “desirable” boundaries, which eventually shrink to this
point. Theorems 3.2 and 3.6 are corresponding to Theorem 3 in [2], which guarantee the
existence of solutions to the frozen problems and the “desirable” interior estimates for the
derivatives of them.

Since the proof of Theorem 3.1 in [8] is only based on the “convex—monotone” property,
by Corollary 2.1 we have

Theorem 3.1. Assume that (Al)—(A4) hold. If u(x,t) is the viscosity solution to (1.1)
obtained from Theorem 2.1, v(x,t;C) is given by (2.5), then for every domain D' CC Q
there exists a constant Hy > 0 possessing the following property: for (xg,t0) € D’ and
p = Dyv(xg,to; C) which is the only one among all p € R™ that satisfies

- (x— ) + v(x0, to; C) < v(x,t0;C), Ve,

if we set , for v(x,t;C) given by (2.5),
vg =vg(z,t;C) =v(x, t;C) —p- (v — xg) — v(wg, to; C) — H,

Dy = {(2.1) € Q| v (. 1:C) < 0,1 < 1y}, 3.1)
then we have
dist{Dg,0,Q} >0, V H € (0, Hy]. (3.2)
Moreover, ¥ np > 0, 3 H(n) > 0 such that, whenever ¥V H < H(n),
diam Dy <, V (zo,to) € D'. (3.3)

Now we are in a position to formulate the frozen problem and establish the existence of
the smooth solution to it, thus building up a step stone to do nonlinear perturbation.
Theorem 3.2. Under the conditions and notations of Theorem 3.1, there exists a con-
trollable constant C > My + Ms such that the problem
{PwH(x,t;C) = f(xo,t0) + C in Dy,

3.4
wy(z,t;C) =0 ondp,Dy (34)

has a unique solution wy(z,t;C) € C®(Dy) N C(Dy), and there exists a controllable
constant C7 > 0 such that

0 < Cr' < —Dywy(x,t;C) < Cy in Dy, (3.5)
|Dywp (z,t;,C)| < Cy in Dy. (3.6)



No.4  Wang, R. H. & Wang, G. L. A TYPE OF PARABOLIC MONGE-AMPERE EQUATION 411

To prove this theorem we use twofold approximations again as in [8]. For vy (z,t; C') given
by (2.4) we set

Vi, = kg (2,1 0)

vg(z,t;C) — Dyvg(zo,t0; C) - (x — 20) — vi(x0,t0; C) — H, (3.7)

Dyg ={(z,t) € Q| vp,u(x,t;C) <0, t <t}
and
Dy gy =D N{t>tgo+ lil} for sufficient large I € N, (3.8)
tk,o = inf{t| ({E,t) € Dk,H} '
and consider problems
Pu(x,t) = Na:,t in G,
Pi(z, ) = J(o. 59
u(z,t) = g(z,t) on 9,G,
where, in case of G = Dy, g, we set
~:E,t = f(xg,t9) + C,
f(@,t) = f(zo,to) (3.10)
g(z,t) =0,

but in order to satisfy the compatibility conditions up to the first order, in case of G = Dy, gy,
we set

f(z,t) = f(zo,t0) + C

t—tpo— 11 .
—h<l’_71>{f($o,fo)+C—7’Uk,H($ytk,o+l ;)%
g(x,t) = 0(= v, g (x,t;C)) n Dy gy N{t >ty o+ =1,

g(z,t) = vp, (T, tg,0; C) on OpDy gy N{t =tro + 1=},

(3.11)

where
h(s) € C*(R') with 0 < h(s) <1,

1
h(s) =1, VSSZ, h(s) =0, Vs>

9

N =

‘%h(s)’ <.
Now we go further along a line as in [§].
The first step is to get a simple lemma:
Lemma 3.1. Let Dy g and Dy gy be given by (3.7) and (3.8) respectively, G = Dy g or
Dy If u(z,t) € C*HG) N C(G) satisfies (3.9) with f(xz,t) and g(z,t) given by (3.10) or
(3.11) respectively, then there is a controllable constant M > 0 such that

0> a(x,t)>—M onG.

The second step is to prove the key result in this note:
Proposition 3.1. Under the conditions of Lemma 3.1, assume further that u(z,t) €
C*2(G)NCY(G). Then we have

- 1
f(z,t) + Dyu(z, t) > VRes V(x,t) € Dg g, (3.12)
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where the constant v1 comes from (1.2). Moreover, there exists such a controllable constant
C > My + My that one can find a positive constant Cy under control such that
0<Cyt < —Di(a,t) <Cy, Y (x,t) €G, (3.13)
|Dyu(z,t)] < Cq, V(x,t)€G. (3.14)

Proof. Noticing the facts that f € COT10F1L(Q) and fi, — f in C(Q) with their first
order derivatives uniformly bounded, as well as the second inequality in (2.7), one can easily
see that, for k large enough, the conditions (5.9) and (5.10) of Lemma 5.2 in § 5 are all
satisfied. Then by that lemma (or repeating its proof) we can obtain (3.12).

(3.14) can be proved easily (in the same way as in [8]), so we only prove (3.13) here.

Case 1. G = Dy j.

By definition u(x,t) satisfies

Pﬂ(xﬂf) = f(xo,to) + C in Dk,H,
u(z,t) =0 on 0,Dy H.
We thus have
— Di(Dyt(z, 1)) + O(x, t)u" (z,t) Dij (Dyti(z,t)) = 0 in Dy,
(@ (2, 1)) = (Diju(z, 1))~
1
O(x,t) = —det™ (D; ju(z,t)).
n
By maximum principle we have

inf (Dyu(z,t)) < Dyu(z,t) < sup (Diu(z,t)), YV (z,t) € Dy .

O Dk, 1t 9y Dk 1t
To obtain a bound of D,u(zx,t) on d,Dy , we take Kvy m(z,t;C) as a barrier with K > 0
being a constant to be determined. Noting (3.7) and (2.6), we have
PlKvg u(z,t;C)] = —KDyvg g + Kdet%(DijvkyH)
= K|fr(z,t)+ C].
Then, by (2.3), we have
PlKvi,u(x,t:C)] > f(xo,to) + C = Pu(x,t) in Dy g
{for K =3, C>4{sup|f|+1},

and

PlKvg,u(x,t;C)] < f(zo,t0) + C =Pu(x,t) in Dy g
C

for K =—, > 4[sup | f| + 1],

1
2
as well as

vg,u(z,t;,C) =u(x,t) =0 on 0Dy m.
Therefore we have

1 -

iDtvk,H(:mt; C) > Diu(x,t),

Dyu(x,t) > 3Dy u(z,t;C),

for C' > 4[sup|f|+1], V (z,t) € O,Dp, i,
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which shows that (3.13) is true for any C > Mp + 4Ms in case G = Dy.
Case 2. G = Dk,H;l~
We divide G into three parts:
1
Gi1 =Dy maN {t <tpo+171+ 11_1}7
G2 = Dy, \ (G1 UGS3),

Gs = Dy N {t >tpo+ 17+ %l*l},
and consider the problem in each of them separately.
Firstly note that when (z,t) € G1 we have
f@,t) = f@ tio+171) +C,
Dy f(x,t) = 0.
So by the same reasoning as in Case 1 we have

inf D,u(z,t) < Dyu(z,t) < sup Dya(z,t), V (z,t) € Gy.
9 G1 8,G1

To estimate the extreme sides we use barrier again and, as in Case 1, we get
1 ~
§Dtvk,H(fE,t§ C) > Dyu(x,t) > 3Dy u(x,t;C)

for C > 4[sup |f| + 1],V (,t) € 9,G1 N {t >t o + 171}
and then, by the compatibility condition of the first order, we have
Dyi(z, o+ 1) = Dyvp (0 + 175 0),
{ V(@ tho +171) € 0,GiN{t =ty + 11}
Therefore, from (3.15)—(3.17) we have

1 ~
= sup Dy g (x,t;C) > Dyu(z,t) > 3 inf Dyvg g (x,t;C)
9,G1 9pG1

for C > 4[sup |f|+1], V (z,t) € Gy.
Then from (3.7) and (2.7) we conclude
— (O = Mr) > Dy, 1) > —3(C + My)
for C' > 4[sup|f|+1], V(z,t) € Gy,

which means that (3.13) is true for any (z,t) € Gy.
Secondly note that when (z,t) € G2 we have

f(z,t) = f(zo,t0) + C

t—tyo— 17" 4
— b ) {f @o,t0) + C = Pua(w,tho + 175 )}
By definitions of h(s) and v g as well as (2.6) and (2.3) we have

[t = tho — I Def(2,t)] < 8(2sup|f|+1), ¥ (2,t) € Ga.

Denote
= —D; +O(z,t)u" (z,t)Dyj,

I =_
(@ (x,t)) = (Dijﬂ(a:,t))_l,

1 1
O(z,t) = —det™ (D; ju(x,t)).
n

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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Then from (3.9) and (3.11) we have
Li(z,t) = —Dy(Dyu(z,t)) + O(x,t)u" (z,t) Dy (Dyti(, 1))
=D f(x,t), V (x,t) € Ga.
Set
U(z,t) = [t - — 1795 exp{D;i(z,1)},
LU(z,t) =L Z@ ,t)( Zaw t)D; Dy, 1)) D;U (, t)

with K being a constant to be determined. Then we have
LU(z,t) = —K(t — tyo — ") XL exp{Dyii(z, 1)}
— (t = tro — 7YX exp{Dsi(, t)} Dy (Dyti(, 1))
+ (t = tro — 171" exp{ Dy, )}0(x, t)a" (,t) Dyj(Deule, 1))
= (t — tyo — ") exp{Dyi(w, )}~ K + (t — tro — 17" Dif(2,1)].
Hence by (3.20) we have
LU(x,t) < (t — tho — 17K Vexp{Dyti(z, t)}[-K + 8(2sup | f| + 1)] <0
{ for K = Ko = 8(sup |f| + 1), V (z,t) € G
and
LU(x,t) > (t = tro — 171 exp{Dyi(x, 1)}~ K — 8(2sup|f| +1)] > 0
{ for K = —Ky= —8(sup|f| +1), V(=z,t) € Ga.
By maximum principle we thus have

[t _ tk,o _ lfl]KoeDtﬂ(m,t) > inf [t _ tk,o _ lfl]KoeDtE(x,t)’

9,Ga

[t — ty, — 17 Koelril@t) < sup [t — tpo — 171~ KoeDeul@t) (3.21)
p G2

Ko =8(sup|f|+1), V(z,t) € Ga.
Note that
1
g St-
so we have, from (3.21) and (3.22), that

1

tho —171) <
k, )_217

Y (z,t) € Ga, (3.22)

1 D u(x,t) ( 1 )KO 1 7
t >
( > (1 exp{alanf2 Dyu(z,t)},

1 1\ K -
( © Dii(at) < ( ) 0 exp{ sup Dyi(z, 1)},
1 o

Ky=8 sup|f\ + 1) 4 (.’L‘,t) € Gs.
Hence it holds that
Dyu(z,t) > =K1 + inf Diu(z,t),
8, G2
Dyu(z,t) < Ky + sup Diu(x,t), (3.23)
9, G2
Ky =16(sup|f|+1), V (z,t) € Ga.
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From (3.19) we have
inf Dyu(x,t) > —3(C + Mry),
0pGan{t=ty o+l 1+11-1}
~ 1
sup Dyu(z,t) < —=(C — My), (3.24)
OpGan{t=tp o+l T+51-1} 2
for C > 4[sup|f| + 1]
And a barrier argument as used for Gy gives
inf Du(x,t) > —=3(C + Mr),
OpGan{t>ty o+l 1+ 111}
~ 1
sup Diu(x,t) < —=(C — My), (3.25)
0y G {t>th o +1-1+11-1} 2
for C' > 4[sup|f|+ 1].
From (3.23)—(3.25) we then have
1 ~
Ky — 5(0 — MT) > D{u(.’lﬁ,t) > —Ky — 3(C+MT),,
Ky =16(sup|f|+1) V (,t) € Ga,
for, C > 4[sup|f|+ 1].
So we may choose, e.g.,
C=Mr+32(sup|f|+1)+1,
(3.26)
Cy = 120[sup | f| + 1] + 8 M.
Then we have
—Cy < Dyii(z,t) < —C, 71 <0, Y (x,t) € G, (3.27)
which means that (3.13) is true for any (z,t) € Ga.
Finally note that when (z,t) € G3 we have
f(l’,t)zf(mo,to)+0, Dt.]?(xvt>507
so by the same reasoning as for G, we have
aint Dyii(z,t) < Dyti(x,t) < sup Dyu(x,t), ¥ (z,t) € Gs (3.28)
pY3 pG3
and
1 ~
§Dtvk7H(:E7t;C) > Dy(z,t) > 3Dyvg g (x, t;C),
1
¥ (@,1) € Gy 1 {t > tho +17 + 2171 (3.29)
for C > 4[sup |f| + 1],
as well as
~ ~ 1
Dyii(z,t) = Dy(w, o + 171 + 55—1),
(3.30)

1
Y (z,t) € 0,GsN{t =tpo+ 11+ 5l—l}.

From (3.28)—(3.30) and (3.27) we conclude that (3.13) is true for any (z,t) € G, the
combination of which with (3.19) and (3.27) shows that (3.13) is true in the case G = Dy, gy
with C' and C; determined by (3.26). And the proof of Proposition 3.1 is thus completed.
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Having established the above Proposition we can prove or derive the following two theo-
rems in the same ways as in [8].

Theorem 3.3. Let Dy, Dy g and Dy my be given by (3.1), (3.7) and (3.8) respectively.
Assume that w(z,t) € C*(G) N C(G) with its first order derivatives bounded in G for
G = Dy or Dy g, and w(z,t) € C*2(G) N C?1(G) for G = Dy, as well as that w(z,t)
is the solution of (3.4) or w(x,t) = U(x,t) is the solution of (3.9) with f(z,t) and g(z,t)
given by (3.10) and (3.11). Then for any G1 CC G (in the conventional parabolic sense) it
holds that

su |D2UJ($ t)‘< Cleame
VP < 6 a0

(3.31)

where
diam, G = sup{|z1 — z2| | (x1,1), (x2,1t) € G},
dist,{G1,0,G} = inf{|z1 — 22| | (z1,t) € Gy, (x2,t) € 0,G},
dist;{G1,0,G} = inf{|t1 — t2| | (z,t1) € G1, (z,t2) € 0,G},
Co = Co(n, T, sup |wl|,sup | Dyw|, inf | Dyw| ™!, sup |f|, sup \Dxﬂ, sup \Diﬂ)

Note that, for frozen problem (3.4) or (3.9) with fgiven by (3.10), the right hand side
of the equation is a constant, so the constant Co depends only on the bounds of f and is
independent of the derivatives of f.

Theorem 3.4. Under the conditions and notations of Theorem 3.3, for any domain
G2 CC Gy (in the conventional parabolic sense), there exist constant Cs > 0 and B € (0,1)
depending only on the data from (Al)—(A4) as well as dist(G2,0,G1) such that

‘w(matﬂcﬂﬁ,uéﬁ(@z) < Cs. (3.32)

Note that, for G = Dy or G = Dy u, what Theorem 3.4 gives is just the “desirable”
interior estimates for the higher order derivatives of the solution to the frozen problems.

The last step is the proof of Theorem 3.2 itself, which can be realized by using Lemma
3.1, Proposition 3.14, Theorems 3.3 and 3.4 in the same way as in the proof of Lemma 3.1 of
[8]. About this procedure we should add the following crucial remark, which was also used
implicitly there.

Remark 3.1. Note that the defining functions ®(x,t) = vg, g (x,t;C) of Dy g in (3.7),
as well as in Lemma 3.1 of [8], are strictly convex-monotone and smooth in a neighborhood
of Dy p. So it follows easily that, as in the beginning part of the proof of Proposition 1.1
in [9], each of the Legendre transformations

Ly :(x,t) € Dy — (p= Dy®p(z,t),h = Dy ®p(z,t) - 7 — Pp(x,t))
is an injection. Therefore, because at the lowest point (zx,0, tk,0) of 0Dy g we have D, O =
0, and ®(z,t) = 0 everywhere on 0, Dy, u, we conclude that, for all large | €N,
D, ®y(x,t) #0 everywhere on the lateral part of 0Dy .

This property of Dy iy just meets the needs of the method of continuity in employing the
known result about linear equation (see Theorem 7 on page 65 in [3]).

Remark 3.2. If f(xg,%) in (3.10) is replaced by fi(zo,to), then (3.9) becomes the
frozen problem related to vy m. From above one can see that, for these frozen problems,
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the existence of solutions and the kind of “desirable” interior estimates for the derivatives
of solutions are all valid, which are uniform for k.

t4. Regularity

We establish the regularity of the function v(x,t; C) given by (2.5) with C fixed by (3.26),
from which the regularity of the viscosity solution u(z,t) obtained from Theorem 2.1 follows

at once.
The regularity result of the note is the following

Theorem 4.1. If (A1)—(A4) hold, then the viscosity solution u(x,t) to problem (1.1)
belongs to C’ita’H%(Q), a € (0,1).

To prove this theorem, by using the results of [6] as in [8], it is enough to establish
the locally uniform bounds of the second order derivatives (or the second order deference
quotient) with respect to x for the approximation solutions. But, since the derivation of
this kind of bounds depends only on the existence of solutions to the frozen problems and
on the “desirable” interior estimates of these solutions, in view of Remark 3.2, one can use
the same procedure to derive this kind of bounds for v or for vg. And this can be realized

by the same procedure as in §4 of [8], so we omit it.

85. Appendix

In this section we show the strict positiveness of the sum of the derivative of the solutions
with respect to ¢ and the function on the right hand side of the equation. Lemma 5.1 and
Lemma 5.1’ deal with the case of the approximation problem, the case of frozen problem is
dealt with in Lemma 5.2.

In order to use the result like those in [4] to construct approximation solutions, we need to
make the data of the problem smooth and satisfy the compatibility conditions. To this end,
we extend the data to the outside of Q x [0, 7] and then modify them suitably to make them
not only smooth enough but also satisfy certain inequalities. Precisely speaking, suppose,
in doing so, f, $,Q and [0, T] become g,%,T and (£, T] respectively with

Q=0x[0,T)cT x ({,T] =K,
¥ (x,t) is strictly convex in z, (5.1)
I" is a strictly convex domain,

then the following inequalities are satisfied : When it is supposed that the conditions (1.2)
and (1.4) hold, we have

1
ming+ min  Du(x,t) — —ad®> > v, /2 > 0,
K g (z,t)€F, K (@) 2 = v/

d is the radius of the minimal ball containing T,
(5.2)
a = max{0; max D.g},

min(det D2e(z, 1))/ > 0,
r
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and
{gw) = [=Du(a,1) + (det(Dio (@, 1) 7] < 0 53)
for (x,t) near OT x {t = {};
and if (1.2°) and (1.4’) hold, we have
min(Des +9) > 71/2 > 0
g(x,t) is a concave function in x € T for any fixed t € [£, 7], 5.2)

(det D24(z,1))*/™ is a concave function in x € T,

min(det D2y (z,1))/" > 1y
T
and

o en (5.3)
— Dytp(z, 1) is concave in z € T

{ — Dyp(,t) is decreasing in ¢ near f for z € T,
In the case when either (1.4) or (1.4’) holds (hence either (5.3) or (5.37) is valid), we need
further modification of the data. It is easy to see that we can construct cutoff functions 7(s)
and ((z) such that they not only satisfy the following conditions

n(s) € C(R") with 0 < n(s) < 1,7/(s) <0,

5.4
n(s)zlforsgi;n(s)EOfor 82% (54)
and
() € CF(R"), 0 < ((x) <1,
¢(x) =1 for x near 9T'; {(x) = 0 for x a little far from O’ (5:5)
but also possess the following properties: when (5.3) holds we have, for small € > 0,
— ()@ gta, 1) — [Deb (e, B + (det(D2(a, 1)1} 20,
1, t—1 y ! 5.3-1
(D) c@ptoe ) - D) + @D Ay <o, Y
V(z,t) € K;
when (5.3”) holds we then have
a(“E) Dt 1) — Dl By + ([det(D(, 1)/} >0,
V(z,t) € OT x [£,T), (5.3-1)
— Dyp(,T) is concave in x € T.
Now if we set
Fat) = gt t) = 0= ) @) gt 56

— [=Detp(w, f) + (det(D2u(x, 1)) 7]}

Fat) = gte,) = (") g, t) = [=Dee, ) + ([des(D2Y(, )]} (56)

(Note that the notation f in this section is different from the same one in §3),
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then the problem

{Pu = —Diu+ (det D3u) = f(z.1), (2,1) € K, (5.7)

u(z,t) =Yz, t) (x,t) € 0K
obviously satisfies the compatibility conditions up to the first order.
In the case when both (1.2) and (1.4) (hence (5.2) and (5.3-1)) hold, we need to show
Lemma 5.1. Let T be a strictly conver domain in R", K = T'x({,T]. Ifu(x,t) € C*'(K)
is the solution to the problem (5.7) with f(x,t) defined in (5.6), and g,v,dT are all smooth,
(5.2), (5.3-1) are valid, then it holds that
1

Dyu+ fla,t) > % V(z,t) e K (5.8)
with v, from (5.2).

And in the case when (1.2’) and (1.4°) are satisfied (hence (5.2’) and (5.3’-1) hold), we do
not need to do further modification. Based on them we can prove the “strictly positiveness”,
ie.,

Lemma 5.1°. Under the assumptions of Lemma 5.1 with (5.3-1) and (5.2) replaced by
(5.3-1) and (5.2') as well as f(z,t) defined in (5.6°), it holds that

Dyu+ f(x,t) > min {%, %} (5.8")
with oy, Uy from (5.2°) respectively .

Finally we consider an analogy of the frozen problems discussed before, which can still
be written in the form as in (5.7) with f(z,t) defined by (5.6’), but with the g(z,t) =const.
in it, and moreover with the structure conditions being both

{ iréfg(x,t) + c%?lf( Dy > v >0, (59
g(z,t) = const.
and
l9(x,t) = [=Dpp(x, 1) + (det(D2y(x, D)) )| < p, Vo el
(5.10)

14
with 0<p<— "
201+ [['[|)

The motivation of doing this is to illustrate the method of proving (3.12) of Proposition 3.1.
We have
Lemma 5.2. Under the assumptions of Lemma 5.1° with (5.2°) and (5.3’-1) replaced by
(5.9) and (5.10), it holds that

Dyu + f(z,t) > (5.11)

NN

with v from (5.9).
Proof of Lemmas 5.1, 5.1’and 5.2. Let us consider the linear parabolic operator,
which is the linearization of P around wu, acting on v, and is given by

L, (v) = =Dy + F;;(D2u) Dyjv, (5.12)

, \W1/n
where F;;(D?u) = O(det(uiz)) °* satisfying the inequality

Buij

trace(Fi; (DZu)) = > Fii(Diu) > 1. (5.13)
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Firstly we prove Lemma 5.2.
We divide the domain K into three parts:

Ky =Kn{t—1<e/4},
Ko=KnN{t+e/d<t<it+e/2},
K3 =K\ (K71 UKo>).
On the domain K, we have
L.(Dyu) = D, f(z,t) = 0.
Then, by comparison theorem, it holds that
Dyu(x,t) > (%1}{111 Dy, Y (z,t) € K;. (5.14)
Hence, for (z,t) € K1, we have, by (5.9) and (5.10),
f(2,t) + Dyu = [—-Dy(x, %) + (det(D2(x, 1)) — g(x,t) + g(z,t) + Dyu
> —p+g(w,t) + g;iz? Dy

- " D (5.15)
> —p+infg(z,1) +min tt)

>v/2 forpu<v/2
On the domain Ky, let
v=Dyu+b(t—ty), withto=14¢/4, b= p||n||L=/e

Then we have

Ly,(0) < Dif(z,t) —b<0 for(z,t) € K.
By comparison, it follows that

Dyu+b(t —tg) > gg}g Diu V(z,t) € K.
Hence for (z,t) € Ky we have, in view of (5.14),

f(x,t) + Doz, t) > flx,t) + min D) — be/4

. !
> g(,) = p+min Dty — pllll /4 (5.16)
>

f <
v forp<g

1 v
2 (L4 [ lp=)

On the domain K3, we have
Lo(Dyu) = Dy f(x,t) = Dyg(x,t) =0 for (2,t) € K.
By comparison, it holds that
Dyu(z,t) > (%1;(11 Diu, V(x,t) € Ks.
Hence, for (z,t) € K3, we have
f(x,t) + Dyu(z,t) > f(x,t) + 5?}(113 Dyu = g(z,t) + 5?}?3 Dyu. (5.17)
And combining this with (5.16) we get

f(z,t) + Dyu(z,t) > g(x,t) + éI)n;? Dyp > v/2. (5.18)



No.4  Wang, R. H. & Wang, G. L. A TYPE OF PARABOLIC MONGE-AMPERE EQUATION

421

Thus Lemma 5.2 is proved.
Next we prove Lemma 5.1, which is much simple.
From (5.6) and (5.3-1) we have

Def@.t) = [1 = (=)@ Prste.0)

~ 2 () c@) ot t) — [-Dasta, 1) + (e D2, 1) 7}

€ €
< (1 =n¢)Dig(z, 1),

therefore, with the constant a from (5.2),
Dif(z,t) —a < (1 —n¢)Dig(z,t) —a <0 inK.
Hence for
v = Dyu — %d(m — 20)?
we obtain, in virtue of (5.13),
L,(v) < Dyf(z,t)—a <0 inK.

By comparison, it holds that

Dyu — %d(m - 10)2 > g;l}r{l Dyyp — %d(?.
Noticing the definition of f(z,t), (5.3-1) and (5.2), we thus have

f(z,t) + Dyu > fx,t) + Dyu — %d(x —20)?
> fla,t) + min Dy %ad?

1
> t in Dy — —ad?
> g(x, )+1énpg(1 1) 50

>y /2 for (x,t) € K.
Thus Lemma 5.1 is proved.

Finally let us go to prove Lemma 5.1°, which is also simple.
From

+1Fi Dig{ =D (, 1) + (det(D34(w, 1))/}
< nF;;Dij{—Dy(x,t) + (det(D2y(2,1)"/"} <0 in K

where we used the concaveness assumption, then by comparison we have

Dyu(z,t) + f(x,t) > gni}r{l{Dtu + f}. (5.19)

When (z,t) € OT x [t,T], from (5.2”) and (5.3’-1) we have

9

Deu(a, ) + F = Do, 0) + g(a,0) = (=) {g(a,)
— [=Dup 1) + (det(D2s(x, ) /7))
> (1= 0)in/2 + n(det (D2 (2, ) /"
Z min{ﬁl, 17)1}/2

~
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When (z,t) € T x {t =}, from (5.7) and (5.2’), we have
Dyu(a,£) + f(x,1) = (det(D3u(x, 1)/,
= (det(D3v(z, D))" > 0.

Combining the above two inequalities with (5.19), we complete the proof of Lemma 5.2.
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