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COMPACT = STRONGLY IRREDUCIBLE
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Abstract

Given an essentially normal operator 7" with connected spectrum and ind(A — T') > 0 for
Ain pp(T) No(T), and a positive number ¢, the authors show that there exists a compact K
with || K| < € such that T + K is strongly irreducible.
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¢1. Introduction

Let L£(H) denote the algebra of all linear bounded operators acting on a complex, sepa-
rable, infinite dimensional Hilbert space H. An operator T € L(H) is said to be strongly
irreducible, if it does not commute with any non-trivial idempotent in L£(H) (see [1, 2, 3]).
The strong irreducibility is one of the important properties of operators invariant under
similiarity. In what follows, T' € (SI) means that T is a strongly irreducible operator on its
acting space.

An operator T is essentially normal if the self-commutator [T*,T] = T*T — TT* is
compact. We denote (U + K)(H) = {R € L(H) : R is invertible of the form unitary plus
compact}, and denote the U + K orbit of T'

U+K)T)={R'TR, Rc U+ K)(H)}.

T ~ A meansthat A € (U+K)(T). It is obvious that ~ is an equivalent relation. Note
U+K U+K

that T is essentially normal and T L{flc A imply that A is essentially normal.

D.A. Herrero and C.L. Jiang proved® that if ¢(T), the spectrum of T is connected,
then there exists a sequence {T,,} of strongly irreducible operators such that ||T;, — T|| —
0 (n = o0). C. L. Jiang and Z. Y. Wang!* improved this result and proved that there
exists a strongly irreducible operator A such that i) the spectral pictures (i.e., the spectra
and index functions) of T and A are equal; ii) T is a limit of operators similar to A; iii) if
there is another strongly irreducible operator B satisfying i) and ii), then B is also a limit
of operators similar to A.
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The following questions were naturally thought by Herreto:

(1) Given T € L(H) with connected o(T), does there exist a K compact such that
T+ K e (SI)?

(2) Given T' € L(H) with connected o(T") and given € > 0, does there exist K compact
such that ||K|| <eand T+ K € (SI)?

(3) Given an essentially normal operator T' with connected o(T'), what are the answers
for the above two questions. C. L. Jiang, S. H. Sun and Z. Y. Wang!®! proved that if T is
essentially normal with connected o (T'), then there exists K compact such that T+ K € (ST).
Using the (U+K) orbit, Q. Y. Ji, C. L. Jiang and Z. Y. Wang[®! proved that if T is essentially
normal, o(T) = Q, where € is an analytic Jordan region and ind(A —T) = n (X € Q), then
for each € > 0, there exists K compact such that ||K|| < € and T+ K € (SI).

The following are the main theorem of this article.

Main Theorem. Let T € L(H) be essentially normal with connected o(T') and ind(A —
T) >0 (A€ pr(T)No(T)), then for each € > 0, there exists K. compact with ||K.|| < €
such that T + K. € (SI), where pp(T) = {\ € C; A\ =T is Fredholm}.

§2. Preparation

Lemma 2.1. Let B € L(H) and let M = [ker(B — \)*|*, where X\ € pi(B) Na(B) and
n is a natural number. Then B|ap ~ B and Py B*|pm ~ B*, where Ppy is the orthogonal
projection onto M, pi(B) ={X € C; X\ — B is left invertible}.

Proof. Since M =Ran(\ — B) and since ker(A — B) = {0}, A; := (A= B) € L(H, M)
is invertible. Set By = B|a. Then A;'BjA; = B, i.e., B|ps ~ B. The second conclusion
is a direct consequence of the first.

Lemma 2.2. Let B, € B1(2,) and A\, € Qy,, (n=1,2,---), B1(Qy,) is the set of Cowen-

4]

Douglas operators of index 1'* and {2, } is a sequence of uniformly bounded, connected open

subsets of complex plan C (n=1,2,---). Set T = @ B, on H= @ H,, and assume that

n=1 n=1

Py, is the orthogonal projection on to M = @ {ker(A, — Bn)™ @0. Then PyT|piry ~ T,
n=1

where Pt =1 — P,,.
Proof. Denote M,, =ker(\, — B,)™ (n=1,2,--- ,m). We have

m oo
1 L
PHLT|P7J,;H: <@Pman|P7#an> @ B,
n=1

n=m-+1
where P, is the orthogonal projection on M,,. Then by Lemma 2.1, there exists X,
invertible such that

Xn(@PfrzﬂBn‘PT# Hn)erlan (n:]-aQa"’ 7m)'
n=1 "
m (oo}
Set X = P X, D( @ I.). Then X(P#;T|P7#H)X’1 = T. Here I, is the identity
n=1 n=m-+1
operator on H,,.

Lemma 2.3. Let A € L(H). If A € prp(A) such that dimker(A — A) =ind(A — 4) =1
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and ey ¢Ran(A — A)*, then

Al ® €o

A~ ( A ) on CEPH.
Proof. Denote M =ker(\ — A)L. Then

0 (A"|m)” ker(A—A)-+

and A*|pq ~ A* by Lemma 2.1 or (A*|p)* ~ A. Thus
c
A Ch

(29 "
where C is an operator of rank one, i.e., C1 = 1 Q) f for some f € H. Since ey ¢Ran(A —
A)*, f=aeg+ (A— N)*f1, for some complex number a. If & =0, then

f=(A=-Nf or C1=1Q)A-N"f.

0 :
From (1.1), A — X\ ~ <0 A—)\>' Since

1 -1QA\ (0 O 1 -1®A) _(0 0
0 1 0 A-2) 0 1 N0 A-))°
0 0
A=A <o A- )\> '
This contradicts the condition dimker(A — A) = 1. Thus « # 0.
0171 —1®f1
Set X = 1 . Then

0
)\ Cl _1_ )\ 1®60
(6 D))

3 A 1®€0
ThubAN(O A )

Lemma 2.4. Given A € L(H), let T = (g i) € LIC"EPH), where F is an n xn

matric satisfying that o(F) C 0(A) N pp(A) and dimker(A — A) =ind(A — A) = 1 for each
A € a(F). Then for e > 0 there exists K compact with ||K|| < € such that

T+K~A.

Proof. Whenn =1, T = ())\ i), where C' is an operator of rank 1, i.e., C =a @ f

for some f in H. If f ¢Ran(A — A)*, T ~ A by Lemma 2.3. If f €eRan(A — \)*, choose
eo €ker(A — A), thus f + eg ¢Ran(\ — A)*. Set
0 e(a@eq
(3 ogv)
Thus T'+ K ~ A by Lemma 2.3. Assume that the conclusion of the lemma is true for
n < k — 1. We shall prove that lemma is true for n = k. Let Ag € o(F'). Then there exists
U unitary such that

N C1 Oy C
U(g i) U* = 0 F; Cs crt = A;.
0o 0 A H
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By the induction assumption, there exist K| compact with ||K{|| < ¢/4 and X; invertible

such that
F : _
X, K 01 %) +K;} X t=A
Thus
c
1 0 1 0 (o O
(0 %) ) =8 9),

0 0\°
where K7 = < , ) . The proof of the part “n = 17 implies that the conclusion

0 Ki)ouna ©H

of the lemma is true.
Lemma 2.5. Given A € B1(Q2) and A\ € 2, then there exist an ONB {e,}22, of H and
an r > 0 such that

)\0 a1z ais N €1
A 0 )\0 a23 PN €9

and |ag py1| >r >0 (k=1,2,---).

Proof. Assume that e; €ker(A — A\g) with |le;|| = 1. Let B be the right inverse of
A — Xg. Since kerB* = {0} (k = 1,2,---) and since e; ¢RanB, {e;, Be;, B%,---} is
linearly independent. Since B*~le; €ker(A — \g)* and since dimker(A — \o)* = k,

ker(A — Xo)* = \/{e1, Ber,--- ,B¥ er} (k=1,2,---).
Since \/{ker(A — X\o)*: k=1,2,---} =H,
\{Be1, k=0,1,2,--} =H.

Let {e;}22, be the Gram-schmidt orthonormalization of {B¥e1}2°,. Then A is an upper
triangular matrix representation
Ao a2z a1

0 Ao a9
A= Mo

with respect to the ONB {ex }72,. Note that (A —Xo)|ker(a—») is bounded from below, thus

there exists r > 0 such that [|[(A — \g)y|| > r||y|| for each y € [e1]*. Set zx = ay rr1ex and
k—1

x) = — Z ay g1k (k=1,2,--+). Since A — Ay is onto, there is a vector y; € \/{e;, i =
1

=1
2,3,--- ,k} such that —z}, = (A — Ao)yk. Thus z = (A — Xo)(€r+1 + yx) and
|ak k1| = [lzel] = [[(A = Ao)(erta + wr)ll = rllertr + vl
=rllexralP +llgl? >r (k=1,2,---).

Lemma 2.6. Let M be an almost normal operator on Hilbert space H with connected

and perfect spectrum o(M)(= o). And let {p,}>2, be a dense subset of o. Then for each
d > 0 there exists K compact with ||K|| < § satisfying

() N=M+Ke (SI) ando(N)=0(M) =0;

(i) V{ker(A = N)™; A€ 0,(N); m > 1} =H and {pn o2 C op(N).



No.4 You, Q. J., Chun, L. J. et al. ESSENTIALLY NORMAL + SMALL COMPACT 489

Proof. Denote G, = {z; dist(z,0) < €?/2"*'}. Then G, is a connected open set,
Gn D Gpy1 (n=1,2,---) and () G, = 0. Choose a smooth route r1(t) of Gy such that

n=1
r1(0) = r1(1) = p1, r1(t) passes through po and choose m; points si, s3,---, sl on ri(t)
satisfying
(a') Si = W1, p2 € {8%7 8%7" . 787171,1}7

(b) 0 < [s] —sj_y| <€/4; 0 < s, —si| <€*/4

Choose pairwise distinct points {)\Jl m

j—1 in o such that

|s]1 - )\Jl\ < gdist (s},a); A =81 = 1.
Similarly, for each natural number n, we can find a smooth route r,(t) of G,, such that
7 (0) = 1, (1) = p1, 7, (t) passes through {)\?71; 1<j<mp_1}and p,. Choose m, points
ST, S8, s

5?:.“1; {/\?_17 J=12 7mn—1}u{ﬂlv M2, 7ﬂn}c {5?7 1§]§mn}

on ry,(t) satisfying

and
0<|s"—s" ;| <——, 0< — | < —.
|sj 8]71| 2(71 I 1) |Sm71 M1| Z(n + 1)
Choose pairwise distinct points {A? ;":1 in o such that

s} = AJ] < %dist(s?,o); P =st=u.
It is easy to see that {\} : j=1,---,mp, n=1,2,---} is dense in o and {p,};2; C {A\} :
j=1--- ,my,, n=1,2---}. Denote
M=, A2 =A%, Ay = Ay Amatt = AL Ay my = Ay

Thus

(i) {Ae}72, is dense in o (without loss of generality, we can assume that 0 ¢ {Az}72 ),

(11) lim |>\k+1 - )\k| = 0,

k— o0

(iil) card{n; \p = A} =00, k=1,2,---.

Let {ex}32, be an ONB of H. Define Dey = Apeg. Then o(D) = o(M) = o. By
Theorem 1 of [6], there exists K; compact with ||K;|| < §/2 such that X (M + K;)X ! =D
for some X € (U + K)(H). Thus it is sufficent to prove that for each € > 0, there exists
a compact Ko with ||Ks|| < € such that Dy + Ky € (SI). Define Kser—1 = agey, where
ap = m (k=1,2,---). Since limay = 0, K5 is compact. If

L1 L1 eveeenn. e1
€2
p= T21 Lo v EA/(D+K2)

T31 X322 T3
is idempotent, since P(D + K3) = (D + K3)P, Mz + agxe; = x1)1; or 221 = 0. Since
A2Z21 + o3y = T21 A1, 31 = 0,--+, we can prove that zp; = 0 (k= 2,3,---). Similarly,
x;5 =0 (¢ > j), i.e., P admits an upper triangular matrix representation with respect to the
ONB {ex}32,. Since P2 = P, 2, = 0 or 1. Since P(D + K3) = (D + K3)P and P is an
upper trangular matrix,

Ty — X
Tk kH:uak (k:].,?,?),"').
Ak+1 — Ak
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Since x = 0 or 1, |z — xx11] = 0 or 1. Since klim [Ak+1 — Ax] = 0 and since o =
— 00
V| Ak+1 — Ag|, when m is big enough xy = x,, for kK > m. Assume that z,, =0 (if z,, = 1,
consider I — P) and m is the smallest number satisfying xy = 0, when k > m, i.e., ,,—1 # 0.
Set

/\1 (&3] 0 e1
0 )\2 (%) es me1
Di=|0 0 X ©oon \/ {ex} =H,
. k=1

Qp—1 €m—2
An—1 Em—1

Am QO em
0 )\m-‘rl Em+1 o
Dy = . on \/ {ek} = H2,
k=m
and
0 0
Y= ... € L(Ha, M)
Am—1 0
Thus
(D, Y
D + K2 - ( O D2> )

and P = <P61 ?2) with respect to the decomposition H = H; @ Ha2. Since P3, =
22

PQQ, .’ﬂk:O; k2m7 P22:0. Thus

X1 xro e L1 m—1
0 zo ... T2m-1
Py =
Tm—1
Suppose that
li1 l12 l13
Pry— l21 laa l23

lm_1 1 lm_l 2 lm—l 3

Since

P(D + K3) = (D+ K3)P, Pi2Dy+ P11Y = D1 P,

Tm—10m—1 + lm—l, 1>\m = )\m—llm—l, 1,

Im—1m+j—1%m+j—1 + lm—1m+j(Amtj — Am—1) =0 (j > 1).
. Since card{n : A= Ao} = o0, there is a natural number jy such that Amtjo = Am—1-
This shows that l,,—1,m+j,—1 = 0. By induction, we have l,,_11 = 0. Thus z,,,—; = 0. The
contradiction implies that m =1, i.e., P =0 and D + K5 € (SI).

Suppose {€;}52, is a sequence of connected, uniformly bounded open subsets of C, and
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leQ]:[blfl#] Let B; EBl(Ql) on H; (i=1,2,-~-), 0'(Bi)2972‘7 and

nq
Ti=@Bi, 1<ni < +o0,i=12.
k=1
Suppose

I n;

A= @Teﬁ(@ Z),lglg—l—oo.

Let F' € £L(C™) with o(F') C 0(A) N pr(A). Then the following lemma holds.
Lemma 2.7. For each € > 0, there exists a compact K with |K| < e such that

F G
(5 §)+x~a

I n;
where G € L(P @ H;,C™).
i=1k=1
Proof. Using Lemma 2.4 repeatedly, we come to the conclusion immediately.
Lemma 2.8.[6 Theorem 11 Top 5 be q perfect compact subset of C and {\.}32, be a dense

subset of o. Assume that card{n : Ay = A\,} = o0 and D =diag{A1,---,} on H. Let
F77l Gm

T = on C" @ H, where Fy, € L(C™) with o(Fy,) C o and Gy, € L(H,C™).
0 D

Then for each € > 0, there exists K compact with ||K|| < € such that T + K s D.

Lemma 2.9.[5 Lemma 251 104 O pe g bounded connected open subset of C and n be a
natural number. Let §,e be two positive numbers. Then there exist an essentially normal
operator B € B1(Q) and a co-subnormal operator B, and compact K, K1, Ko with ||K|| <
5, ||K1l| <€, ||K2|| < € such that

(i) B=B+K;

(i) o(B) = 0, o(B) N pr(B) =

(i) 90 N o, (B) = 0;

(iv) T = B™ + K, € B,(Q); T € (SI);

(v) kerrp,r = {0}; K3 ¢Ranrr p.

Here B,,(Q) is the set of Cowen-Douglas operators of index n; B(™ = Gn}B on é?—l
1 1

Let T € L(H) be an essentially normal operator with connected o(7). Assume that
ind(A—T) >0 (A€ pp(T)No(T)). Let {Q;}._, (1 <1< o) be the connected components
of pH(T) (pH(T) = {A € C; ind(A — T) > 0}) and let o = o(T) \ Uﬁ?. Denote n; =ind(T —
A) (A € Q;). Let B; € B1(Q;). By Lemma 2.9, 0,,(B;) N 85? = (). Assume that {\;}72,
a dense subset of o satisfying card{k : A, = At} = 0co. Denote D =diag{A1, A\2,---,} and

!
G=@T, 6 D. Then we have

Le;nma 2.10. (i) A(GQ) = A(T);

(ii) For each € > 0, there exists K compact with ||K|| < € such that T + K ~ G, where
A(G) denotes the spectrum pictures of G.

Proof. Denote the acting space of T; (1 <4 <) and D by H; and, respectively, Hoo
Then it is obvious that A(G) = A(T). Thus by B. D. F. Theorem!®! there exists K, compact

is
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and U unitary such that
UTU" =G+ K.

Let {e°}32, be an ONB of Ho, satisfying Def® = Agef®. Assume that A, € Q; (k =
1,2,-+-) and

\/keerf)\k , \/{61,6007"'722

k=1
where m is a natural number. Let P,,, and P,,, be the orthogonal projections onto M; and
respectively, Ms. Set P,, = P,,, + P,,,. Then P, ST 1 (m — 00). Thus there is a natural
number mg such that ||K1|| < €/8, where K1 = Py, Ko P, — Ko, and

G+ Ko+ Ky =G+ Py KoP,

m01 (@1 Z) mo1 Pm(n (@ )PrJﬁgl O O
_ P (TP, 0 0
O 0 Pryy DPriyy 0
1 1
0 0 0 P DP5.,
PmmKOPmm 0 PmolKOPm02 0
n 0 0 0 0
PmozKOPm(n 0 PmozKOPmoz 0
0 0 0 0
Ky K3 Ky 0
— 0 m01 (@ T ) mo1 0 0
Ko Koo . 0 .
0 0 0 Pn,.DP,,
K1 Ko K13 0
~ | K21 Koo 0
0 0 mm @T mm 0]’
0 0 D
i.e., there exists U; unitary such that
Ly Ly 0
Un(G+ Ko+ K1)Uf = | 0 m01(®T) s 0|
0 D

where
K11 Ki2 K3
Ly = , Lia= .
= (g k) me= (1)

From the upper contintuity of spectrum, o(L11) C o(T)./s. Therefore there exists an
operator L with ||L|| < €/4 such that ¢(L11 + L) C o(T) and

(a) Xo(Lyy + L)Y;l =diag{p1, -+ , tm } = D1 for some Xy invertible;

(b) For each i, p; € pr(PT;) No(PT;) or p; ¢ o(@T;) and p; € o(Dy).

Without loss of generality, we can assume that

{Mh e 7:”11} C U(D)a {:up-‘rla o 7,um} - pF(@ T’Z) N U(@E)

Set D11 =diag{p1,--- , pp}, Doz =diag{pip+1,- -+, tm}. Then Dy = D11 @@ Dss. By Lemma
2.2, P: (PT;)P7,, ~T. Thus there exist Ky compact with || K>|| < /8 and X7 invertible

mo1
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such that
XU, (G + Ko + Ky + Uy KU )UF XY

L1 Lio 0
=X, 0 Pr (BT)PL, 0| +K| X!
0 0 D
Dy 0 Ly 0
o 0 D22 ZQ 0 -G
o o & o] T*

0 0 0 D

where L;, Lo are still compact operators. Therefore it is sufficient to show that for each
— _ _ l
§ > 0, there exists K compact with ||K|| < 0 such that Go + K ~ G = @ T; @ D. Since
i=1
{pithey No(@T;) = 0, and Lemma 3.22 of [9], 7p,, g1, is a surjection, there is Y7 such
that D11Y1 — Y1 GaTq = Z1. Set

I 0 -Y; 0 Dy 0 0 0
o1 0 o0 2 | 0 Dy I, 0|
Xs=19 0 1 of X&@X = DT, © =G
00 0 I 0 0 0 D

By Lemma 2.7, there exist K4 compact with ||K4|| < 6/8||X3||[|X5 || and X4 invertible of
the form unitary plus compact such that

' Doy Lo = | _ :
X4K ; @Ti>+K4}@Tz.
Therefore there are X, invertible, K4 compact with ||K4|| < 6/8||X3]|||X5 || such that

Di; 0 0 GBTZ‘OON@TZ_O
U+K '

1%

Xy(Gs+E)X;'=| 0 @7 0 0 Dun 0 o D
0 0 D 0 0 D

The last unitary equivalent relation comes from Lemma 2.8.

To summarize, there exist K compact with ||K|| < § and X invertible such that X (G5 +
KX '=G=@T,)pD.

Lemma 2.11.[WEemma 26] Gypniose A B € L(H) such that there are Ay C o,(B) and
Ay C 0,(A) satisfying

(i) A1 Noyp(A) =0,

(ii) V {ker(A—-M\)}=H.

AEA2
Then for each € > 0, there exists K compact with ||K|| < € such that K ¢Rant4 p.

§3. Proof of Main Theorem

!
Assume that G = ( &b E) P D is given in Lemma 2.9 and Lemma 2.10. Thus for each
i=1

€ > 0, there exist a comp7act K with ||K|| < € and an invertible X such that X (T+K)X ! =
G. Thus it is sufficient to show that for each § > 0, there exists a compact K with ||K|| < §
such that G + K € (SI). If o(T) = o1(T) (i.e., I = 0), we can obtain Main Theorem

l
by using Lemma 2.6 and Lemma 2.8. If 0y,..(T) # o(T), set G1 = Bi@P(P T;) P D. By
i=2
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Theorem 2 of [10], we can find a compact K1 with |K1| < §/3 such that G1 + K1 € B1(Q1).
Set A = G+ K, and then A is strongly irreducible. Thus there exists a compact K; with
| K1 < 0/3 such that

G+, = (n@lBl)@A.

Similar to the proof of the Main Theorem in [4], we can find a compact Ko with |Ky| < 6/3
such that

nifl
B= (P B + K, € (SI)
k=1
and either Kerrp 4 = {0} or Kerrq g = {0}. Without loss of generality, we assume that
Kerra g = {0}. Since 0y,.c(A) N 0y(B) #, there is a compact K3 with K3 ¢Rantz 4 and
|K3| < §/3. Thus we can find a compact K with |K| < & such that

(B T
Grr=(® ).

A simple computation shows that G + K € (SI).
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