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Abstract

This paper investigates the maximal and minimal solutions of initial value problem for
second order nonlinear impulsive integro-differential equation in a Banach space by establishing
a comparison result and using the upper and lower solutions.
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§1. Introduction

The theory of impulsive differential equations in Banach spaces has become an important
area of investigation in recent years (see [1]). In paper [2], we have discussed the existence
of solutions of boundary value problem for second order nonlinear impulsive differential
equation in a Banach space by means of fixed point theory. Now, in this paper, we shall
investigate the existence of extremal solutions of initial value problem (IVP) for second order
nonlinear impulsive integro-differential equation in a Banach space by means of completely
different method, that is, by establishing a comparison result and using the upper and lower
solutions. Consider the IVP for impulsive integro-differential equation in Banach space E:

‘x,/:f(tvax)a tEJ, t#tka
Al"t:tk = Lkl’/(tk), L1
Ax/h:tk = L;cx(tk) (k = 1727 T 7m)7 ( . )

x2(0) = zg, 2'(0) =z,

where f € C(J x Ex E|E), J =[0,a] (a >0), 0 <t < -+ <tp < - <ty <
a, Ly, L) (k=1,2,--- ,m) are constants, zg, z1 € E, and

(Tx)(t):/o k(t, s)x(s)ds, (1.2)
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ke C(D,Ry), D={(t,s) € JxJ: t>s}, Ry is the set of all nonnegative numbers.
Az|i=¢, denotes the jump of z(¢t) at t = ty, i.e.
Aoy, = z(t]) — 2(ty),
where z(t) and x(t; ) represent the right and left limits of z(¢) at ¢t = ¢;, respectively, and
Az'|i=t, has a similar meaning for 2/(¢). Let PC(J,E) = {z : x is amap from J into F such
that z(t) is continuous at ¢ # ty, left continuous at t = t;, and z(¢]) exist, k = 1,2,--- ,m}
and PCY(J, E) = {z : x is a map from J into F such that z(t) is continuously differentiable
at t # ti, left continuous at t = t;, and z(t}), 2'(t;), «'(t]) exist, k = 1,2,--- ,m}.
Evidently, PC(J, F) is a Banach space with norm
[zl pc = sup [|(t)]].
teJ

For x € PC(J, E), by virtue of the mean value theorem
x(ty) —x(ty —h) € heo{a'(t) : ty —h<t<tg} (h>0),
it is easy to see that the left derivative a’ (t;) exists and
(tg) = hm R a(ty) — 2(ty — h)] = 2/(t;,).

In (1.1) and in the following, = ( k) is understood as 2’ (t;). It is clear that PC(J, E) is a
Banach space with norm

|zl per = max{||z] pc, [2']pc}-
Let J' = J\{t1,* ,tm}. Amap z € PC(J,E)NC?*(J',E) is called a solution of IVP(1.1)
if it satisfies (1.1).

§2. Comparison Result

Let E be partially ordered by a cone P of E, i.e. x <y if and only if y —2x € P. P is said
to be normal if there exists a positive constant N such that § < a < y implies ||z|| < N||y||,
where 6 denotes the zero element of E, and P is said to be regular if x1 <z <--- <z, <

- <y implies ||z, — || — 0 as n — oo for some x € E. It is well known that the regularity
of P implies the normality of P. For details on cone theory, see [3].

In the following, let Jo = [0,t1], J1 = (t1,ta],++ , Jm—1 = (tm=1,tm)s Jm = (tm,a], 7=
max{tgr1—tr: k=0,1,--- ,m} (heretg =0, t;,1 = a) and ko = max{k(t,s) : (¢,s) € D}.

Lemma 2.1 (a) If v € PC(J,E)NCY(J', E), then

(1) = 2(0) + / Sds+ 3 [o(th) —a(tn)], te (2.1)
0<tp<t
(b) If x € PCY(J,E)NC?*(J', E), then
2'(t) = 2'(0) + / s)ds + Z —2'(ty)], teJ, (2.2)
0<trp<t

and
z(t) = z(0) + t2'(0) + /0 (t — s)x" (s)ds
+ > () — 2] + (¢ — )l () — 2’ (W)}, te . (2.3)

0<trp<t
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Proof. (a) Let x € PC(J,E)NCY(J',E) and t; <t < t;41. Then

Adding together, we get

k t
w(t) — 2(0) — S (tF) — a(ts)] = / 2/ (s)ds,

i=1
i.e. (2.1) holds.
(b) Let x € PCY(J, E)NC?(J', E). Replacing z(t) by 2’(t) in (2.1), we get (2.2). Finally,
substituting (2.2) into (2.1), we can obtain (2.3).
Lemma 2.2. (Comparison result) Assume that p € PC1(J, E) N C?(J', E) satisfies
p’" < —Mp— NTp, teJ, t#tg,
Apli=t, < Lip'(tr),
Ap'le=e, < Lyp(te) (kK =1,2,---,m),
p(0) <6, p'(0) <9,
where M >0, N >0, L, >0, L, <0 (k=1,2,---,m) are constants and

(iLk +(m+ 1)7‘) (— iL; +a(M + akON)> <1 (2.5)
k=1 k=1

Then p(t) < 0 fort e J.
Proof. For any g € P* (P* denotes the dual cone of P), let u(t) = g(p(t)). Then
u € PCY(J,R)N C?(J', R), where R is the set of all real numbers, and

u'(t) = g(@'(t), g((Tp)(1)) = (Tu)(t).

(2.4)

By (2.4), we have
u’ < —Mu — NTu, teJ, t#ty,
Auli=g, < Lypu'(ty),

A=y, < L;@-U(tk) (k=1,2,--- ,m), (2.6)
u(0) <0, «/(0) <O0.
We now prove
u(t) <0, ted 27)

Suppose that (2.7) is not true. Then, there is a 0 < t* < @ such that w(¢*) > 0. Let t* € J;
and inf{u(t) : 0 <t <¢*} = —b. We have b > 0.
In case of b=10: wu(t) >0 for 0 < ¢ < t*, so (2.6) implies that u”(t) < 0 for 0 < ¢ <
t*, t # tg, and
A=y, < Liu(ty) <0 for tf <t*.
Hence, u/(t) is nonincreasing in [0,¢*], and therefore u/(¢) < »/(0) < 0 for 0 < ¢ < t* and

Auli—y, < Lgu/(tg) <0, for ¢ <t*.
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Consequently, u(t) is nonincreasing in [0,t*], so u(t) < u(0) < 0 for 0 < ¢t < ¢*, which
contradicts u(t*) > 0.

In case of b > 0: there exists a J; (i < j) such that u(t,) = —b for some t, € J; or
u(t]) = —b. From (2.6), we have

u’(t) < Mb+ Nakgb, 0<t<t" t#ty,

A=y, < Lyu(ty) < =bLy, tp <t*, and u/(0) <0,

so, by (2.2),
t
u'(t) < / (Mb+ Nakob)ds — Z bL), < bMy, 0<t<t", (2.8)
0 0<tp<t
where
Moy = aM + a’koN = > Lj. (2.9)
k=1

Now, mean value theorem implies
w(t') —u(t]) =u'(s;)(t" —t;)  (t; <s; <t"),
u(ty) —u(t]_)) = u'(sj-1)(t; —tj—1)  (tj—1 <sj-1 <1),
u(tive) —u(tiy) = u'(sipn)(tive = tivr) (g1 < sig1 < tiga),
u(ti+1) — u(t*) = 'U//(Si)(tiJr] — t*) (t* < s < ti+1), if u(t*) = —b,
u(tivr) —u(ty) =/ (sP)(tisn — i) (ti < 87 <tipa), if w(t])= b,
and, by (2.6) and (2.8),

u(t)) —u(ty) = Auliey, < Lgu(t) < bMoLy, ty < t*,

hence
u(t') —u(ty) — bMoL; < u'(sj)(t* —t;),
u(ty) —u(tj—1) —bMoLj—1 <u'(sj—1)(t; —tj—1),

u(tH_l) +b= u’(si)(tH_l — t*), if U(t*) = —b,
utivr) +b=u'(s7)(tigr — t:), ifu(t]) =—b.

Adding together and using (2.8), we obtain

J
u(t) +b—bMy > Li < (j — i+ 1)bMor,
k=i+1

and so
0 <u(t") < —b+bMo» Ly + (m+ 1)bMor,
k=1
which contradicts (2.5).
Hence (2.7) holds. Since g € P* is arbitrary, (2.7) implies that p(¢t) < 6 for ¢t € J. The

proof is complete.
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Lemma 2.3. Let z € PC(J,E). Then, x € PCY(J,E)N C?(J', E) is a solution of the
linear IVP
2 =—Mzx— NTx+ 2(t), teJ, t#t,
Ax‘t:tk = Lkl’/(tk),
Ax =y, = Ly x(tr) (k=1,2,---,m),
x2(0) =xzg, 2'(0) = a2y,

if and only if z € PC'(J, E) is a solution of the following linear impulsive integral equation

(2.10)

z(t) =z + tog + /0 (t —s)(—Max(s) — N(Tz)(s) + z(s))ds

+ 0 Lk (t) + (= tr) Lyx(ts)]- (2.11)

0<ty<t
Proof. If z € PCY(J,E)NC?(J', E) is a solution of IVP(2.10), then, substituting (2.10)
into (2.3), we get (2.11).
Conversely, if z € PC1(J, E) is a solution of Equation (2.11), then direct differentiation
of (2.11) gives

I/(t) I1+At(M$(S)N( )( ) d5+ Z ka tk teJ, t%tk,

0<tp<t
and

z"(t) = —Muxz(t) — N(Tz)(t) + 2(t), te€J, t#t.
Hence z € PCY(J, E) N C?(J', E) and x(t) satisfies (2.10).
Lemma 2.4. Let z € PC(J,E) and M >0, N >0, Ly >0, L, <0 (k=1,2,--- ,m).
If

2 m
a
b1 = 5 (M +akoN) )+ > 1Lk — (a— i) L] < (2.12)
k=1
by = a(M + akoN) = Y " Lj <1, (2.13)

then Equation (2.11) has a unique solution in PC'(J, E).
Proof. Define operator F' by

(Fx)(t) = 20 + taxy + /0 (t—s)(=Mx(s) — N(Tz)(s) + z(s))ds

+ > [Lea(t) + (t — te) Lia(te)]. (2.14)
Then )
(Fa:)’(t)::c1+/ (—Ma(s) = N(Tz)(s) + 2(s))ds + Y Lya(t), (2.15)
0 0<tr<t

and F is an operator from PC!(J, E) into PC*(J,E). For x,y € PC*(J,E), we have by
(2.14),

[(F)(t) = (Fy)(0)]| < (Mlla — yl| pc + akoN ]|z = yllpc) / (t - s)ds

+ > Ll =y llpe — (t = te) Lillz = yllpc],
O<trp<t
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SO

a2 U
1Fa = Fyllpe < S (M +akoN) ||z = yllpe + (- Le) ' = ¥/llpc
k=1

~ (Y ta=t)ri)lle —yllre

k=1
< billz —yllper,
where by is defined by (2.12). Similarly, (2.15) implies
|[(Fz)" = (Fy)'|lpc < ballz = yllper,
where by is defined by (2.13). Hence
|Fz — Fyllpor <0*||lz —yllper,  ,y € PCH(J,E), (2.16)
where
b* = max{by, b2} < 1. (2.17)

Consequently, the Banach fixed point theorem implies that F' has a unique fixed point in
PCY(J,E), and the lemma is proved.

§3. Main Theorem

Let us list some conditions.

(Hy) There exist ug, vg € PCY(J, E)NC?(J', E) with ug(t) < vo(t) (¢t € J) such that
ug < f(t,ug, Tug), teJ, t#1ty,

Augli—t, < Lipug(ty)

Augli=t, < Liuo(tr) (k=1,2,---,m),

up(0) < zg, uy(0) <

and
>f(t ’U(),T’UQ)7 tGJ, t?étk‘?
AUo|t tn = Livg(t),
AV) =y, > Livo(tr) (k=1,2,---,m),
vo(0) = wo, vp(0) = @
where constants L, > 0, L), < 0 (k = 1,2,- ,m), i.e. ug and vy are lower and upper

solution of IVP(1.1) respectively.
(Hz) There exist constants M > 0 and N > 0 such that

whenever t € J, ug(t) <T <z <wv(t) and (Tup)(t) <7 <y < (Tv)(t).
In the following, let
[ug,vo] = {x € PC(J,E) : uo(t) < z(t) < wo(t) for t € J}.

Theorem 3.1. Let cone P be reqular and f be uniformly continuous on J X B, X B,
for any r > 0, where B, = {x € E: ||z|| < r}. Suppose that conditions (H1) and (Hz) are
satisfied and inequlities (2.5), (2.12) and (2.13) hold. Then there exist monotone sequences
{un}, {vn} C PCYJ,E)N C?*(J',E) which converge in PCY(J,E) to the minimal and
mazimal solutions T, x* € PCY(J,E)NC%*(J',E) of IVP(1.1) in [ug,vo] respectively.
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Proof. For any w € [ug, v}, consider the linear IVP(2.10) with
z(t) = f(t, w(t), (Tw)(t)) + Mw(t) + N(Tw)(t). (3.1)
By Lemma 2.3 and Lemma 2.4, IVP(2.10) has a unique solution z € PCY(J, E)NnC?(J', E)
which is the unique solution of Equation (2.11) in PC(J, E). Let = Aw. Then A is an
operator from [ug, vo] into PC(J, E)NC?(J', E). We now show that (a) ug < Aug, Avg <
vo and (b) A is nondecreasing in [ug, vg]. To prove (a), we set u3 = Aug and p = ug — u;.
From (2.10) and (3.1), we have
u! = —Muy — NTuy + f(t,ug, Tug) + Mug + NTug, teJ, t+#ty,
Aul|t:t,c = Lkui (tk);
A=t = Liur(ty) (B=1,2,---,m),
u1(0) =z, uj(0) =z,
so, by (Hy),
p' =uy —u] <—Mp— NTp, teJ t+#t,
Apli=t, = Augli=t, — Dutli=t, < Lip'(tr),
AP ety = Dugle=t, — Duili=, < Lip(tr),
p(0) = uo(0) —u1(0) <60, p'(0) =uy(0) — uy(0) <6,
which implies by virtue of Lemma 2.2 that p(t) < 0 for t € J, i.e. up < Aug. Similarly,
we can show that Avy < vg. To prove (b), let wy, wa € [ug,vg] such that w; < wo and let
P = Wy — Wa, where Wy = Aw; and Wy = Awsy. Then, from (2.10), (3.1) and (Hsy), we have
p’' = —Mp— NTp — [f(t,ws, Twy) — f(t, w1, Twy) + M(wy — wy) + N(Twy — Twy)]
< —-Mp—NTp, teld t#t,
Apli=t,, = Lyp'(tr),
Ap'le=t, = Lyp(te)  (k=1,2,---,m),
p(0) =10, p'(0)=90.
So, Lemma 2.2 implies that p(t) < 6 for t € J, i.e. Aw; < Aws, and (b) is proved.
Let u, = Aup_;1 and v, = Av,—1 (n=1,2,3,---). By (a) and (b) just proved, we have

wp(t) Sur(t) < o <up(t) < - <wvp(t) < - <o (t) <wglt), ted (3.2)

On account of the definition of u,, and (2.11), we have

un(t) = o + toy + /0 (t — 8)(—Mun(s) — N(Tun)(s) + zn—1(s))ds

+ ) (L (k) + (= tr) Lijun ()], (3.3)
0<trp<t
where
zn—1(t) = f(t, un—1(t), (Tun-1)(t)) + Mup—1(t) + N(Tup—1)(t), (3.4)
ul(t) =21 + /0 (—Muy(s) = N(Tun)(s) + 2a1(s))ds + > Liun(ty). (3.5)

0<tp<t
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Similar to the proof of (2.16), by using (3.3) and (3.5) instead of (2.14) and (2.15), we can
get

Hun+i - Un”PCl S b*||un+z - unHPcl + a*||zn+i71 - anlHPCW

where b* is defined by (2.17), (2.12), (2.13) and a* = max{%,a}. Hence
o

1-b*

Since the regularity of P implies the normality of P, we see from (3.2) that V = {u, : n =

0,1,2,---} is a bounded set in PC(J, E). It is easy to show that the uniform continuity of

f on J x B, x B, implies the boundedness of f on J X B, x B,, so, by (3.4), there is a

constant ¢ > 0 such that

Hun+i - un“PCl S ||Zn+i71 - Zn71HPC7 (n,l = 13 2,37 e ) (36)

Hzn—lHPC S c (n: 1a2737"')7

and therefore, from (3.3) we know that functions {u,(t)} (n = 1,2,3,---) are equicontinuous
on each J (k=0,1,---,m). On the other hand, (3.2) and the regularity of P imply that
a(V(t) =0 (t € J), where V(t) = {un(t): n=0,1,2,---} and « denotes the Kuratowski
measure of noncompactness in E. Hence V is relatively compact in PC(J, E), and so, there
is a subsequence of {u, }, which converges uniformly in ¢ € J to some T € PC(J, E). Since
{un} is nondecreasing and P is normal, the entire sequence {u,} converges uniformly in
teJtoz, ie.

llup, —Z|lpc = 0 (n — o0). (3.7
From (3.4) and (3.7), we find
l|zn—1 —Zllpc = 0 (n — o0), (3.8)
where
Z(t) = f(t,Z(@), (TZ)(t)) + MT(t) + N(TT)(t). (3.9)

Now, (3.6) and (3.8) imply that the sequence {u,,} is convergent in PC'(J, E), and hence,
by (3.7), T € PC'(J, E) and

llun, —Z||pcr = 0 (n— o0). (3.10)

Observing (3.10), (3.8) and taking limits in (3.3), we obtain
¢
F(t) = z0 + o1 + / (t — 8)(= MZ(s) — N(TT)(s) + Z(s))ds
0

+ > LT () + (= te) L (k)]
0<ty<t

which implies by virtue of Lemma 2.3 that 7 € PC'(J, E)NC?(J', E) and Z is a solution of
IVP(1.1).

In the same way, we can show that ||v, —2*|| pc: — 0 (n — o) for some z* € PC*(J, E)N
C?(J',E) and z* is a solution of IVP(1.1).

Finally, let € PCY(J,E) N C%(J', E) be any solution of IVP(1.1) satisfying ug(t) <
x(t) < vo(t) for t € J. Assume that u,—1(t) < z(t) < v,—1(t) for ¢ € J, and set p(t) =
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un(t) — z(t). Then, by (Hs),
p'=—Mp—NTp—[f(t,z,Tx) — f(t,upn—1,TUpn_1)
+M(x —up—1)+ N(Tz —Tup_1)]

< —Mp—NTp, ted, t#1i,
Apli=, = Lip'(tr),
Apli=t, = Lip(te) (k=1,2,---,m),
p(0) =6, p'(0)=0,
which implies by virtue of Lemma 2.2 that p(t) < 6 for t € J, i.e. wu,(t) < x(t) for
t € J. In the same way, we can show that z(¢t) < v,(¢) for t € J. Hence, by induction,
Up(t) < x(t) <wvp(t) fort € J (n=0,1,2,---), which implies that Z(t) < z(t) < z*(¢) for
t € J. The proof is complete.

Remark 3.1. The condition that P is regular will be satisfied if F is weakly complete
(reflexive, in particular) and P is normal (see [4, Theorem 2]).

84. An Example

Example 4.1. Consider the IVP of infinite system for nonlinear scalar second order
integro-differential equations

" 1 1 t ! —ts
T, = % (47712 — Ty + 1’271) + W A e anrl(s)dS
1 L, 5
. — —tsg . 0<t<2 t£1;
mm+1P(Ae x(gs) st t#

1 4.1
Al‘n|t:1 = 5.1‘;(1), ( )
1
Al‘i}|t=1 - éxn(l)a
1

n

Conclusion. IVP(4.1) admits minimal and mazimal solutions which are continuously
differentiable on [0,1) U (1,2] and satisfy
L 0<t<1;

0<z,(t) <{ 12
< za(t) {q& 1<t<2.

Proof. Let E=1' ={x = (z1, - ,@Tn, ++) : D |zn] < 0o} with norm |[|z|| = 3 |x,]
n=1 n=1
and P ={z = (1, ,@n, ) € : 2, >0, n=1,2,3,---}. Then P is a normal cone in

E. Since I! is weakly complete, from Remark 3.1 we know that P is regular. System (4.1) can
be regarded as an IVP of form (1.1), where a = 2, k(t,s) = e ", z = (z1,+ ,@Tp, ), Yy =
(y1>"' 7yn7"')7 f: <f17"' 7fn7"')7 in which

1 1 1
f’ﬂ(t7xay) = 7(@ —Tn +x2n) +

t
miynﬂ—myi,

4 = ,oo0), @1 = (0,+-+,0,- ). Evidently,
[0,2]). Let ug(t) = (0,-+-,0,--) (t€ J) and
1,...,%,...)’ 0<t<1;

vo(t) = (
{(L+L~W“£,~) 1<t<2.

andmzl, tli]., L1:
feC(xEXEE)(J
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We have ug € C?(J, E), vo € PCY(J,E)NC%*(J',E), up(t) < vo(t) (t € J) and

1
u0(0)2(07~-~ ,0,-00) < (17... ’ﬁ’“) = o, u()(o):(o’... 707...):9517
1
UO(O) = (17 7?7 ) = Zo, U(I)(O) = (05 70a ) =T,
1 1
AuO|t:1 = (07 707 ) = 5”0(1)a AUélt:l - (07 707 ) = —*’U,()(l),
1 1
Avoli=1 = (1, ,ﬁ’...)>(0)... ’0,...)251)(’)(1)’
1 1 1 1
AU(I)‘tZIZ(lv"' ;ﬁ7 )>_7(17 aﬁa' ):_71]0(1)’
ug(t):(ov 707) (teJ)V v(/)l(t):(()? 707) (t€J7 t#1)7
1
fn(tuo(t), (Tuo)(t)) = on? = 0 (tel),

1/1 1 1 t 1 ¢
<t<1 Lt vo(t), (Tog) (1)) < —(— — = + — —— [ e™d
0t 1= fultu(®), (To)t) < 35 (72 n2+4n2>+60n2((n+1)2/06 !

1 1

< _
~  60n? + 60n2(n + 1)

<0,

<i(i t+1 t—I—I)
30 \ 4n2 n2 4n?

ol ([ [ )

L1 3+ g 1 L
< an e —
- 30(4n2 n? ) * 60n2{(n+ 1)? (H e/1 (s + 1)d‘9> }
1 1

< "60nz " G0nZ
Hence, ug and vy satisfy (Hy). On the other hand, for ¢ € J, ug(t) <=
(Tup)(t) <5 <y < (Tw)(t), we have 0 < T, < z, < %, 0<vw
1,2,3,--+), so

1<t <2= fu(t,vo(t), (Two)(t))

=0.

o 1 B 1 B
f’ﬂ(taxay) - fn(t;xay) Z _%<x7’b - mn) - 50(7’L ¥ 1)2 (yn yi)
1 _ 1

> —s=(Tp —Tp) — n = Yn) =1,2, st )
2 =35 @n = Tn) = 55 (U0 = Tn), (1 3,-)

consequently, (Hs) is satisfied for M = % and N = %. It is clear that kg = 1 and r = 1,
and it is easy to verify that inequalities (2.5), (2.12) and (2.13) hold. Hence, our conclusion
follows from Theorem 3.1.
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