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BEHAVIOR OF SOLUTIONS OF 2-DIMENSIONAL
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Abstract

This paper is concerned with uniform stability and asymptotic behavior for solutions of
2-dimensional Magnetohydrodynamics equations. The author establishes the corresponding
temporal decay estimates when the initial data is in the following Sobolev spaces H2, L1 N H?
with [(uo, Ag)dz # 0, or L' N H? with J (w0, Ag)dz = 0, respectively. Most of the decay rates
in these estimates are optimal. Moreover, the author proves various uniform stability results,
like sup;~q |[(w, E,7)(t))|ly < Cl|(wo, Eo)||x, where X and Y are Sobolev spaces. It should be
pointed out that the decay estimates of the solutions for the case (ug, Ag) € L' N H? follow
from the uniform stability estimates. The author utilizes the Fourier splitting method invented
by Professor Schonbek and the new elaborate global energy estimates.
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§1. Introduction

We study L? and L> uniform stability and asymptotic behavior of solutions to the
initial value problems for 2-dimensional Magnetohydrodynamics equations, which arises from
Landau and Lifschitz[’]

ug+u-Vu—A-VA—-—Au+Vp=0, V-u=0,
Ai+u-VA—A-Vu—-AA=0, V-A=0, (1.1)
u(z,0) =wup(x), A(x,0)=Ap(x), V- -uy=V-A4;=0,
where © = (z1,72) € R?, t > 0 are the independent variables, u = (uy(x,t), ua(x,t)), A =
(Ay(z,t), A2(x,t)) are unknown vector-valued functions, p = p(x,t) represents pressure.

Let the solutions of problem (1.1) satisfy
am—i-n

\ml|1£>noo Oz 0xh
for all ¢ > 0, where m > 0 and n > 0 are integers with m +n < 2.
Lemma 1.1. Let (ug, Ag) € H*(R?). Then problem (1.1) has a unique global solution
(u, A, p) € L>(0,00; H?) N W>(0, 00; L?).

(u(xa t)’ A(l‘,t),p(l’,t)) =0,
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It can be proved by the fixed point principle and some of the estimates displayed in
Lemmas 2.6, 3.1-3.5.

Let (u, A, p) and (v, B, q) be the solutions of problem (1.1) corresponding to (ug, Ag) and
(vo, By), respectively. Let (w, E,r) = (u—v, A— B,p— q). Then they satisfy the equations

wg+w-Vut+v-Vw—FE-VA-B-VE—-—Aw+Vr=0, V-w=0,
Ei+w-VA+v-VE—FE -Vu—B-Vwu—-AE=0, V- -E=0, (1.2)
w(z,0) = wo(x) = ug(x) —vo(x), V- -wy=0,
E(z,0) = Ey(z) = Ao(x) — Bo(z), V-Ey=0.

Definition. If there are time-independent constants C' > 0 and o > 0, such that

sup [(140)° (w0, B, ) (1)l | < O, Eo)lx, (1.3)

then the solutions of problem (1.1) are uniformly stable, where X and'Y are certain Sobolev
spaces.
Equations (1.1) contain the incompressible Navier-Stokes equations as an example

uytu-Vu—QAu+Vp=0, V-u=0, u(z,0)=ue(z), V- -ug=0.

There have been large amount of literatures on the Navier-Stokes equations (see [1, 2, 4,
6-11]).

There has been little contribution to the uniform stability and asymptotic behavior
of solutions of the Magnetohydrodynamic equations. Our primary motivation is to see
whether the solutions are uniformly stable. Given different initial data (ug(z), Ag(z)) and
(vo(x), Bo(x)), the corresponding solutions (u, A, p) and (v, B, ¢) will be different. The least
upper bounds of the L? and L* norms of (u — v, A — B, p — q) will be derived explicitly in
terms of (ug — vg, Ag — Bo). Whether or not the uniform stability and asymptotic behavior
are true turn out to be important in understanding several aspects of the equations. Let
us look at the consequences if (1.3) holds. It illustrates that if (vg, Bp) — (uo, Ao) in one
Sobolev space, then the corresponding solutions (v, B,q) — (u, A,p) in another space, for
all t > 0. The solutions depend continuously on the initial data. It is very easy to obtain the
asymptotic behavior for the solutions (u, A, p) if (ug, Ag) € L* N H?. We will establish the
uniform stability and the asymptotic behavior results by various delicate integral estimates,
Fourier transform, Gronwall’s and Gagliardo-Nirenberg’s inequalities.

It is not difficult by standard energy method to get global estimates for the solutions
of equations (1.1). We employ a slightly different approach to get more elaborate esti-
mates. However, these global estimates do not automatically lead to the uniform stability.

[11-14] with similar equations show that it is important to distinguish the Sobolev

Experiences
spaces H?, L' N H? when dealing with decay estimates. Therefore it is also appropriate to
study the uniform stability in the Sobolev spaces H? and L' N H? respectively. Readers
should be very careful about the different Sobolev spaces.

Let f(x) € L' N L2, define its Fourier transform by
FIA© = o) = [ i@ essi-iz- s
R2

The definition can be extended to the Hilbert space L? by continuity, as usual.
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Denote by C any time-independent positive constant, which is also independent of the
solutions (u, A,p) and (v, B, q). Moreover, denote L? = LP(R?) and H™ = H™(R?), where
1 < p,m < oo, and denote

2 2

2
Vu Vo=3 Vu; Vo =ZZ§§; g:,

i=1 i=1 j=1
(u, A)|* = [uf® +|A[?,

[[(w, A)(@)][ 2 :/ (Jul® + |A]») 2 da,
R2
1w, A) ()% = @) + [A@)[|7,
[(w, AN = [I(uw, A B[22, [(w, A ()|l = [l (w; A) ()|,
[ (wo, Ao)l[Lrnr2 = [|(uo, o)L + ||

[[(wo, Ao)llLr1nm2 = [|(uo, Ao)l[r + ||
Define the weighted Sobolev space

uo, Ao)|l L2,

Ug, Ao)HHz.

(
(

M:{(Uo,Ao)GleHz’/ (Uo,Ao)dSC:O,
R2

[[(wo, Ao)llar = || (o, Ao)l[ a2 + /R2(1 + [@])|(uo, Ao)|dz < OO}- (1.4)
Define
S1(t) = [[(u, AYDP + (1 + )|V (u, A + (1 + 1) [[p(0)[?
+ @I + (1 + )2 Ap(t)]1%., (1.5)

Sa(t) = [[(u, AYO)I* + (1 + DIV (u, O + (1 + )| Au, A) ()]
+ (L4 )l (w, O + (1 + ) (ur, A) (0]

+ (L4 )P + (1+ TR + (1 + 6| 8p(0)]|? (1.6)
+ (L4612 + 1B 1% + 1+ 0?1 A1) + (1 + ) [pe(1)]1%,
X = {(w A, )| 1w, A,p) % = sup [[I(w, YOI + IFOIE | < oo}, (L.7)
t>0
v = {(w, A, )l I, A,p) I} = sup S1(¢) < oo}, (18)
t>0
2= { (. A,p) | A, p)IZ, = sup | (1465 (1)) < oo (L9)

§2. Preliminary Lemmas and Elementary Estimates

In this section we present elementary estimates concerning the solutions of (1.1) or (1.2).
Lemma 2.1. (Generalized Gronwall’s inequality). Let g(t) > 0 and h(t) > 0 satisfy the
inequality

¢
g(t) <C +/ g(s)h(s)ds, for all0 <t < o0,
0
where C' > 0 is a constant and h(t) € L1(0,00). Then we have the global estimate

g(t) < Cexp [/000 h(t)dt}, for all 0 <t < 0. (2.1)



38 CHINESE ANNALS OF MATHEMATICS Vol.19 Ser.B

Lemma 2.2. (Gagliardo-Nirenberg’s inequality). For all 1 < p,q,7 < oo and for all
natural numbers m and k with m > k, there exist two positive constants o € [k/m, 1] and
C > 0, such that for all u(z) € C§°(R"™), we have

ID*ullze < ClID™ullgelullz2®, (2.2)
where n/p — k = a(n/r —m) + (1 — a)n/q and
OB+ By 1p
Il = ||
Bt T hu=n O0x7" - Oxn

The only exception is that « Z 1 if m —n/r =k and 1 < p < oo.

Lemma 2.3. Let g = g(z,t) and h = h(z,t) € L>(0,00; HY(R?)) satisfy the energy
inequality

d —~
Glavom [ geag+Savom [ lepratas
< M(1+t)m*1/RQ G126+ K(1+1)" /R |2de,

where m and n are integers. Let B(t) = {¢ € R?|(1 +t)|¢|> < 2M}. Then we have

gl / laPde] + @+ m /R RSRIRCS

< M@ +t)m-1/ §%de + K(1 —|—t)"/ h2de. (2.3)
B(t) R?
It is very easy to prove this lemma. See also [6].

Lemma 2.4. The following preliminary estimates hold:

w - Vul® < [w]?*|Vul?, (2.4)
- Vul? < €2 w2 u)]?, (2.5)
|V - (w- Vu)|? < |Vw|*|Vul?, (2.6)
|FIV - (w- Vu)l|* < [Vwt) || Vut)|1?, (2.7)
7)o < [Il(uyA)(t)II + II(vyB)(t)II} [ (w, E)(#)|, (2.8)
A7) ]loe < [IIV(U»A)(t)H + IIV(v,B)(t)H} [V (w, E)(@#)l, (2.9)

2 2 2
= Wity — vy (2.10)

Ir(e))2 < [H( LAYV (w, A + 110, BYOI IV (0, B
< [(w, EYO)| IV (w, B)D)I, (2.11)
Ivr@I? < ¢l A1V A+ 10, BYOI IV (0, B

X IV (w, E)@)[ 1A (w, E)(#)]] + C[IIV(H,A)(t)H 1A (u, A) (@)
+ IV, BYDI | A(v, B )(t)ll} [[(w, EYOIV (w, E)(@)], (2.12)
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lar(®)]? < C[IIV(u,A)(t)II 1A, YD) + 1V (v, BYO) 1A (v, B)(@)]]
X IV (w, E))| | A(w, E)

@1l (2.13)
I wr B (1)) < 2ll(w, YO ooV (i, AYO + 21l (0, BY (1) oV (w0, YD)

+ 2 Aw, EYOI| + [ Vr(0)], (2.14)

Ire(®)ll < 20w, BYOI |1, (W)l + |0, BYE) <]
+ 20| (w, B)()loo 1w, A)DI| + 00, BB 1< (2.15)
[ fa-9ndo=0. [ (f-@-VH)+h-(g-THlz=0,  (210)

R2 R2
[ £-ta-Tnde] < [ 1oln]19 Sl (217)
R2 RZ

IV (w- V)OI < 2| Vu® %[ VoI + 2lw@|Z | Au@)?, (218)

where f,g and h € H* with V - g = 0 are arbitrary vector valued functions.
Proof. It is easy to get the following identities by using V - w = 0:
2

ou; 29
w- Vi = (ij 8xj)1§i§2 - (Z; ai%(uiwj))lfig’

W Vi = (Zgju wj)mQ (2.19)

Jj=1

Thus we get

- Vaf? = z\g | zw zz\a“z
-Vl = Z\Z@uw]\ ;(;@F)(;m?)

llj_

Jw]?|Vul?,

(V)

< ¢ ZZ i (I llw; (1 = 1€ ()] lw @),

i=1 j=1
where we have applied the estimate |E| <IfOINg@®]l-

Moreover

dw; du;
(- V) ZZ@ZZ@Z

=1 j=1

R L ol
2

[F[V - (w- Vu)]|* = ’ZiF[ZZ;}J gm

=1 j=

gzi”gjj o 22)]3% O < 190171Vt

= |Vuwl*[Vul?,
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Taking the divergence of the first equation of (1.2), we get
Ar=-V-(w-Vu+v-Vw—E-VA—-B-VE)

2 2 92
- Z Z 0201 (Eidj + BiEj — wiu; — viwy). (2.20)
i=1g5=1 """
The Fourier transform yields
2 2
€7 = 3" (BA; + BiE; - i — vaw; ) (2.21)
i=1 j=1

and one gets the estimates

€177 < ZZI&@ [IIE IHIA; @O+ 1B E; @)

=1 j=1

+ [fws (@) s O + o @] ||wj(t)H}
= Z GHIE: @) Z &A1 + Z il 1B (@) Z €51 115 (2)

+ Z [Sil llwi () Z 151 Ml (D)]] + Z il [loa ()| Z 151 llw; (£)

< l¢? [IIE(t)H A+ IBMOIE@N + [w@Hw@)] + [[o@)] HUJ(t)H}
< €171l (w, BYR)| I Cu, A) @) + €] (w, B)YO | (0, B)(B)]I-
Therefore we get (2.8).
By (2.7) and (2.20) we have

(& < [V [Fu®) + Vo] [Fw()|
+IVEGIIVA@I + IVBOIIVEQ)]]
< [V, A1 + IV, BYOI |19 w, E)D)].
Moreover, by (2.21) we can easily get the estimate

2 2
|g\4|?|2—]ZZg-g(ﬁ+ﬁﬂﬁf@-)f
= 1SJ 3415 1447 1% V)

i=1 j=1

2 2 2
SZZ|&@PZZ\%+EE—@—@

i=1 j=1

‘ 2

2

2 2
Zz\m+§i\faj—@—@
=1 j=1

Thus there holds (2.10). The Parseval’s identity yields

IO = S5 RO < 1o 33 (B, + B, — i — o)

1=1 j=1
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2 2
SZZHEA + B, Ej — wju; — viw])(t)H2

i=1j=1

| /\

ZZ [H (B AP OI + (BB O + [[(wiuy) ()] + II(inj)(t)Hﬂ

| /\

OIZNADLs + IBOILNED s + w7 allu(t)|7s + Hv(t)||2L4||1U(t)||%4}
[HE( IHIVE@TAGOIVAD + IBOIIVBOIIE®]IIVE@]
+ @) [0 O] [Fu@)] + (0@ [ToO] @] 7w )]
< Cll(u, YOV (w, A I (w, EYD [V (w, E)(B)]]
+ Cll(v, BYOIV (v, BYOI| [ (w, EYD [V (w, E)(#)]]
= C[ll(u,A)(t)ll IV (u, )OI + ([ (v, B)B)| I\V(U,B)(t)ll] [[(w, EYOIV (w, E)B)]-
Since by (2.10)
VP < E; — @ty — o

i=1 j=1

we obtain

2 2
1 = 2
IVl = L3 IVr 017 < 303 | VEA; + ity — wiuy — vy

i=1 j=1

2 2
-y H (A,VE; + E;VA; + E;VB; + B,VE,
i=1 j=1
2
- uijl- — inuj - ijvi - ”Uszj)(t)H

< 822 [II (A VE) O + I(E:VA)O* + (B VB) @) + (B VE;) ()]

+ (V) (O + [ (wi Ve )(O 1 + [ (w; Vo) (B + II(Uing')(t)IIZ}
< C[IIA(t)H IVADOIVEDIHAED] + [[EGITVEOIIVAGITAAD]

HIEOIIVEDOITVBOIIAB@+ IBOINTVBOIVE®AE@)]
+ @I IVe@[ IVw@ | Aw® + [[w@[HVw@)[ [[Vu@ll [[Au@)]]

+ lw@[ V@[ [Vo@)[ [ Av@] + [[o@) I [Vo@)l I Vw @) [ Aw@)]]

+ 11w, BYOHIV (v, BYOHIV (w, E)@)[ | A (w, E)(¢

< Ol (w, DIV (w, DOV (w, EYD[ [ A(w, E)(@)]|
| | ®)] )|
+ 1V, A IA W, @ (w, EYO) IV (w, E) ()]
(t) )(t)

)

|
( |
+ IV, BYO[ 1AW, BYD| | (w, EYO)IV (w, E) (¢ II}

< CllCuw, AYOIV (uw, )OI + [ (v, B) (@)l IIV(v,B)(t)H}
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X [V (w, E)R) [ [ A(w, E)()] + C{”V(%A)(t)” 1A (u, A)(@)]
+[IV(v, B)(®)]| IIA(v,B)(t)H] [[(w, EYO) [V (w, E)(£)]-
By using (2.6) and (2.20) we get the following
IAr@® 1P = V- (w-Vu+v-Vw—E-VA—B-VE)(t)|?

§4/ |Vu|2|Vw|2dx+4/ |Vo|?|Vw|?dz
R? R?

+4/ |VA|2\VE|2dm+4/ |VB*|VE|*dx
R2 R?

< 4 Vu(®) |2 [V ()30 + 41V V()]
+AIVAWD 34 [VE@ e+ 4IVBOIE IVEW) 34
< CIVu®)| [ 2u®|| Vo) [ 2w®] + CITo@I |20 Ve | Aw@)]
+CIVAWI I 2AWIIVED | |AE®)]
+CIVBW| IABW IVEW| B
< OV (u, YO 12w, AD) 1V (w, BYO 1w, EYO)
+ OV (o, BYOI (0, BYD)| ¥ (w, BYDI| |1 (w, EYW)]
< C[IV, AOI AW AW + 190, B 1@, BY]]
< [V (w, YD) 14w, YD)

The following estimates follow directly from equations (1.2):
[w: @) < [[(w - Va) @) +[|(v - V) (@) + [[(E- VA) D]
+(B-VE)D + [[Aw@) + [Vr@)]
< Jw@lloo [Vu@) + [lo(@®) oo [[Vw @) + [ E@) [l [VA@)]]
HIBOlo[VED + [Aw®)] + [IVr@)]
< [[(w, EY(O)lloo [V (u, YD + [ (v, B)D) [0 IV (w, EY@)[| + | Aw @) + [V ()],
[EI < [[(w- VA)@ + [[(v- VEYOI +[[(E - Vu)@)]| +[[(B - Vw) (@) + [AE@D)|
< w@®lloo VA + [[o @)oo [V E@I] + [ E (@) loo[[Vu(®)]
FBO o[V @) + [AE@D)
< [[(w, E)B) oo [V (u, AY (D) + [, B) (D)oo [V (w, YO + | AE@D)]]-
Thus we get the estimate
I(we, )@ < Nwr (@) + 1 ()]
< 2| (w, E)(®)lloo [V (u, YD) + 2[[ (v, B) @) [0 |V (w, EYDO)[| + 2[|A(w, E)(O) + [[Vr@)]]-

Furthermore, by (2.21) we have
2 2 e
€177 = ZZ&fj (EitAj + E;Aje + By + BiEyy
i=1 j=1

— — — —
— wituj — ’LUl'th — v,;twj — injt .
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Thus

€[ 7 |2<ZZ|@5]| Zz\EmA + By Ay + BaE, + B,y

=1 j=1 =1 j=1
2

—

—_— —_— —_—
— WitUj; — Wilkj — VigWy — VWit

= |t ZZ’EztA + E Ay + By E; + BBy,
1=15=1
2

Y

o
— Wity — Wilkjp — VigWy — VWit
or equivalently, we have

2 —_— —_— —_— 2
|73 < Z Z ’EztA + B, Aﬁ + BltE + B Ej — wltu] — WiUjt — VipWj — VWit
1=1j5=1

Now by using this inequality, we get

2 2
1 —~ 1 —_ —_ —_ —_—
rell = o= IO < 5= Y- | (B + EAy + BuE; + BiEy,

i=1 j=1

— Wity — Wit — Gty — 53050) (1)
2 2
=33 H (EiwAj + E;Ajy + ByE; + BiEj,
i=1 j=1
— UJituj — wiujt — Uit’w]‘ — ’injt)(t)H

2 2
ZZ {IIEn MHEAG ) lloo + 16 (E)lloo [l Ae (8]
i=1 j=1
i (1

+Bit @ 15 (Bl oo + 1 Bi(8) oo | Ese (O] + lwie ()] 1w (D)o
+ lwi(®) oo lwje ()] + lJoie (O] llw; ()l oo + Hvi(t)Hoonjt(t)”}

< 2{IIEt(t)II [A®) oo + IE®) o[l A ()]l + 1B TE@) oo + I BE) o1 e (2)]]

o et (Ol )l + (@)l e @ + e N (®)llow + Tl lhen (1)}
< 2{ 1, A)(®) 01, EOO] + 110, EYE) oo (e, A0) ()]

+ 1w, B)YOllocll 01 B + (0, BYE) | (01, E) D1}
= 2/ (we, B (D) |1, A) (W)l + 10, B))]]oc]

+ 2[|(w, E)(#)loo | 1w, Ae) (¢ |+||(vt,Bt)(t)H]

Since

/f thdx—/ ZZﬁg]a /ZZf hi)da

=1 5=1 =1 j=1

/RZZZQJ f’ =—/R2h~(g-Vf)dx

=1 j=1
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we get

/f~<g~Vf>dx:0, /[f~(g‘Vh)+h~(g~Vf)}dx:
R?2 R?2

In addition, since

’ZZQJ

=1 j=1

)" = 1al 1911,

L)< (5 3n) (S 1

we have

- 2 2 o
‘ sz.(g.vh)dx)— ’/Rzg;g]hlaxjda:‘ §/R2 lgl|R| |V fldz.

Finally we have
2 2 2 S 12
ri ot - SR ()
Owy, Ou; 2 0%u;
= ZZ ’ ; Ox; Oxy, + ;wk&cjaxk

F

2 2 2 2,
<23 (|3 e s+ S ]

2 2 Owy, |2 ou; 12 < 9 2 D%y 2
<2ZZ[Z‘ ‘ Z‘ +Z|wk| Z’@xjamkH

i=1j=1 k= k=1 k=1

:

2 2 2
0?u;
= 2|Vul*|Vw|? + 2|w|? ZZZ Ox;0xy,
P j

1 j=1k=1
Puy 2, auzauz 2 A& 0y . A ,
/Rz axjaa:k‘ 7 e 022 /RZUZE!@ ’ z = || Au(®)]",

one obtains

IV (w - Vu) (@)1 < 2[Vut) |3 [IVw®)]* + 2w®) |5 [ Aut)|*.

Lemma 2.5. Let (ug, Ag) and (v, Bo) € L' N H2. We have
t
(@, E)| < || (wo, Eo)| +3\€|/0 [[(w, E)(s)[[|[|(w, A)(s)[| + [ (v, B)(s)[| |ds. ~ (2.22)

Proof. Applying the Fourier transform to the equations (1.2) yields

Wy + €)W + Flw-Vu+v-Vw—E-VA—B-VE + Vr] =0.
It follows easily that

[@e¢*), + Flw-Vu+v-Vw—E-VA— B-VE + Vr]elflt = 0.
Integrating in time gives

@ = e léI%t [1?0 - /tF[w-Vu—H; Vw—E-VA-B- VE+Vr]elf|28ds]

Similarly, we have ’

t
E=e ¢l t[Eo—/ Flw-VA+v-VE —E-Vu— B - Vuwlelf! Sds]
0
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Thus one obtains

t
(@8) = 6" (@, Bo) - [ (R D)elas].
0
where

K=w-Vu+v-Vw—FE-VA—-B-VE+ Vr,
L=w-VA+v-VE—-E-Vu— B-Vuw.

Therefore by using the first two estimates in Lemma 2.4, we obtain

@.B) < (@ Bl + [ |(R D
and
IR] < Jél [lu(s)ll w()]] + o) | wls)] + 1A B+ 1BE)IHTE)]
+ lel 1w, BYS) I, A) ()] + 10, BY ()]
< 20¢] ll(w, B)(s) | [l1tu, A)s) | + (0, BY) .
LI < 1A ()| + o) B+ lul) B+ 1B )]
< lel e, BYS) |1, A&+ (0, BY(s)II]
Thus

(@) < lwo. B+ 31 [ B I AN + o B s

Lemma 2.6. Let (u, A,p) be the solutions of problem (1.1) corresponding to (ug, Ag) €
H?. Then

IB(t)lle < l1(us A, 1Ap(E)]loe < [V(u, A,

|
Ip()11* < Cli(u, BV (u, A) (B,
IVpI* < Cl(u, A |1 A(u, A,
IAp@I* < ClIV (u, A A, )@,
) Moo IV (u, YD) + 2[|A(w, A)@B) + VPO,

[[(ue, Ae) @) || < 2[|(u, A)(2)]
[pe ()] < 4l (w, A) () lloo [ (e, Ae)(D)]]- (2.23)
Moreover, if (ug, Ag) € L* N H?, then

@, A)| < | (uo, Ao)l +3\€|/O 1(u, A)(s)|[*ds, (2.24)

where C is independent of (ug, Ao).
Proof. Let (ug, Bg) = (0,0). Then (v, B,q) = (0,0,0). By Lemmas 2.4 and 2.5, we get

the desired estimates.
§3. Decay Estimates for Problem (1.1) with (uo, A¢) € H?

Let us establish some decay estimates for the solutions of problem (1.1) for the case
(UO, Ao) € H?.
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Lemma 3.1. Let (u, A,p) be the solutions of problem (1.1) corresponding to (ug, Ag) €
L2. Then (u, A,p) € X and

o0

sup [|(u, A)(B)]1%, sup [[5(t)]|oo 2/ IV (u, A) (B[t < [|(uo, Ao)lI*. (3.1)
t>0 t>0 0

Proof. It is easy to get the identity from the equations (1.1)

d

1w O + 2]V (v, @) =0,

where

/ u- (u-Vu)dz =0, / A-(u-VA)dx =0,
R2 R2

/ - (A-VA) + A (A-Vu)ldz = 0,
R2

/ u - Vpdr = 0.
R2

It is very easy to get the desired estimates now.

Lemma 3.2. Let (u, A,p) be the solutions of problem (1.1) corresponding to (ug, Ag) €

LY N L2 Then we have the elementary estimate

[[(u, A) (@) < 2[||(uo,Ao)||L1 + [I(uo, Aol + ||(7«t<w4o)\|2}/ln(e +1). (3.2)
Proof. The starting point is the energy equation
d 2 2
21w AN + 2]V (u, A =0.

Applying Parseval’s identity to the last equation yields

d ~ N2 20~ 296
G| @ Dpa+2 [ 1ep@ P ~o.
Thus we get
d " _
Glmeror [ 1@ Dpa + 2+ o [ efi@ Apae
~ 3[ln(e+1t)]? g
= 674—1,‘/;{2 |(w, A)|dE.
Let
B(t) = {€ € R*|2(e + ) In(e + t)|¢]> < 3}.
Since

2ne-+0)° [ 16I(@ AP

=olie+ o) [ 6P DPde+2lme w0 [ (6w A

3[ln(e +1)]? o A2
> TR [l A

_ 3[In(e+1)]? o~ 3[ln(e + t)]? o~
= T [ Apag =TI [ @ A
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we get

Gl [ 1@ AP

3n(e +1))? J N
< @ A

3[ln(e + )] ¢ 2
= eH/B(t) [II(uo,Ao)llLl +3|g|/O |\(u,A)(s)H2ds] d¢

3[n(e + )2 > [P 2
< M/ / |:H(’U,O,A())||L1 + 3||(U0,A())||2Tt:| rdrdf
6+t 0 0

< 97| (w0, Ao) |71 /2(e + ) + 9V6m| (o, Ao)l| L1 || (o, Ao)||*/ (e +t)
+ 2437]| (ug, Ao)||*/8(e + 1)
< 35| (uo, Ao) |71/ (e + 1) + 357| (uo, Ao)I*/ (e + 1)

< 35| ll(wo, o)l + Il (o, Ao) *] /(e + 1),
where D > 0 is the solution of 2(e + t) In(e + ¢)D? = 3. We have utilized the estimates
[[Cu, A)@) < [I(uo, Ao)l,

(@, A)| < | (uo, Ao)(8)] 2 +3|£\/O 1(u, A)(s) [ *ds.

Integrating in time to get

e+ 0 [ 1 DPd < [ 1@ A0) e + 35 (o A + 0. 40)|*] nfe + 0.

Therefore one obtains
[ 1@ D
R2
< [ 1 o) e e + ) + 35 o, o) s + o, Ap)|*] /e + 1)

< 35 (o, Ao)|[3 + (o, Ao) 2 + | (o, 40)||] /[in(e + 1)),
thus
I, YOI < 2(I(wo, Ao) |12 + (o, Ao)]| + (o, A0) ]/ 1n(e +¢).

Lemma 3.3. Let (u, A,p) be the solutions of problem (1.1) corresponding to (ug, Ag) €
L?. Then we have

Jim [[(u, A)(0)] = Jim [[5(0)]c = 0. (33
Proof. Since

d

£||(u~4)(t)|l2 = —2||V(u, A) (1) || <0,

the limit tli}m [l(u, A)(t)|| = o > 0 exists. Assume that o > 0. Let

(UOE7BOE) = (UQ, AO)/(l + €‘$|2)7
where ¢ > 0 is a constant. Then (voe, Bo:) € L* N L2, and

[[(voz, Boz) || < [[(uo, Ao)ll,  [l(voe, Boe)llLr < v/mw/ell(uo, Ao)ll,
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and (voe, Boe) — (uo, Ag) in L?, as ¢ — 0, by Lebesgue’s dominant convergence theorem.
Moreover, (because of the Corollary of Theorem 4.1)

[l(w —ve, A— Be)(®)|| < C|[(uog — voe, Ao — Boe)||, forall 0 <t < oo,
where C' depends only on ||(ug, Ag)||. Choose € small enough, such that
|(w—wve, A—B)(@)|| < /4, forall 0<t<oo.

Thus

I, A < (e, B) () + /4, for all 0 < ¢ < oo,

The corresponding solutions (v, B.) of problem (1.1) with (vge, Bo.) € L' N L? satisfy
1(ve, Be) (@) < 2{|\(0057305)||L1 + [[(voc, Boe) || + ||(v05,BoE)H2}/ln(€ +1)
< 2[V/w/e + 1+ (o, A0)]lI(uo, o)/ In(e + ).

Choose t( large enough, such that

(e, B (to)l < 2[v/7/e + 1+ (o, A0)II || (o, Ao) I/ In(e + o) < /4.
Thus we obtain
[[(u, YO < [[(ve, Be) ()| + /4 < /2, for all tp <t < o0,
This leads to a contradiction, i.e.,
a/2> Jim [[(uw, A)D)] = > 0.
This implies that  must be zero. Moreover,
1P)lse < [l(u, A)B)I,

the lemma is proved.

Lemma 3.4. Let (u, A,p) be the solutions of problem (1.1) corresponding to (ug, Ag) €
H. Then (u,A,p) €Y and

up [(140)[[V (o, A)(1) 7] < (o, Ao)[Fexp 4o, A0) ]

/ " Ol AOId < o, A esxp [4] (o, A0)I*),
up §1(1) < O (o, Ao} + (o, A0) || exp [8] o, A0)]*.
Jim [(1+ )V (w, A)®)]?] = Jim () = 0. (3.4)

Proof. Making the scalar products of equations (1.1) and A(u, A) and integrating, we
get

d
%HVu(t)Hz + 2| Au(t)|]? = 2/ Au-(u-Vu—A-VA)de,
R?2

d
SITA@? + 28402 :2/ AA-(u-VA—A-Vu)da.
R2
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Combining these equations together, we get

%HV(% AN + 2] A, (B
:2/ [Au-(u-Vu—A-VA)+ AA- (u-VA—-A-Vu)ldx
R2

< 1w, AYOIP + 4l Tu) D) + 4 (A - TA) 1)
T 4)(u- VAOIP +4)(A- Vo) (1))

< 10w, AP + 4N Tu(e)]? + 4 AG) 2 TP
T 4P [VADI + 4 AD |2 [ V()|

< 1A, AP + 4l AV (, A D
S G A + 4, A 1A (s, AV, AY 1)

<
< 1A, A + 81 (u, A) )PV (u, A,

or we get
%Ilv(u, AN + 1A, A < 8]I(u, YDV (uw, (@), (3.5)

L+ DIV A1) + (4 DA AP
< 11V G YO + 81+ D)l (s )02V (w, A1)

Integrate in time to get

(1th)IIV(u,A)(t)IIQJr/0 (L+ 9) | Au, A)(s)|*ds

< [V (uo, A0)|? + / IV AY )Pt + 8 / (L -+ )11, A) (3) 211V (u, A) (5)]| .

By using Lemmas 2.1 and 3.1, we get the estimate

(1+t)IIV(u,A)(t)||2+/0 (1+ s)| A, A)(s)|[*ds

< (19 A0 + [ 19 A Oat] xp 1w 40P [ 19w A)01P]

< o, Ao)II3 exp [4](uo, 40)]*].
Moreover, by (3.5)
L1, YOI + 120 AW < 8, ADIHIA, 4D (3.6)

Since tlim [l(u, A)(t)||* = 0, there is a to > 0, such that for all ¢ > tq, 2||(u, A)(t)| < 1.
— 00

Thus one obtains
d
%HV(U,A)(QHQ <0, forallt>t.

Now we have

/OO IV (u, A)(7)|[*dr > / IV (u, A)()|PdT > (t = )|V (u, A) (B,
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for all t > s > tg. Letting t — oo, we get
[ 19t A m|Par = timsup ]9, A)0)7]
s t—o00
Letting s — oo, we get
. 21
Jim [t (u, 4)()]%] = 0. (3.7)
By Lemma 2.6 we have estimates
sup [ (1+6)[Ip(®)]12] < Csup [(1+ )] (uw, )OI (1, 4)(1)2]
t>0 t>0
< Cll(uo, A0)|I2 (10, A0)I13 exp |4l (10, Ao) "],
sup [[5()0 < sup [|(u, A)(8)[2 < (o, o),
t>0 t>0
sup [(1+ D)1 8p(0) oo | < sup [(1+ )9 (u, 4)()]?]
t>0 t>0
< a0, Ao) I3 exp[A ] (o, 40)]*]

It is obviously true that lim S;(¢) = 0.
t—o0

Lemma 3.5. Let (u, A,p) be the solutions of problem (1.1) corresponding to (ug, Ag) €
H?. Then (u, A,p) € Zy and

sup [ (142 5w, AYD] < (0, Ao) 3 exp |0, Ao) ]

/0 T4+ 02V A A1) |2t < (0, A0) 3 exp [Cl (o, A0) ]
up (1) < O (o, Ao) 3 + (o, Ao) 3] exp [ €1l (o, A0) ]
Jim (14 2|4 (w, (D)) = lim Sx(8) = 0. (3.8)

Proof. If we make the scalar product of equations (1.1) and 2A%(u, A), integrate in the
sapce R?, we get

d
S Au)|? + 2V Au(r)|? = 2/ VAu-V(u-Vu—A- VA,
R2
d
%HAA(t)H2 +2||[VAA(®1)|? = 2/ VAA-V(u-VA—A-Vu)dz.
R2
We have the following bounds

2‘ VAu-V(u- Vu)dx‘
R2

IN

1
LIV Au() + 8/ IV (u- Vu)2de
R2

IN

%\\Vﬁu(t)IP + CIVu®) % IVu®)|? + Cllu®) 1% [ Au®)]*

IN

éHVAU(t)II2 + Cllu@®[HAu@ [ [Vu@)[ [V Au@)]]

IN

iHVAu(t)II2 + Cllu@)* [IVu(®)]* | Au(®)]?,



No.1  Zhang, L. H. UNIFORM STABILITY AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS 51

2‘ | VoV VA)d:v‘

< éIIVAU(lﬁ)H2 + %HVAA(UII2 + ClAD P IVA@DIIP IAA®)1,
2‘ | VA4V VA)dx‘

< iIIVAA(t)II2 + Clu@®P [VA®)1? ([ Au(t)|?,
2‘ [ vas-va Vu)da:‘

1 1
< §||VAA(t)||2 + gllVAU(t)ll2 + CIAD I [Vu®)|* [ AA@)12.
Coupling together the above estimates, we get
d 3
@Ilﬁ(uw‘l)(t)ll2 + §HVA(u7A)(t)||2 < Ol (u, A) )P 11V (uy A)Y )P 1A (u, A) ()],

or

LA 2180 AW + 20+ 0219w, A0
< 2(1+ )18 A2 + O+ D2 O 9w D)2 1A, D)
< 21+ &)V (w, AW 1V, A)B)

+ O+ 0% (u, YOI [V B2 1w, A1)
< 20V, HOI? + 51+ T A, AP

+ O+ 02w O [V, AW A, A

Thus we obtain

% (1+ t)QIIA(U»A)(t)HQ} + (14 [ VA(u, A)()]

< 2|V (u, AP + OO+ ) (u, YOI [V (w, O | Alu, DI (3.9)

Integrate in time to get the following inequality
(L + )18, A + /0 (1+9)[[VA(u, A)(s)[*ds
< 180 AP +2 [ [V AP
0
+ C/O (1 + 8)2)| (w, A) ()2 IV (w, A) ()] A (w, A)(s)[|*ds
< [l(uo, Ao)II5 + C”(UO;AO)”2/O (1+8)2V(u, A) ()| |2, A)(5)|*ds.

By means of Lemma 2.1, we obtain the global estimates

sup (141712, A)O)IP] < (o, A0} exp [C'l(wo, A0)]],

|+ 0219 A0t < . Al exp [l A0
Moreover, by these estimates and (3.9) we observe

L 021A0 AYOIP] € 24(0,00). (3.10)
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Thus tli}rn [(1+ )| A(u, A)(t)]|?] exists. A similar argument to Lemma 3.3 shows that

the limit is zero. By using Lemma 2.2, it is very easy to get the estimate
sup [(1-+)]1(u, A)(8)2] < sup [(1+&)]1(w, A)(B)] 14w, A)D)]]
t>0 t>0
< (o, o) I3 exp [l (o, 40)]1*].
By Lemma 2.6, we can now obtain other global estimates.
sup [(1+ 2IVp()I?] < Csup [(1+6)2/1(u, A1 A, 4)(0)]2]
t>0 t>0
< Cll(uo, A0) [ exp | Cll (o, 40)]1"]
sup (14 0)%129(1) | < Csup (14719, YOI 1A, A) (1) ]

t>0

< Cll(uo, Ao) i3 exp [l (o, A0)[1*]

sup [(1-+ )| (ur, A)(B)]]] < 2sup [(1+ )|, (Bl V (w, A D]
t>0 t>0

+2sup [ (1+ )| A, A)(B)]] +sup |1+ 0] V@)
t>0 t>0
< Cll(uo, A0) I3 exp [Cll(uo, A0) ]
sup (1412 ()] < 4sup (14672 A)(0) o e, AV

< Cll(uo, A0) I3 exp [Cll(uo, Ao) ]

Since
Jim [, A)O)? =0, lim [(1+ 0]V, A)(0)]] = 0,
Jim (14 07 A, A)(0)]7) = 0,

it is obviously true that lim Sa(¢) = 0.
t—o0

t4. Main Results

Let us first derive two important inequalities. Then we prove our main results.
Lemma 4.1. We have the following elementary estimates

Slas ol mor] « e+ Ive B <cae? [ (@ B
B() (4.1)

L 0P 1AGw, BYOIP] + (1 4+ 071V @, BYOIP < 00+ 07w, BYD

dt (4.2)

where B(t) = {€ € R?|(1 +1)[¢]? < C}.
Proof. It is easy to get the following identities from equations (1.2):

d
an(t)H2 + 2| Vw(t)||* = 2/ w-(E-VA+B-VE —w-Vu—v-Vuw)dz,
R2

d
%HE(t)H2 +2|VE®)|]? = 2/RZE- (E-Vu+B -Vw—w-VA—v-VE)dz.
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These equations are combined together to reach
d
2@ YO + 20V (w, E)®)[®

:2/ [w-(E-VA—w-Vu)+ E-(E-Vu—w-VA)ldz
R2
where

/ w- (v-Vw)dz =0, E-(v-VE)dz =0,
R?2 R2

/ w-Vrdr =0, / [w-(B-VE)+ FE - (B-Vw)]dz =0.
R2 R2
Taking (2.17) into account, we have the following simplifications

2‘/ (E-VA—w-Vu)+ E-(E-Vu—uw-VA)de|
R2

< 2/R2 [‘A| |E| |Vw| + |u| |w||Vw| + |u| |E| IVE| + |A] |w] |VE|} de

< 2[fu(®) oo [w@HVw @) + 2/u@) < [E@HVE@D)]
+2[[AD) o [E@ [IVw (@) 4 2[ A®) oo lw (@) IVE@)]
1
< 4|, AO% N w0, EYO* + 51V (w, E)YOI
Therefore we get
d 3
ﬁll(w,E)(?f)H2 + IV (w, YA < 4ll(w, O[5 (w, B)E)*.
By Lemma 3.5, we have the inequality
4
dt
Obviously the following relations hold:

1w, EY®)II* + %I\V(wﬂ)(t)ll2 < CA+)7HI(w, B)(B)*.

@ 02w, YOI + 21+ 0 IV (w, BN < (34 €)1+ )2 (w, B,

d = ==\
Glawor [ @B + 3o+t [ (Fo. TE)Pa
< (3+C)(1+t)2/ (@, E)[2de.
R2

By virtue of Lemma 2.3, we get estimate
d
B(t)

Applying the Parseval’s identity, we can now prove (4.1).

a[(1+t)3/R2 (@, B)Pde] + (14 1)° /R (Vo VE)Pds < 0+ 02 [ (@, E)

If we make the scalar product of equations (1.2) and 2A%(w, E), integrate in the space

R2, and combine them together, we get
d
180 EYOI + 2 VAW, E)(B)|?

=2 VAw-V(w-Vu+v-Vw—FE-VA—-B-VE)dz
R?2

+2 VAE -V(w-VA+v-VE - E-Vu— B-Vuw)dz.
R?2
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We have the following simplifications
2’ /R2 VAw - V(w-Vu)de
< éIIVAw(lﬁ)II2 +8[V(w - Vu)(t)]*
< éIIVAw(lﬁ)II2 + Clw® %[ Au®)]? + Ol Vu®)l[7: [ Vw(®)]|.
< éIIVAw(t)II2 + Clw@®] [ Aw®)| |Au@)]®
+ Cllu(®) |21 Au() | lw ()2 Aw(E)]*
< éIIVAw(lﬁ)II2 + ClAu)| [Aw®)|* + CllAu@®)]Plw ()]
+ ClAu@) [ Aw@®? + Cllu®) | Au®)lP|lw(®)]?
< éIIVAw(lﬁ)II2 +CA+ )T Aw®)|? + C (1 + ) lw(t)|*.
Other simplifications are similar to these. Therefore we obtain
L), BOI? + SIVA W, B
S CA+ )T A, EYOI? + CA+8)7||(w, B)(B)]*.
It is easy to obtain
L a1, BOI] + 51+ 0PIV AW, B
< (5+O) A+ A(w, BYR)P + C(1+ )% (w, E)(2)].
Applying the Parseval’s identity to the inequality yields

d S 3 _
Gloso [ @0 BB + 50 +07 [ IS0 AR

< (5+C)(1—|—t)4/2 |(Eu,@)|2d£+(](l+t)2/m|(@,E)\2d§.

R

By using Lemma 2.3, we now obtain

Glaver [ (e ZBPaE]+ 07 [ 16PI(E0. BB P

dt
<otsy’ [ @w AP+ C0 o2 [ 1@ By
oy [ (@ Bfaroa? [ B
< C(1+t)2/Rz (@, E)|?d¢.

Applying the Parseval’s identity to the inequality gives (4.2).
Theorem 4.1. We have the uniform stability if (ug, Ag) and (vo, Bo) € H?,

iglg\\(w,E,r)(t)HZo < Cll(wo, Eo)|l2- (4.3)
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Proof. As in Lemma 4.1, we have
d
@, BY®)* + 20V (w, E)®)[*
/ [ANENVwl + lul ] [Vew] + [u] | B [VE| + |Al || [VE||
<20 A@) s IE@| s [Vw@ + 2[w@) ]| 4 w(@)llzs [Vw(@)]]
+ 2[u@®llLs [E@O s [VED + 2| A@) | 2s [lw(®)]|s [V E®@)]|
< CIAD IV ABI2 IE@IMIVE@IIT [Vw (D)
+ Ollu(®) |21 Vu@) V2 lw(®)]| /2 |V w(t) >
+ Cllu() [ Va2 | E@)1? [VE@)|P?
+OIAD T2 VAT [w(@) V2 Vw2 [ VE@)]
< IV (w, E)(B)[* + CAGI* [VAD * E®)]?
+CIADOI IVA®)IP I @) + Cllu@®* V)] [w(®)]®
+ Cllu®|* [Vu®)|? £
< IV (w, EYO)II* + Cll(u, A) B IV (u, A) (@) [|(w, E)(t)]*-
Integrating the above inequality in time to reach
¢
1w, E)()]? +/0 IV (w, E)(s)||*ds
¢
< [(wo, Eo)[1* + C/O (s A) ()Y (u, A)(3) 7| (w, E)(5) | ds.
By using Lemma 2.1 and estimate (3.1), we obtain
¢
1w, B)(®)]? +/O IV (w, E)(s)||*ds
< o B exp [C° [ . 4)0) 21V . A) 1) ]
< ll(wo, Eo)|exp [l (o, A0)][*]-
Thus
sup 1w, E)(B)]* < Cll(wo, Eo)|, /0 IV (w, B)(®)]|*dt < C||(wo, Eo)|I*. (4.4)

The constants are independent of (vg, By).
Now the estimates (4.2) and (4.4) yield

jt (1+1)° HA(w,E)(t)IIQ} + (141 [VA(w, E)(©)]?

< O+ t)|[(w, B)()]* < C(1+1)?]| (wo, Eo)|*.
Integrating in time, we get
L+ 6)°(|A(w, B)YB)* < [|A(wo, Eo)lI* + C(1 + 1) (wo, Bo)||*.
Thus one obtains

sup [ (14 1213 (w, BYD)IP] < Cl(wo, o)

By Lemmas 2.2 and 2.4, we can obtain the uniform estimates for others.
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Corollary 4.1. We have the uniform stability if (ug, Ag) and (vy, Bg) € L2,
sup [ (w, E)(t)]| < Cll(wo, Eo)]- (4.5)

Proof. Follows from the proof of Theorem 4.1.

The results illustrate that if (ug, Ag) € L? or H?, which guarantees the existence of global
solutions of problem (1.1), the solutions are uniformly stable. We do not necessarily require
that the initial data decay more rapidly as |z| — oo, i.e. (ug, Ag) € L™ N H?, for some
1<r<2.

Now let us consider the case the initial data in L' N H?2.

Theorem 4.2. Let (ug, Ag) and (vo, Bo) € L' N H%. Then we have the uniform stability

sup [[(w, B,7)(#)l|z, < Cll(wo, Eo)llprnm- (4.6)

Proof. Using Lemmas 2.5 and 4.1, we have

L+ 0%, BYOIP] + (4 0¥ 19w, E)) P
<o [ (@ B
<ca+o? [ o o Bl + 31 | N B A+ 0. B s} e

< C(L+ D). Bl + C0+0) [ 2)8) 12 [l A + v, B8] s
Integrating in time, we have

(1 + )%l (w, EYO)I* < l[(wo, Bo)|I* + C(1 + 1) [ (wo, Eo) |7

+C(1+1)? / (w, B))I? 1w, A ()2 + (0, B)(5)]I] s,
or we get

(L4 1)) (e, EYO) 2 < || (wo, Bo)|[* + Cll(wo, Byl
+C / I w, BY)I 1w, A ()2 + (v, B)(5)]1?] s

< Cll(wo, Eo)|Zinr> + C/O 1w, E)(s)|I*[In(e + )] ~*ds,

where (3.2) has been applied.
Set

g(t) = A+ )[(w, EYB)*,  h(t) = C(1+8)" In(e + 1))

By Lemma 2.1, one obtains

(14 Ol EXOIP < Cllan, Eo) ey exp [C [ (144 e + ] 2at]
or
sup [(14 )| (w, E)Y0)|] < O, Eo)Farzo-
By (4.2), we have the estimate
d

|+ t)5||A(waE)(t)||2} < CA+6)?(w, BYR)|* < C(A+1)l|(wo, Eo)l[ -
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Integrating in time, we obtain
L+ 8)°|A®w, B)Y)|* < [ A(wo, Eo)lI* + Cll(wo, Eo)[Z1np2 (1 + 1)
Therefore

sup (14 1315w, B)@) ] < O, o)l
As before, using Lemmas 2.2 and 2.4, we get other estimates.

Corollary 4.2. Let (ug, Ag) and (v, By) € L* N L?. Then
sup [(1-+ 0w, E)OI] < Cllwo. B (47)

Proof. Follows from the proof of Theorem 4.2.
If we let (ug, Ag) € L' N L? and (vg, By) = 0, the latter implies that (v, B) = (0,0) for all
t > 0, then we have

sup |(1+1)l|(u, A)(8)]2] < C.

>0
Theorem 4.3. Let (ug, Ag) and (vg, Bg) € M. We have the uniform stability
igg”(w,ﬂr)(t)l\zz < Cl|(wo, Eo)las- (4.8)

Proof. By the assumption there is a constant § > 0, such that
(@0, Eo)| < C\€|/2 || [(wo, Eo)|dz < CIE] ||(wo, Eo)l|ar, for all [¢] <. (4.9)
R

Using estimates (4.1) and (4.9), we have
d 3 2 2 ~ 75 2
Slasodleeor] <care? [ @ Bopa

B(t)

<c+o? [ (i@ B+ 3 [ B A + o B)(s)1ds)} de

B(t)

t 2
< Cll(wo, Eo)ll3, + C{/ [[(w, B)(@O)III(, A) ()l + H(U,B)(S)II]dS}
0
< Cll(wo, Eo)|I3,[In(1 + ).
Integrating in time gives
1+ ) (w, BYO)I* < [[(wo, Bo))II* + C|l(wo, Eo) |3t [In(1 + ),
(L +6)?[l(w, B)(®)]I* < Cll(wo, Eo) |3, [In(1 +t)]*.
Iterating once more, we obtain
(1 + )%l (w, E)(B)]|* < Cll(wo, Eo)ll3;-

Now (4.2) yields
d
dt

Integrating in time gives

L+ Aw, YOI < | Alwo, Eo) || + Cll(wo, Eo) |34t

(1+ t)E’IIA(w,E)(t)HQ} < C(L+1)7|[(w, EYO)I* < Cll(wo, Eo) I3
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Therefore we have
1+ Aw, EYB)|? < Cll(wo, Eo)ll3r-

Other estimates follow lines which are by now familiar.
Corollary 4.3. Let (ug, Ag) and (vo, By) € M. We have the uniform stability

sup [(1 +1)?[|(w, E) (1)1 | < Cll(wo, Eo)|3;- (4.10)

Theorem 4.4. Let (u, A, p) be the solutions of problem (1.1) corresponding to (ug, Ag) €
H?. Then we have the decay estimates

Jim [, A2 + (1 + IV (s, AN + (1 + 215w, A)(B)2] =0,
Jim (1Dl + 1+ ) Vp(e)|2 + (1 + 0 2p0) 2] =0,

sup [(1 + t)kSQ(t)} <C, Jim Si(t) =0, i=12,
t>0 —0

where k = 0. Moreover, if (ug, Ag) € L* N H?, then k = 1. If (ug, Ag) € M, then k = 2.
Proof. Let (v, By) = (0,0). Then (v, B,q) = (0,0,0). By Lemmas 3.1-3.5 and Theorem
4.1-4.3, we can justify these results.
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