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Abstract

The authors study the existence of almost periodic solutions to differential equations with
piecewise constant arguments which found applications in certain biomedical problems.
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¢1. Introduction

This note continues the investigation of differential equations with piecewise constant
argument (EPCA) originated by K. L. Cooke and J. Wienerl¥, and S. M. Shah and J.
Wiener!”. These equations describe hybrid dynamical systems (a combination of continuous
and discrete) and therefore combine properties of both differential and difference equations.
In [5], K. L. Cooke and J.Wiener gave a survey of the present status of this research. From
this, we know that all of the work that has been done on the differential equations concerns
the stability, the oscillation, and the existence of periodic solution. In present paper, we will
investigate the existence of almost periodic solutions for differential equations with piecewise
constant argument.

In what follows we denote by | - | the Euclidean norm and by [-] the greatest integer
function.

We consider the delay differential equations with piecewise constant argument of the form

(1) = ax(t) + aox([t]) + ara([t — 1)) + f (1), (1.1)

where a, ag, a; are constant numbers, and f : R — R is an almost periodic function, that is,
for any € > 0, the e-translation set of f

T(f,e) ={rllft+7) = f(O)] <e t € R}

is a relatively dense set in R (7 is called e-period for f ).
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Following [1-5], we say that a function z : R — R is a solution of Equation (1.1) if the
following conditions are satisfied:

(1) x is continuous on R.

(i) The derivative z'(t) of z(t) exists everywhere, with possible exception of the point [¢],
where one-sided derivatives exist.

(iil) = satisfies Equation (1.1) on each interval [n,n + 1], with integer n.

We also consider the differential equation alternately of retarded and advanced type

7' (t) = bx(t) + boz(2[(t +1)/2]) + g(t), (1.2)

where b, by are constant numbers, and g : R — R is an almost periodic function. The
argument deviation

Tt)=t—2[(t+1)/2]
is negative for 2n — 1 < t < 2n (Equation (1.2) is of advanced type), and positive for

2n < t < 2n+ 1 (Equation (1.2) is of retarded type), where n is an integer. Similarly, we
can also define the solution to Equation (1.2).

§2. Main Results

Theorem 2.1. Suppose
[ae® + (e® — 1)ag)?

= 4a(e* — 1)

, a1 #0
and

a1 # ag—a, a#0.

If f(t) is an almost periodic function, then Equation (1.1) possesses an almost periodic
solution. Furthermore, if f(t) is w-periodic, then the following results hold:

(1) Ifw =ng € Z*, then Equation (1.1) possesses an w-periodic solution (called harmonic
solution).

(2) Ifw= %,no,mo € ZT, ng and mg are mutually prime, then Equation (1.1) possesses
an mow-periodic solution (called subharmonic solution).

Theorem 2.2. Suppose

b 7é Oa bO 7& 07
bO # _b,
ble® + e
R

If g(t) is an almost periodic function, then FEquation (1.2) possesses an almost periodic
solution. Furthermore, if g(t) is w-periodic, then the following results hold:
(1) Ifw =ng € ZT, then Eq.(2) possesses an 2w-periodic solution.
no

(2) Ifw= s 0, Mo € 7%, ng and mg are mutually prime, then Equation (1.2) possesses

an mow-periodic solution.

§3. Proofs of Theorems

First of all, we give a definition and show some lemmas.
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Definition 3.1.1%81 A4 sequence x : Z — R? is called an almost periodic sequence if the
e-translation set of x

T(z,e):={reZ||lz(n+71)—z(n)|<e  forallneZ}

is a relatively dense set in Z. T is called the e-period for x.
Lemma 3.1.068] Suppose that {x(n)}nez is an almost periodic sequence and f(t) is an
almost periodic function. Then the sets T(f,e) N Z,T(x,e) NT(f,€) are relatively dense.
Lemma 3.2.05 If f(t) is an almost periodic function, then {f(n)} is an almost periodic
sequence.

Lemma 3.3. If f(t) is an almost periodic function, then the sequence

thatucz={ [ " 0 ()s (3.1)

nez
is an almost periodic sequence.

Proof. Let 7 € T(f,e) N Z. Then we have

n+7+1 n+1
hn+7’ - hn = / ea(nJrTJrlis)f(S)dS - / ea(nJrlis)f(s)ds
n+Tt n

n+1
N / e [ f (s + 1) — f(s))ds.
This implies
|Pntr — hin| < max{e®, 1}e.

From definition, it follows that {h, },cz is an almost periodic sequence.
Proof of Theorem 2.1.
(1) If z(t) is a soluiton of Equation (1.1) on R, then we have

z(t) = {e“(t*") + [e*t—m) 1](1*1@0} en + [e24 —1a raye, g

¢
+/ et f(s)ds, n <t <n+1,n€ Z,

where ¢, = xz(n),n € Z. Obviously, the following relations hold:

Cnp1 = [+ (" — 1D)ataglen + [ — 1]a rarc, 1

n+1
—|—/ e H1=8) f(5)ds, n € Z. (3.3)

Let
By = e + (e* — 1)a ' ay,

By = (e* —1)a"'ay,

n+1
hy, = / e H1=8) £(5)ds.
n
Then we can rewrite the inhomogeneous difference Equation (3.3) as
Cn+1 = B()Cn + Blcn_l + hn (34)
The corresponding homogeneous difference equation is

cn+1 = Bocp, + Bicn—1. (35)
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Clearly, if x(¢) is the almost periodic solution for Equation (1.1), then we know that {z(n)}
should be an almost periodic sequence by using Lemma 3.2. In the following, we want to
show that difference equation (3.4) possesses an almost periodic sequence solution.

(2) Following [2,5], we can seek the particular solutions as ¢, = A" for homogeneous

difference equation (3.5). Thus, A satisfies
A — BoA—B; =0. (3.6)

Equation (3.6) has two roots

By £+ /B2 + 4B,
2 = :
2
At this time,
{Cn} = {kl)\? + k‘g)\g}
is the solution for difference Equation (3.5), where k1, ko are constants. Under the conditions
of Theorem 2.1 , we can know that BZ + 4B; > 0 and A2 # £

(3) We define a sequence

by S AT bk ST AT, ] < 1A < 1,
m<n—1 m<n-—1
by ST ATk AT A < LA > 1,
m<n—1 m>n
Cn = (m+1) (m+1) (37)
e S ATk S AT D > 1 e < 1
m>n m<n—1
1D DIPVAR MY NS DID VR Aal > 1 el > 1,
m>n m>n

where ki, ko are defined later. We prove that there exist constants k1, ko such that {c,} is a
sequence solution of difference Equation (3.4). In fact, for [A1| < 1,|X2| < 1, we put ¢, into
Equation (3.4). Then we obtain

k1M1 + kaA2 = By,
ki +ky=1.

Solving this equation, we have

\s — Bo
By = 2270
1 )\2_A17
By — M\
ky = =2 21
S VW

Hence, when || < 1 and |A2| < 1, we obtain a sequence solution for difference Equation
(3.4):
A2 n—(m+1) n—(m+1)
n E Al hm, E Ag hom, 3.8
¢ Y )\1 Jr )\ — )\1 (3:8)

m<n—1 m<n-—1
For other cases, we can similarly write out an expression to the solution of Equation (3.4).

(4) Since f is almost periodic, it follows from Lemma 3.3 that {h,},ecz is also almost

periodic. Without loss of generality, we only consider the case: |[A1| < 1,|A2] < 1. For
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7 € T'(h,€), we have

‘Cn-‘rT - n|
A2 — BO n+7—(m+1) By — )\ n+7—(m+1)
A hp + ——— A hom,
>\2 - )\1 m<n+'r 1 ' )\2 - )\1 m<§r:7'71 ?
A2 — By n—(m+1) By — M n—(m+1)
- A o, A h ‘
Az_)\lmgl RN ;1 ’ "
A2 — By n—(m+1) By — )\ n—(m+1)
= 1N )\ hopr + ——— A Romr
)\2 h Al 7n<zn: 1 ’ AQ - )\1 mgn:—l ’ "
(by setting m = m’ + 7, then replacing m’ by m)
/\n—(m-l-l)h )\ m+1 ‘
)\2_)\1m§1 )\2_)\17‘@;1 m
A2 — By n— (m+1) - A n— (m+1)
_|22=5e Al Boir — B A — h,,
)\2 h Al 7n<zn: 1 ! )\2 B 7rL<zn: 1 )
Ao — B —
< H 2 — By 1 + By — X\ 1 }e.
PV W WY RN b Ve W [

From definition, we know that {c,} is an almost periodic sequence.

(5) For the above mentioned almost periodic sequence {¢, }nez, we can obtain a solution
to Equation (1.1) by using (3.2). Now, we want to show that the solution defined by (3.2)
is an almost periodic solution. In fact, for 7 € T'(c,€) NT(f, €), we have

|zt +7) = z(t)]

= [{e® ™ 4 (2t _ )0 agHenr — ¢n) + [e27 —1a ay (Cnpr—1 — 1)
¢
+/ e f(s+7) — f(s))ds| (n<t<n+1lne2)

< [max(e,1) +1](Ja™"ao| + |~ 1] + 2)e.
It follows from definition that z(¢) is almost periodic.

(6) If f(t) is w-periodic and w = ng € Z*, then we can see that the sequence {h,}ncz
defined by (3.1) is an w-periodic sequence, that is, hy4+., = hy, for all n € Z. At this time,
the sequence {c,,} defined by (3.8) is also an w-periodic sequence. Hence, the solution z(t)
defined by (3.2) is an w-periodic solution.

(7) If f(t) is w-periodic and w = 7, m9,mg € ZT, then the sequence {fy,}nez defined
by (3.1) is an mow-periodic sequence. At this time, the sequence {c,} defined by (3.8) is
also an mow-periodic sequence. Hence, the solution z(t) defined by (3.2) is an mow-periodic
solution. This completes the proof of Theorem 2.1.

Proof of Theorem 2.2. Assuming that z,(t) is a solution of Equation (1.2) on the

interval 2n — 1 <t < 2n + 1, with the condition x,(2n) = ca,, we have

¢
2 (t) = [P0 4 b7 b (P27 — 1)]ean —|—/ et g(s)ds, 2Zn—1<t<2n+1
2n

Let

p(t) = e +b07"bo(e” = 1), 1 =p(1), po1=p(-1).
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For t = 2n — 1, we have

Zn(2n—1) = cop—1 = pi_1C2n + h5}),
and for t = 2n + 1,

Tn(2n+ 1) = copt1 = picon + hf),

where

2n
BY = - / 1) () s,
2

n—1

2n+1
hg) :/ 6b(2n+175)g(5)d3.
2

n

This implies

1
Canta = =con + —[nZ — H{1)]. (3.9)
-1 M1
From the conditions of Theorem 1.2, it follows that % # 1. We define a sequence {c, }
as follows:
n—(m+1)
1 (2) (1)
m<n—1 (%) H(hm - hm—i-l)’ ‘% <1,
Con = -
n—(m+1)
£ 12 (D) "

Using the same argument as in the proof of Theorem 1.1, we know that {ca,} is an almost
periodic sequence solution for Equation (3.8). At this time, we then imply that x(¢) =
n(t),2n —1 <t < 2n+ 1, is an almost periodic solution to Equation (1.2).

When ¢(t) is an w-periodic function, we know that Equation (1.2) possesses a 2w (or
2mow)-periodic solution if w = ng € Z* (or w = >, ng, Mo € Z7T), by using the same
argument as in (3.4) and (3.5). This completes the proof of Theorem 2.2.
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