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Abstract

The authors study the basic properties of Hankel operators and the structures of Hankel
algebras relative to ordered groups, providing a new class of C*-algebras which are very useful
in general C'*-algebra theory.
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60. Introduction

The classical version of Toeplitz theory on the unit circle T has been generalized in two
directions in the past two decades. One direction involves replacing the open unit disc and
its boundary T by a suitable domain in C™ with a nice boundary, and considering Toeplitz
operators with symbols defined on this boundary. By this generalization concerning with
function space theory and function theory on the domain, one obtains a series of deep
results in operator theory and operator algebra (see [9, 15, 17, 18]). In another direction,
its starting point is the fact that the group T is connected and its dual Z is ordered. This
point of view was taken by Douglas, Murphy and Parone in [6, 7, 8, 10]. The importance of
this generalization is that an interesting new class of C*-algebras arises. This special class
of C*-algebras has a certain universal property which is very useful in general C*-algebra
theory, particular in K-theory.

It is well known in the classical version that Toeplitz operators and Hankel operators
are of the same status, and present different operators classes. Halmos!!! regarded Hankel
operators as an essential part of Toeplitz theory, and many authors studied Hankel operators
and their related problems in [1-5].

In this paper, we consider Hankel operators and the structures of Hankel algebras relative
to ordered groups, obtaining the new properties of Hankel operators, and providing a very
useful class of C*-algebras-Hankel algebras.

The paper is organized as following: In §1, we establish the basic definitions and results
of Hankel operators over the connected groups. In §2, we discuss the structure of Hankel
algebra N¢ and show that N is completely determined by its related ordered group G, i.e.,
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the covariant functor G — N¢ is full from the category of ordered groups to the category
of C*-algebras. In this section, we also establish the exact sequences of Hankel algebras and
their commutator ideals.

¢1. Basic Properties of Hankel Operators

We begin by recalling some definitions and results from [13]. An ordered group is a
pair (G, =) consisting of an abelian group G and a linear order relation < on G which is
translation-invariant, i.e., if <y then x+z < y+z for ,y, z € G. Ordered groups exist in
great abundance, for example, the additive subgroups of R with the order inherited from R.
Let G be any abelian group. It admits an order relation making it an ordered group if and
only if it is torsion-free, and if and only if its Pontryagin dual G is connected (see [13]). The
fact that an ordered group has a connected dual plays an important role in our analysis.

Let G be an ordered group, and denote by G its positive cone, i.e., the set of the elements
x = 0. Denote by m the normalized Harr measure of G. If z € G, the function

&G T, e(y) =7() = (z,7)
is, of course, a homomorphism, and it is well known that the family of elements {¢,|z € G}
forms an orthogonal basis of the Hilbert space L2(G, m). The Hilbert subspace of L%(G, m)
having orthogonal basis {e,|z € G} is denoted by H2(@G) and called the Hardy space related
to G. Therefore, the classical Hardy space H2(T) is relative to integer group Z. Denote by
P the orthogonal projection of L2(G,m) onto H2(G). For ¢ € L>®(G, m), Toeplitz operator
T, on H%*(G) is defined by
To(f) = Pef). f € H*(G).

Let U denote the symmetric unitary operator on L2 (G, m) defined by Ue, = €_,, x € G.
For ¢ € L2(G, m), we define that ¢ = Utp. Let ¢ belong to L>(G, m). Hankel operator H,
on H%(@) is defined by

H,f = PU(¢f), | € H*(G).
For Toeplitz operators relative to an ordered group, much work has been done in [6,7,8].
In this section, we consider Hankel operators relative to an ordered group. The following

theorem shows that a Hankel operator is completely characterized by its algebra equation.
Theorem 1.1. Let H € B(H2(G)). Then H is a Hankel operator if and only if

TXH=HT.,, z€G'. (1.1)

Proof. Let Ey denote the orthogonal projection from H2(G) onto {ep}. For a Hankel
operator H,, using the relation PU = U(I — P) + UEyU, we have

T* H, = PM, [U(I—P)+UEU|M, = PM, .U(I-P)M, = PUM,., = H,T.,,x € G™.

In another direction, if H satisfies T} H = HT, for all x € G, then the following is
obvious:

T;H = HTy, Vf € H®(G)(Z L¥(G,m) N H¥(()).
Writing Heg = g € H2(G), we have
Hf=P(f-g), VfeHQG)
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Thus, for any f,h € H2(G) satisfying fh € H2(G), we have

(h,H f) = (fh.g). (1.2)
A linear functional F on the dense subspace H®(G) of H'(G) is defined by

F(f)=(f.9), VfeH>G).
Let e >0, and f € HOO(CA;)., By [13], there is 0 < €7 < € such that f can be factorized as
f = Oéﬁ - efa
where a, 3 € H*(G) and ||| = ||8]|? < ||f|| + €. Therefore

(1.2) -
IF(f)] < [{aB, ) +ellgll =" (B, Ha)| + €l gl
<= a8+ ellHI| < [[HI[N fllx + 2] H].
So

IEOI < IHLAL
i.e., F is a linear functional on H'(G) (because H>®(G) is dense in H'(G)) and ||F|| < || H].
In fact, ||F'|| = ||H]|. This is done by the following reason:

IH || = sup{|(8, Ha)||or, B € H>(G) with [la], 8] < 1}
< sup{|F(ap)| |o, 8 € H*(G), with [Jall, 5] < 1} by (1.2)
< [1Fl{lepllr < [1F]]-
Let ' be a continuous extension of F onto L'(G,m) and |[F'|| = ||F|| = ||H||. Then there
exists a ¢ € L*°(G,m) such that

[llse = 1F']l = [|H|| and F'(h) = /éwhdm, vh € L'(G,m).

Thus, for f1, fo € H*(G),
oo HL) ) (Fifang) = F(Fofo) = F'(J1 o)
= [ o fodm = (12, H5 1)
e

This means that H = Hz, i.e., H is a Hankel operator and [[H|| = [|¢[| = 19l 00

As a corollary of the above proof, we get the following

Corollary 1.1. For ¢ € L®(G,m), we have

| H, || = dist(, H5*(G)),
where HS*(G) is {f € H™(G)|f(0) = [ fdm = 0}.

Next we discuss the compactness of Hankel operators. The following Theorem 1.2 says
that the existence of nonzero compact Hankel operators depend on the existence of a least
positive element of G7.

Denote by 2 the set {¢ € L>(G,m)|H, is compact}. A simple computation yields the
following relations

Hpy = HiT, + T;Hy, — TfEHy,  Vf,g € L™(G,m). (1.3)

Immediately from the above relations, we know that 2 is a closed subalgebra of L*° (é ,m),

containing H*(G).
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Theorem 1.2. (1) 2 contains HOO(G) properly if and only if G admits a least positive
element.

(2) If G admits a least positive element e, denoted by C. the algebra generated by the
polynomials of €.. Then

A=H>(G)+ C..
Proof. (1) We begin by establishing criteria for 2 to be equal to H*(G). Let a 3= 0.
Since
HZ He; = HeyHep = I — Te, Te; + compact = P, + compact, (1.4)

where P, denotes the orthogonal projection from H2(G) onto the closed span of {e)]0 <
b < a}, we get that the cardinal number of [0, a) is infinite, where [0, a) denotes the interval
{b]0 = b =< a}.

In another direction, for any a > 0, if [0, a)’s cardinal number is infinite, then 2l = H>°(G).
In fact, if there exists ¢ € L>(G,m) and ¢ ¢ H>®(G) such that H, is compact, then we
claim that there is a > 0 such that He; is compact. This is done by the following process.

For every t € G, an operator U; on L2 (G’, m) is defined by

Up: L*(G,m) — L*(G,m), (U f)(s) = f(ts), VfeL*(G,m), s€q.
Obviously
Uy HU; = Hy; o = Hy,_, o (1.5)

Let f belong to L>®(G,m) and HY) denote the integral of f(t)Hy, 4. By the compactness
of G, H) is compact, where

def.
1O [ 0y, gm0
A simple computation shows that
HY = H,.;. (1.6)

Because ¢ does not belong to H*>*(G), there is a > 0 such that ¢(—a) # 0. Therefore
v *€ = ¢p(—a)g; # 0. By (1.6), He- is compact, the claim is proved. By (1.4), P, is
compact. It follows that [0,a)’s cardinal number is finite. This contradicts our assumption.

Consequently, we obtain the following criteria for 2 to be equal to H>(G).
(i) 2 = H>°(Q) iff the cardinal number of [0,a) is infinite for any a > 0.
By (i), we obtain the following
(i) A contains H>(G) properly iff G admits a least positive element.
This completes the proof of (1).
(2) Let e be a least positive element of G and [H>°(G), ] denote the closed subalgebra

of L>®(G, m) generated by H°(G) and €. Then we claim that the following relation is true:
&A= [H%(C).e]. (17)
Clearly

22 [H>(G), &l

Write H?2 for the closed linear span of {e,.|n € ZT}, i.e., H? is a Hardy space relative to
Z, and H? for H*(G) & H2. Let ¢ € A. For b € Gt — ZTe, the proof of (1) leads to
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P(=b)e € A. By (1.4), we know that $(—b) = 0 for any b € GT — ZTe. Thus ¢ can be
written as

p=h+ i an€?,
n=0

where h € HZ(G) By the above equation, we see that ker H,, contains HZ. For every
positive integer m, there exists a function h,, € H?(G) and ||, | = 1 such that | Hpem || =
| Hperm hin || Write hy, = fi + gm, where f,, € H? and g, € H?. Then e™f,, 5.

Therefore we get

HHgoe;”

= [[Hpe hinl| = [ Hp€l" finll — 0.
By the norm formula of Hankel operator (Corollary 1.1)
1Hpep || = dist (e, H® (@) = dist(p, €7 H® ().
So ¢ € [H*(G),%]. In this way we have
A= [H>(G),&],
completing the proof of claim (1.7).

Our next goal is to show that [H®(G),e] = H*® + C,, where C, is the closed algebra
generated by the polynomials of e..

Clearly, H*(G) + Ce C [H*(G), €]. Take the dense subalgebra
k —
r= {Zhieghi e H(G), ke Z+}
i=0

of [H®(G), ], then
I C H®(G) + C.. (1.8)
This is because el has the form
hig = (Z ajeg)Ei + Z 1€ —je- (1.9)
§=0 Li-ie

The above fact shows immediately that

A= H>(G)+ C.. (1.10)

Therefore, what we do is to prove that H>(G)+C. is closed. It is obvious that H>(G)+C,
is closed if and only if there exists a constant ¢, 1 < ¢ < oo, such that

dist(g, H*(G) N C,) < cdist(g, H®(G)), Vg€ C.. (1.11)

We write A, for the algebra generated by analytic polynomials of €., H>® for the w*-
closure of A.. Then the following is true, whose proof is similar to the classical version (see

[16]).
dist(g, H*(G) N C,) = dist(g, A.) = dist(g, H>). (1.12)
Since by Corollary 1.1,

dist(g, H®) = dist(gee, e HZ) = ||[H |,
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where H g(f) is a Hankel operator (relative to an ordered group Ze), if there is not a constant

e

¢ such that (1.11) is true, then we can choose {g,} C C. such that
1H: || = 1. [|Hg, e || = 0. (1.13)

gn€e n€e

It follows that there exists hlY € H2 with ||h{|| = 1 such that

|HS. B = 1. (1.14)
But
[Hg, e || > | Hg, e, B || > |H. B || = 1. (1.15)

We get a contradiction by (1.13) and (1.15). Consequently, there is a positive constant ¢ such
that (1.11) is true. H>®(G) + C, is then closed, and the proof of Theorem 1.2 is completed.

We say that ordered groups GG1, G2 are ordered isomorphic if there is a group isomorphism
¢ : G; — Gy and @(Gf) - G; From the proof of Theorem 1.2, it is obvious that
A = H®(G)+C(G) iff G is order-isomorphic to Z, where C(G) are all continuous functions
over G.

Remark 1.1. For an ordered group G, then HOO(G) + C(G) is a closed subspace of
L>°(G,m), but is an algebra only when G is order-isomorphic to Z (see [11]).

Example 1.1. Let Ry be an ordered subgroup of R. Then there exist nonzero compact
Hankel operators on H 2(]%0) iff Ry = cZ, where c is a constant.

Example 1.2. Let o be an irrational number, and take G = Z x Z,
Gt ={(m,n) € Z x Zlam +n > 0}.

Then H2(G) is equal to the closed linear span of {e?(™01+102)|qm4n > 0}, a closed subspace
of L?(T x T). By Theorem 1.2, there is not a nonzero compact Hankel operator on H?(G).

Take G =Z x Z, GT = {(m,n) € Zx Z|m > 0 or (m = 0 and n > 0)}. Then G has a
least positive element (0,1). Consequently

A= H*(G) + Clon).

§2. Structure of Hankel Algebra

From [6], Toeplitz algebra associated to an ordered group has a nice structure, i.e., it has
a Coburn exact sequence and its commutator ideal presents simplicity in some sense. At
the time, we know that the structure of Toeplitz algebra in this context is closely related
to the structure of an ordered group. In this section, our aim is to consider Hankel algebra
associated to an ordered group. Finally, we find that Hankel algebra is a new class of
C*-algebras completely different from Toeplitz algebra. We first state some notations and
definitions.

Let G be an ordered group. The C*-algebra generated by Toeplitz operators with contin-
uous symbols on Hardy space H 2(CAJ) is called the Toeplitz algebra over G and is denoted by
TS, The C*-algebra generated by Hankel operators with continuous symbols is called the
small Hankel algebra over G and is denoted by HS. The C*-algebra generated by Toeplitz
operators and Hankel operators with continuous symbols is called the Hankel algebra and
is denoted by N¢, i.e., N¢ is generated by T¢ and HY. The following theorem is the main
result in this section.
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Theorem 2.1. The commutator ideal of N is equal to H®. Denote {T,|p € C(G)} by
T, then N¢ =T + HS and the sum is direct. Consequently, the following sequence is exact

0— HY - N = C(G) — 0. (2.1)
Proof. We first show that the following inequality is true:
T, | < inf{||T, + S|||S € H}, Yy e L®(G,m). (2.2)
In fact, because C’(G’) is equal to the closed linear span of {e,€la,b € G}, we only need
to consider a dense subalgebra Xn:l “11[1 H€aijﬁ aij bij € Gty nym; € Z1 5 of HS. Let S
i=1j= ’

be equal to Y H He,, - and put u = ¢, I1 €b,;m,, where ag 3= 0. Then ST, = 0. Thus

i=1j=1 i=1
ITell = llelloe = llpulloe = ITpull = T Tull = (T + S)Tull < T, + 5]

This shows that (2.2) is true. By (2.2) we know that the sum 7 + H¢ is direct.

What we next to do is the following:

(1) H contains all compact operators.

(2) Let @1, @9 € C(G). Then T, H,, € HE.

(3) HY contains the semicommutator ideal of 79, i.e., the ideal of T¢ generated by the
semicommutators {7, », — Ty, T, |1, 02 € C(G)}.

If the proofs of (1), (2) and (3) are completed, then we can prove that N¢ =T @ HC.

Proof of (1). Because H contains compact operators (in fact, H., € H® and the rank
of H., is equal to 1), what we shall do is to prove that H¢ is irreducible. Suppose that
there exists a projection Py such that

PyA = APy. all A€ HE. (2.3)
By the equality
HyHy = Tj, — T§T, + TiEoT,, (2.4)
we see that
He, Heh = h(a)ey, YaeG*, he H*G). (2.5)
Write E, for He,He-. Then
PoE, = E,P,. (2.6)
So
PoEq(cq) = Pyeo = Eu(Pyey) and E,PyEy =0, a # b. (2.7)

It follows that Pyeg is a constant (writing ¢ for Pyeg) and Py e, = ce, for a € GT. Since P,
is a projection, we see that
Py=0or Py =1.
This shows that HY is irreducible, completing the proof of (1).
Proof of (2). Because the linear span of {e,e|a,b € G} is a dense subalgebra of C(G),
we may take ©1 = €,€, Y2 = €€ (a’ = 0). A simple computation shows that the following

are true:

Tp Hy, = Tp Ho  H Hy, (2.8)
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and
TgalHapz = H@ltpz — H¢1T¢2 + Hc[alEOTapz- (29)
So
TpyHyy = Hoy Hi Hy, — Ho Toy HY Hy, + Hoy EoTy, H Hoy,. (2.10)
Immediately from (1) and (2.10), what is proved is that Ty, H}, belongs to HE. Since
TLP2H;;2 = Teaub’ H€a’7b/’

we see that Ty, H7, is compact in case a’ = b and by Theorem 1.1, T,,T7, is equal to
He, , T, _, incasea <b'. The above fact leads then to T, H, belonging to HY by (1).
This completes the proof of (2).

Proof of (3). Note the relations
Ty =TTy = HJ;Hg — Ty EgT, (2.11)
and (1) and (2). We see that HY contains the semicommutator ideal of T, completing the

proof of (3).
By (1), (2) and (3) and [6], we obtain the following

NY=Tao HC. (2.12)

We next prove that HE = commN®. Obviously, commN% contains all compact opera-
tors. By the relations

HH, = Tp, — T5T, + T3 BT, (2.13)

and [6], we see that PAI;I;EP = 0, where ff¢ is the image of H, in N¢/commN®. This shows

that commN® = H®. Consequently, from (2.12) we have the following exact sequence
0— H% - N - C(G) — 0.

This completes the proof of Theorem 2.1.

Finally, we give a corollary of Theorem 2.1, which says that Hankel algebra determines
the ordered group.

Theorem 2.2 If G1,Gy are two ordered groups, then N and N> are isomorphic
C*-algebras iff Gy and Gy are order-isomorphic, i.c., the covariant functor G+ N is full
from the category of ordered groups to the category of C*-algebras.

Proof. Sufficiency. A unitary operator V : Lz(él,ml) — Lz(ég,mQ) is defined by
Vel = ef()a) for a € Gy, where ¢ is the order isomorphism of G; to Ga. {egi)} is the
canonical orthogonal bases of L?(G;,m;)’s. Write P; to be the orthogonal projection of
L2(Gi,my;) onto H2(G;) (i = 1,2) and U; for the symmetric unitary operator on L2(Gy, m;)
(i =1,2). Then the following equations are obvious:

VP =RV, VMUV =MP), VU =UV. (2.14)
So
1)y % 2 1)y % 2
vrlve =18, VHEPV = HE), (2.15)

where Tfi) and H. ,si) denote Toeplitz operators and Hankel operators, respectively on H 2(G‘l)
(i = 1,2). The equations (2.15) say that N¢* and N2 are isomorphic C*-algebras.
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Necessity. Let 7 be an isomorphism from N to N“2. We have thus that 7 induces
an isomorphism between N /commNS' and N /commN©%2. Tt follows that C(G1) is
isomorphic to C(Gy) by Theorem 2.1.

A result of van Kampen (see [14]) implies that each component of the groups of invertible
elements in C(G4) and C(G) contains respectively a characteristic function and hence we
obtain an isomorphism 7, between G; and G5. Moreover, since a € GT iff some element in
the coset T, + HY! has a left inverse, and the latter property is preserved by 7, it follows
that 7, is the order isomorphism of G; to G3. The proof is completed.

Example 2.1. Let «, 3 be irrational numbers, and take the ordered subgroups R, Rg
of R as the following

Ry, ={m+nalm,n € Z}, Rzg={m+nBlm,n € Z}.

Then N B« is isomorphic to NT¢ iff there are integers 4, j, k and [ such that

() (2)-(2) oo

By the above fact, we see that N®v2 and N®v5 are not isomorphic.

Remark 2.1. From the process of Theorem 2.2’s proof and [6], we can prove that 7¢1
is isomorphic to T¢2 iff G| is order-isomorphic to Gy and they are order-isomorphic to Z.
Thus Toeplitz algebra is completely different from Hankel algebra.

We are now ready to study the structure of H®, i.e., the commutator ideal of Hankel
algebra N¢. From [6], we know that the commutator ideal of Toeplitz algebra T has a
nice structure. However, H® D commT, thus our technique is that comm7'“ is separated
from H® by direct sum. What we use is the odd-even decomposition of a C*-algebra
associated with its generators (see [3]). The following concepts are needed. Let H be a
Hilbert space. For § C B(H), C*(F) denotes the C*-algebra generated by §, and C*(F)
(resp. C§(F)) denotes the closed linear span of operators of the form FyF--- F,, where
F,efug*(i=1,2,---,n) and n is even (resp. odd). Then C¥(F) + C*(F) is closed and so
equal to C*(§) (see [3]). In our context, take

§={H|f € C(G)}.
Then § is a self-adjoint operator space. By the above state, we have
HY = C:(3) + C5 (). (2.18)

It is natural to consider what C¥(§) and C¥(F) are, respectively.
Lemma 2.1. Let K be the compact ideal of B(H?(G)). Then

C*(F) + K = commT® + K.

Proof. Repeating the proofs of (2) and (3) of Theorem 2.1, we have C}(§) + K =
the semicommutator ideal of T¢ + K. By [6], the semicommutator ideal of T¢ = commT%,
and thus

C*(F) + K = commT® + K.

Lemma 2.2. K C CX(F).
Proof. It is obvious that C¥(F) N C*(F) is an ideal of C*-algebra C*(F) and

Hy = Hi{ = Ey € C;(3) N C(3).
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The remainder is an exact analogue of (3) of Theorem 2.1.

Denote by S¢ the self-adjoint operator space of C§(F) (i.e., the closed linear span of all
operators of the form Hy, Hy, --- Hy, where n is odd), and call it the singular part of small
Hankel algebra H®. By Lemmas 2.1, 2.2 and (2.18), we get

HY = commT® + ¢ (2.19)

and S€ - commT¢ c S¢ , commT€ - S¢ c SC, i.e., SC is a C*-bimodule over comm 7.
What we pay attention to is when sum (2.19) is direct, i.e, when commT¢ is separated
from HC.
Our methods are closely related to the study of the Weyl commutation relations and
Hankel commutation relations associated with group G. For each £ € G, we consider the
unitary operator

where G is regarded as a net. P, is the orthogonal projection of H2(G) onto {e,}.
A simple computation yields the following Weyl commutation’s relations and Hankel
commutation relations:

T..Us = (€, a)UeT.,, ac@G, ¢cG, (2.20)
and

HeUe = (€,a)UHey, a€G, £€G. (2.21)
Let £ € G. The operator ag is defined from HY to B(H?(G)) by ae(S) = Ug SUg for
S € HY. We consider the bounded mean of p defined on H by the following

ps) = [ ac()m(s).

€
Then p has the following properties:

(1) If S > 0, then p(S) > 0.

(2) p(commT%) C commTC.

(3) p(59) C K.

Proof of (1). Obviously, p(S) > 0. If p(S) = 0, then

(P(S)ear ca) = /G (ae(S)ea, ea)dm(S) = /G 1€, a2 (Seas ea)dm(S)
- /G IVSea|2dm(S) = |V5e, |

for a € GT. Thus we have S = 0, completing the proof of (1).
Proof of (2). Note that the linear span of the finite products of the operators of the
form T, (T, —-T. T,

e .. T., )T., is dense in comm7% and
1+az ay ~ Caz ag

Qg (Tea3 (Teu1+a2 -7, T, )T

6a4

)= (a1 +a2+az+ a4>T€a3 (Teu1+a2 -T,, T, )T5a47
where a;’s are in G.

Since p is continuous, we see that (2) is true.

Proof of (3). By induction, for the case that n is odd, ag(H:

€ay

He, ---Hg, ) has the

€ag an
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form (£, b,)U¢*H,

€ay

H-

€ag

. H

€an,

where aq,as,--- ,a, and b, are in G. Since

/C¥<£7 bn)U*He, He, - He, dm(s)

_ { PyHe, -+ He, , if there exists a € G7 such that 2a = by,
0, otherwise,
and P is continuous, we see that (3) is true.

Lemma 2.3. Let J be a nontrivial ideal of T. Then there exists an ideal I of G such
that the ideal Fy generated by {I —T. T= |x € I} is contained in J.

Proof. By [6], we have the canonical homomorphism 3 : T¢ — T%/J by B(T.,) =
T., + J. Since J # {0}, (3 is not injective. Hence the set IT = {x € G*|3(T.,) is unitary}
is nontrivial. Denote by I the ideal of G, generated by I™. Then it is obvious that F; C J.

Remark 2.1. K C T iff G has a least positive element by Lemma 2.3.

Theorem 2.3. H = commT® + S¢. The sum is direct iff G has not a least positive
element.

Proof. Necessary is obvious by Lemma 2.2 and the remark of Lemma 2.3.

Sufficiency. Assume that comm7'¢ NS¢ is nontrivial. Then comm7'® NS¢ is a nontrivial
ideal of commT“. Taking a positive element S of comm7% NS¢, we have p(S) > 0,
p(S) € commT% and p(S) € K by the properties (1), (2) and (3) of p. It follows that
commT“ contains K since comm7'“ is irreducible. So G has a least positive element by the
remark of Lemma 2.3. Thus, if G has not a least positive element, then the sum is direct.
The proof is completed.

At the same time, in the case that G has not a least positive element, by Theorems 2.1
and 2.3 and the remark of Lemma 2.3, we have the following

Theorem 2.4. If G has not a least positive element, then N© = T @& S&. In other
words, if the above sum is direct, then G has not a least positive element.

Remark 2.2. Note that N¢, T¢ and S¢ are C*-bimodules over comm7“. By Theorems
2.3 and 2.4, when G has not a least positive element, we have the following C*-bimodules
over comm7'® exact sequences

0 — comm7¢ — HY — S¢ — 0,

0—T% = N =859 0.
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