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Abstract

This paper deals with a free boundary problem that arises in ground freezing, where both
the heat conduct and the mass transfer are taken into account. The authors obtain the local
and global existence for the problem under some assumptions.
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¢1. Introduction

The ground freezing process in cold regions can be described mathematically as a Stefan-
type free boundary problem with both heat conduct and mass transfer in the porous media.
The relevance of the problem with high technology engineering and human life has been
stressed in a number of international conferences!!l. Here we are interested in the follwoing
mathematical model, which is quoted from [3].

Let x denote the downwards-directed coordinate. Suppose the freezing front is given by
an unknown function z = I'(¢), the region 0 < z < T'(¢) is totally frozen, and no ice is
present in the region z > I'(t). In the frozen region the temperature @ satisfies the heat
equation

2
prf% Zkf% in Q" ={0<a<T(t),t>0}, (1.1)
where p, ¢, k denote the density, the specific heat, and the conductivity of the porous media,
respectively, the suffix f refers to the frozen soils. In the following the suffix u will refer to
unfrozen soils, 7 to pure ice, and w to pure water.
In the unfrozen region the movement of water leads to a convective term in the heat
conduct equation
2
pucu% = ku% - %(pwcwﬂv) in Q" = {z > T(¢),t > 0}, (1.2)
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where v = v(z,t) is the volumetric velocity of the water which is usually small enough so
that the Darcy’s law holds,
. Dpwygo @

= 1.
v T (1.3)

where h = © + py/pwgo is the hydraulic head, p, go, D and p stand for the pressure, the
gravity, the soil permeability, and the viscosity, respectively. Equation (1.2) is accompanied
with the mass conservation law

d(epw) | O(puwv) _
e =+ oz =0, (1.4)

where ¢ is the porosity. Moreover, the pressure p,, and the density p,, are assumed to have

the relation

p = po+p- (1.5)
In the following we will denote p = p,, and p = p,,, and suppose the parameters D, pu, e, v
are positive constants, and v > 0 is small. For simplicity we will also suppose py,cy, ky,
Pus Cus by are constants. With these assumptions we get from (1.3)—(1.5) the equation for

p(x,t):

Pt = GoPzz + CoPPz in Q+7 (16)
where ag = 222 ¢q = 229,
uye ne
On the free boundary F = {x =T'(¢)} we have
O(T'(t) —0,t) =0(I'(¢t) +0,t) = 0. (1.7)

Taking into account the volumetric velocity v on the freezing front F', the classical Stefan
condition is replaced by

Lpi(eT'(t) — v) = k07 — kubF, (1.8)

where L is the latent heat. On the freezing front F = {& = T'(¢)} the volumetric velocity v
is determined via I',T”(= dI'/dt) and p by

v = g(F/>Fap7t)7 (19)
where g is a given function. From (1.3), (1.5) and (1.9) we get
go o HP ~
I'(t)+0,t) = g(I",T,p, t) = —LZp* — ——7. 1.10
P (I'(t) ) =9(I", T, p, 1) 0? " Dpo? (1.10)

The initial-boundary conditions are
6(0,t) = vo(t) <0,
0(x,0) = p(z), (1.11)
p(z,0) = no(x).

Many efforts have been devoted to the above problem in experimental and numerical
studies(!]. But theoretical analysis has been very limited because of the convective term
%(00;}1}) in the equation (1.2). If this term is neglected, existence and uniqueness have
been proved by reducing the problem to a variational inequality, with the equation (1.6)
linearized and (1.9) replaced by p(I'(t) + 0,t) =const.(see [8]). Guan and Shul® has also
studied the above problem and obtained the local existence and continuous dependence for
the problem, also neglecting the convective term in (1.2).
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In this paper we discuss the local existence and global existence of solutions to the above
problem. In Section 2 we present some preliminaries. In Sections 3 and 4 we prove the local
and the global existence, respectively.

§2. Preliminaries

In this paper we will make use of the Schauder estimates repeatedly. For our purpose we
state them as follows.

Let Q = {['(t) <z < X, 0 <t < T}, where I'(t) > 0 and I'(t) € C#(0,T] with 8 > 1.
Denote |Jullo.o = sgp |u(z, t)],

lu(z,t) — u(y, s)|
((x—y)? + [t —s[)>/2’
lu(z,t) — u(x, s)|

sy = o+ el + el -+ sup 752,

elleco = flullo.0 + sup

and
[ullz+a0 = Y IIDiDiulog+ D [DiD]ullao;
i425<2 142j=2
where 0 < o < 1. For any 0 < q¢ < a1 < ag, the following interpolation inequality is well
known:

17
[ullas,0 < Cllully, ollulle; b (2.1)
where a1 = agy + az(1 — 7y), C depends only on ag, a1, az, 8 and |T'|g. The suffix Q will be
omitted if no confusion arises.

For any integer k£ and 0 < a < 1, we will also denote

lullilag = = sup it (1

where Q5 = {P = (x,t), dist(P, F) > 5}. Note that the definition for s here is a little
different from the usual one, because we are only concerned with the behaviour of the free
boundary F' of the freezing problem. Noticing that § > 1/2, we have

ulls < ClullS™ (2.2)
for any a > b > 0, b being not an integer, where C' depends only on a,b, 3, and |T'|z (see

Lemma 2.3 in [10]). (Lemma 2.3 holds if the parabolic boundary is Lipschitz in spatial
variables and C? in time for 8 > 1/2). From (2.1) it follows that

ol < € (R0 () (23)

provided by = bgy + ba(1 — ) and a1 = agy + az(1 — 7).
If u is a function of single variable, we will denote |u|0 = sup |u(z)|,

— T
|“"‘"‘+°‘_0< ‘daﬂ“L p‘dk d:ck ’/| yl*-

Let u(x,t) be the solution of the problem
U — Uy = f(z,t)  in Q={T(¢) <z < Xo,0<t<T},
u(z,t) = (t) on F={xz=T(t)}, (2.4)
u(Xo, t) = n(t), u(z,0) = p(x).
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Since we are interested in the behaviour of the solution u(z,t) near F', we always suppose 7
and ¢ are sufficiently smooth.

Lemma 2.1. Suppos @(x) € C?**t®, n(t) € C'F/2 and 1,(0) = p..(Xo) + f(X0,0),
where a € (0,1). Suppose u(x,t) is the solution to the problem (2.4). We have

(i) (Interior Schauder estimates).

0 2
[ull$ .0 < Cllullo + 1@l24a + lirase + IFICH), (2.5)

where C depends only on «, Xo, T, and infy(Xo — T'(¢)).
(2) (Intermediate Schauder estimates). If moreover 1)(t) € C+®)/2(0,T] and T'(t) € CP
with 8 > H—“ then

11—« 1—a)
lull$ e < Cllullo + lel2ra + [1hsasz + Wlarayz + 1156, (2.6)

« 2— (x
lul 526 < Cllullo + 10l21a + 11lasz + [Blasz + 1F1E6™), (2.7)

where C' depends only on [T'|(11q)/2, Xo, T, a and inf(Xo — T'(t)).
(3) If (t) € C+/2[0, T] and T(t) = 0, we have

i+ < Clullo + 1@lita + latayz + Wlatayz + 17155%). (2.8)
If ¢(t) € C*/2[0,T] and T'(t) = 0, we have
(lullo + |@la + 1lasz + [¥layz + 1150, (2.9)

where C depends only on Xo,T and a.

(4) (Intermediate Schauder estimates for oblique derivative problems). Suppose u is a
solution to the problem (2.4) with the boundary condition u = 1(t) replaced by u, = Y(t) on
F. Ify(t) € C*/2(0,T) and T'(t) € C? with B > (1+ a)/2, then

lullires” < Cllullo + lplosa + lirays + [¢lass + 1F150"), (2.10)
where C depends only on |T'|(14.q)/2, X0, T, a and inf(Xo —I'(t)).

For the proof of (2.5)—(2.10) we refer the reader to [10], where the classical and interme-
diate Schauder estimates for both the Dirichlet and the oblique derivative problems of linear
parabolic equations were proved by means of the mollification of functions.

For later applications we give some a priori estimates for the problem

Pt — APz = coppx 0 Q= {[(t) <z < Xo,0 <t < T}, (2.11)

pe = g(I",T,p,t) on F = {z =T(t)}, (2.12)

p(.’II,O) = 770(1‘>7 p(XOat) = nl(t)a (213)

where p = po + vp, ['(t) € C1[0,T]. We suppose |n;|cs < My,i = 0,1, and g(I'",T,p,t) is

Lipschitz continuous of its arguments.

Lemma 2.2. Suppose there exist positive constants \,C1, and Co such that

(H1) g(y,z,p,t)p > Ci|p|> — Co for any y,z € R,t > 0.
Then the solution p(z,t) satiafies

[Pl ,0 < M, (2.14)

where My depends only on My, \,C, and Cs.

Proof. |p(z,t)| can not attain its maximum in Q. If |p(x,t)| attains its maximum on
{t =0} U {z = Xo}, then (2.14) follows from the initial-boundary condition. If |p(x,t)]
attains its maximum on F, then by the assumption (H1) we obtain (2.14).
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Lemma 2.3. Let p(x,t) be the solution of (2.11)—(2.13). Suppose I'(t) € C*[0,T]. Then
[Pzl Lo, < Mo, (2.15)
where My depends only on My, My, sup |g(T’, T, p,t)|, and tei(%,fT) | Xo — T'(¢)].
Proof. Set G = log(1 + p2) + f(p), where
1

0 =Gy
v > 0 is a constant to be determined. If G attains its maximum on F' = {z =T'(¢)}, (2.15)
follows from the boundary condition (2.12). If G attains its maximum on x = Xy, then it is

(2.16)

standard to prove (2.15) by the method of barrier functions. If G attains its maximum at
some point Py = (xq,%p) in £, then at Py we have

2p2Pex | . 1, 9
= Uz = T oy rr — T & 1 /) 2.1
0=0G T+ 2 + £ (P)pe; ie., p 5 ()1 +1z) (2.17)
2py 2(1 7p3:> 2 " 2 ’
0 Z Gaca: = mpxacx + prx + f (p)p;c + f (p)px;m (218)
and
- 1+p2
Differentiating (2.11) we have
(P2)t — ao(Pz)ze = Cpi + CPPaq- (2.20)
Combining (2.18) and (2.19), and noting that p,, = —3f'(p)(1 + p2), we get
2p; / 2@0(1 - p?p) 2 7 2
0 < —— Pzt — A0 Pzaa) + — Q0Pzx) — —77 59 Pxz — @ i
_1+p%(pt 0 Przz) + f'(9) (Pt — aopas) TR of"(p)p

1
< C1+ Calpe| = ao("(p) = 511" () )2,
where C; and Cy depend only on My and M;. Let v be small enough so that f”(p) —
11f/(p)|* > 0. Then we get the estimate (2.15).
Lemma 2.4. Suppose I'(t) € C' and p(z,t) is a solution of (2.11)—(2.13). Then
sup{(z — I'(t))|pea(z, )|} < M, (2.21)
where My depends on Xo, M;,i=0,1,2,|T'|; and inf(Xo —I'(¢)).

Proof. Since I' € C!, for P = (z,t) € Q we have z — ['(t) ~ d(P, F). Since |p,| <
My and p,(z,t) satisfies (2.20), applying the interior Schauder estimates (2.5) and by the
interpolation inequality (2.3) we have

sup{(z — 0(1))*[pusa(z, )} < M.

By the interpolation inequality (2.3) again we obtain

sup{(z — T'(t))|pwe (@, 1)[} < Clsup |pa| - sup{(x — T(£))?[paza(x, ) }]'/* < M.

Lemma 2.5. Let u(z,t) be a solution to the equation
{ Ut — Ugy 7b(xat)u?c 7c(x,t)u:f(x,t) n Qv
u = ug(z,t) on 0*Q),

where 0*Q) is the parabolic boundary of Q. Suppose |b(z,t)| < C,

sup(z — T'(t))|e(z,t)| < C, sup{(z —T(®))|f(z,t)|} < Ce, |up(x,t)|] < Ce,

(2.22)
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and T'(t) € Ct. Then

sup |u(z, t)| < Ce. (2.23)

Proof. Let y =z —I'(t),s = t. Then (2.22) becomes
g =ty — (b(y, )+ T'(5))uy — ey, )u = £(y,5). (2.24)
One easily verifies that w = C1ee®®y” +Ce and u = —u are a supersolution and a subsolution

to (2.24) respectively, provided o > 0 is large enough and « > 0 small enough.

¢3. Local Existence of Solutions
In this section, we consider the ground freezing problem in the bounded domain 2 =
{0 <z < Xp,0 <t< 7} We will denote
QO ={0<z<I@®),0<t<7}, and QF ={T(t) <z < X,0<t <7}
From (1.1), (1.2), the temperature 0(x,t) satisfies

0; —a10,, =0 in Q7 (3.1)
01 — as0,5 = [c19° + c2ps)0s + (c3ppa + Caprz)d in QT (3.2)
O(L(t) —0,t) =0(L(t) +0,t) =0 on F ={z=T(t)}, (3.3)
I +g(I",T,p,t) = k10, — k20 on F (3.4)
with initial-boundary conditions
0(0,t) = o(t) <0, 6(Xo,t) =11(t) >0, (3.5)
0(x,0) = o(x), (3.6)
I'(0) =b € (0, Xo), (3.7

where a; and ¢; are positive constants, p = pg + vp, and ¢(z) < 0 in (0,b), ¢(z) > 0 in
(b, Xo). From (1.6) and (1.10), p(z,t) satisfies

Pt — Q0P = Coppe i QT (3.8)
pe = g(I",T',p,t) on F,
p(x,0) =no(x), p(Xo,t) =mni(t), (3.10)

where g and g satisfy (1.10). We suppose
(H2) ¢,1;, and n; are bounded and sufficiently smooth;
(H3) y + g(y, 2, p, t) is strictly increasing with respect to y.
Hence from (3.4) and (3.9) we have
I = g1(T,p, t, k10, — ka07), (3.11)
Pz = 92(T,p, t, k10, — ko). (3.12)
We suppose
(H4) g,9, and g; are Lipschitz continuous of its arguments.
For any given I'(t) € C1+°[0, 7] with I'(0) = b, where 6 € (0, 1) is fixed, let p(z,t) be the
solution of the problem (3.8)—(3.10), and 6(x,t) be the solution of (3.1)—(3.3), (3.5), and
(3.6). We introduce a mapping T which is from C*+9[0, 7] to C**9[0, 7], formally defined by

TT(t) = /O t g1 (D), p(D(£),£), £, k10 — ko0 )dt + b. (3.13)
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Let ©(M) = {['(t) € C'*[0,7],1(0) = b, 2 < T(t) < 3(b+ Xo), and [[T(t)||lcr+s0,,] <
M?}. We will prove that for 7 > 0 sufficiently small and M large enough, T is completely
continuous from (M) into itself.

Remark 3.1. To preceed further let us first remark the boundedness of (z,t). 6(x,t)
is obviously bounded in 2~ by the heat equation (3.1). In QT the equation (3.2) can be

written as

01 — a20u0 — (cap28)e = (c1p® + (c2 — c4)pa)0s + C3ppa0.

From Lemmas 2.2 and 2.3, the coefficients of the above equation are bounded, hence 0(x, t)
is also bounded. By (2.2) and (2.10) we have the following Lemma 3.1.
Lemma 3.1. If p(x,t) is the solution of (3.8)—(3.10), then

Ipliyso+r <C, supolply, 50+ <C,
o>0

where C depends on M, QF = {(z,t) € QF, dist((z,t),F) > o}.

Lemma 3.2. Let 0(x,t) be the solution of (3.1)—(3.3), (3.5), and (3.6). Then for any
a € (0,1),

[0/l1+0,0+ and [[0]l110,0- < Ma, (3.14)
where My depend only on o, |U|cr and M;,i=0,1,2,3.

Proof. Since 6(z, t) satisfies the heat equation 6; —a16,, = 0in Q~ and I'(t) € C* [0, 7],
and since the initial-boundary condition of §(x,t) is smooth, it follows that |61 4,0- < M4
for any «a € (0,1), where My depends on «, but is independent of 7 € (0,1).

In the domain Q%, 6(x,t) satisfies

975 - a291w = (0192 + Cpr)ex + (C3ppw + C4pmw)9 =: h.
By Schauder estimates we have
10l 14a.0+ < CA+ (100 + [[2(z; t)]o)
< O A [10z]lo + 10pza (2, t)]0)
< C(L+[|82]lo + 10z ]lo sup(z — T(£)) [pwa(z, £))).

By the interpolation inequality [|0]]; < C||9H}/+(i+a) H9||g/(1+a) it follows that

10111 +a.0r < C[1+[16llo + sup(a — T(t))[paa (z, )] T/
By Lemma 2.4, sup(ax — I'(t))|pez (2, t)| < M3, we therefore obtain (3.14).

Remark 3.2. From (3.12) and (3.14) we therefore obtain ||p|l1+o < C for any o € (0, 1);
and by (2.10), iup 5Hp||2+a’96+ <C.

From Lemma> 03.2 and Remark 3.2 it follows that the mapping T is compact. Next
we show that if 7 is small enough and M is large enough, the mapping is injective. Let
K = (k1 + k2)(lpz (b=)| + |z (b+)] + 1), and let

M =1+ sup{|g1 (T, p,t,y)|; IT| < Xo,t € (0,1),|p] < My, and |y| < K},
where g7 is the function in (3.11). For any s(t) € (M), if 7 is small enough, by (3.13) we
have & < T's(t) < 2(b+ Xy). Note that
d

ﬁTS(O) = 91(5(0),1(0),0, k1p(b—) — k20(b+)).
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From Lemma 3.2 we have

d
- <|= a2 <
’dth(t)‘ < ‘dth(O)‘ +CtY? < M,
and
’—dtT — —Ts NN/t=t)P° <Clt—t]27° < M,

provided a > 26 and 7 is small enough. Hence T is injective.

To see the continuity of T', for any given I'y(t) € £(M) be let 'y (t) € £(M) so that |I'y —
Toli+s < €. Suppose 6; and p; are the solutions corresponding to I';,i = 0,1, respectively.
Let

Q ={0<z<Tyt), 0<t<7} and Qf ={Xo>z>I), 0<t<T}h

In €, we have by the maximum principle

~sup [I'y —Ty| < Ce. (3.15)

sup |61 — 6p| < sup ’
o Oz

Let 5{ (z,t) =0 (x- 11:;8;’ t). Then 5; (z,t) is also defined on the domain Q; with 5{ =0

on I'y(t), and we still have

sup | (61 — 6)(x, 1) < Ce.
Q5

And by Lemma 3.2, ||§7||1+a o> < CMy. Therefore

101 = B0l1 000 < (101 = Bolg o) T2 - (101 = o] )T/ OF) < Ce/ (20,
Hence
0 0
%eo(ro(t) — 07t) — £01(F1 (t) — 07t) S 5(8) (316)

with 6(¢) — 0 as e — 0.

Next we consider the estimates for p; and 9? . Without loss of generality we may suppose

LT, T, p,t) > 1. 3.18
apg( T,p,t) > (3.18)

Indeed, if (3.18) is not true, let

0
Ko =1+ sup {\a—pg(F’,F,p, O] T e s, ol < M0 <t <7,
and let p = e~ %05, Then (3.8)-(3.10) are equivalent to
51‘/ - aO]Aja:w = F(ﬁvﬁw7x) in Q+7
e = Kop + e Kot g(T" T, p,t) =: g3(I", T, p,t) on {x=T(t)}, (3.19)

ﬁ(xa O) = BKOITIO(‘T)? ﬁ(X(%t) = OOUl(t)y
where

F(p, Py ) = agK2P — 2a0Kopy + co(po + ve 50"p) (pr — Kop).
By the choice of K,

~ dg
—g3(I",T,p,t) = K —Kox ZZ (T T p,t) > 1. 3.18
apgs( pt)=Ko+e ap( p,t) > (3.18)

Hence we may suppose (3.18) holds.
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Let 51(1/7 S) = pl(m7t)7 and gl(l/? S) = 01(.T,t), where
y=x—T1(t)+To(t), s=t. (3.20)

Then 7, and 6; are defined on Qf N{x < Xo—¢}. From (3.8), the function p; — py satisfies
(with (y,s) written as (x,t))

(P1 = po)t — ao(Pr — Po)ae = (T} = T4)P1a + B (3.21)

on Qf N{r < Xg — ¢}, and
(ﬁl _po)x = g(F/17F17517t) - g(r67F07p07t) on {‘T = Fo(t)}, (322)
p1—po=0 on {t =0}, (3.23)

where by the right-hand side of (3.8), and (1.5),

B = co(po +vp1)(P1 — Po)x + covPox(P1 — Po)-
Namely, p; — po satisfies the equation

Ut — Ugz — €o(po +YD1) Uz — covposu = (I'y = T)P1a-
On {z = Xy — ¢} we have
[p1 — po| < Ce.

From (3.18) and (3.22) we see that if p1 — po attains its maximum on {x = I'g(¢)}, then

191 = pollo < C(IT} = TG| + [T'1 — o)) < Ce. (3.24)

Applying the parabolic maximum principle to the equation (3.21)-(3.23) and by virtue of
(3.24), we obtain

[P1 = pollo < Ce + Csup I —Tgl - [pra| < Ce.

By Remark 3.2 we therefore obtain for any 0 < o < o/ < 1,

D1 —p0|1+a790+ < (Ip1 —po|0790+)ﬁ’1 “(I;1 —100|1+&«790+)1771 < 41 (g). (3.25)
Again by Remark 3.2

SUp o151 = Pollas52.08 () < CUIPL = Pollisanp)™ - (Supolpr — Pollasai o)
< ba(e), (3.26)
where
Qb (0) = {(=,t) € Qf, dist{(z,t), Fo} >0}, Fo={x=To(t)},

and 71,2 are suitable constants.
For the function 6 (y, s) = 6, (z,t) defined above, we have

51t - 025190:6 = [01/’% + C2§1x}51x + (eap1p1a + 04171m)5+ (T - Ff))alx-
Hence § = 51 — 6 satisfies
0r — as0, = [c19® + c2p00)0s + (c3pP0x + €aP0s)0 + G(po, B1, b0, 01) + (I — T},
where p = po + ypo(,t) , pr = po +P1(z,t), and
|G(po, 51,60, 61)| < CLIBL = polly - (1B1cllo + 1) + (B = po)aa (2, )61 (2, )]}
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By (3.25), (3.26), and Lemma 3.2, we have
|G (po, P1, 60, 61)| < C(61(e) +(Br — Po)aa(, 1)1 (, 1))
< C(b1(e) + Crsup(z —To(t)) - [(P1 — o)z, 1))
< Ca(d1(e) + d2(e)),
where C7 and Cs depend on sup |§1m\ and |T'g|1. Note that

sup(l’ - FO(t)) ! |p0mz‘ < 062(€)a

and on {z = Xy — e} we have || < Ce. Hence by Lemma 2.5 we obtain ||6]|o < Cd3(¢) with
d3(e) — 0 as ¢ — 0. By means of the interpolation inequality and Lemma 3.2 we therefore
conclude ||9H1+a/2793 — 0 as e — 0. Hence

0 0

—0o(To(t) +0,t) — —01(T'1(t) +0,¢)| = 0 3.27
55,00 (Lo(t) +0,8) — =—61(I'1(t) +0,1) (3.27)
as ¢ = 0. Combining (3.16) and (3.27) we obtain

HTPl — TFOHC‘l[O,T] — 0 as ||F1 - FOHCH5[O,T] — 0.
From Lemma 3.2 and by the interpolation inequality we conclude that for any § < a < 1,

|TTy = TTollrssfo.ry < CITTL = TTol gy 5 - ITT1 = TToll gy g — 0.

.
cto,7]
Hence T is completely continuous. From the above arguments we obtain

Theorem 3.1. Under the hypotheses (H1)—(H4), there exists a local solution to the
problem (3.1)—(3.10).

Remark 3.3. We have not proved the uniqueness because we are unable to show that
T is a contraction mapping.

¢4. Existence of Global Solutions

For any given 7' > 0 let
N={0<z<Xy,0<t<T},
Q" ={0<x<T@®),0<t< T},
QF ={T(t) <2< Xo,0<t<T}.

To prove the global existence of solutions to the problem (3.1)-(3.10) we will establish the a
priori estimates for #,. We suppose

(H5) px = g(T,p,t), g(T,p,t) € C*(Rx Rx RT).
We also suppose (H1) and (H2) hold.

Theorem 4.1. Under the above hypotheses, there exists a global solution to the problem
(3.1)—(3.10).

Remark 4.1. By global solution we mean either I'(t) € C1[0,T], or there is a ¢y € (0, 7]
such that T'(¢y) = 0 or ['(tg) = Xo, and I'(¢) € C1[0,tp).

Proof. We argue by contradiction. If the conclusion is not true, then for some 7 € (0,7

we have

lim[I'(t)] = +oo and  inf min{['(t), Xo — T'(¢)} > 6 > 0.
t—T te(0,7)
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Without loss of generality we may suppose 7 = 1. We will prove sup{|0,.(z,t)]; t € (0,1 —
)} < C for some C > 0 independent of ¢ > 0, which is in conflict with }iim|f”(t)| = +o00.
=T
First recall that by Lemmas 2.2 and 2.3, we have

Ipllo + lIpzllo < C. (4.1)
Denote Q7 = {0 <z <T(t),0<t<1—-¢}, Q" ={Xo>2>T(t),0<t<1—c}
Let 0% = e=4%9F 0~ = 6. Then from (3.1)- (3.4), 6 satisfies
0 — a1, =0 in Q (4.2)
0; — a30,, = [c1p? + copy — 204214]51 + c(x, t) 0 in Qr, (4.3)
O(L(t) — 0,¢) = O(D(t) + 0,¢) =0 on F = {z =I(t)}, (4.4)
I+ G(T, p,t) = k10, — kobf = k10, — koeTD0F on F, (4.5)
where
c(x,t) = c3pps + capew — (c19° + copa) A+ A%, and p = po + p.
Since |plp < C and |p;|o < C, we may take A suitably large so that
c1p® + cope — 2a0A < —1. (4.6)

Since 5; and 5; are positive on F', we need only to estimate sup 0, for if sup 0, < C, we
have [I"| < C;. By Lemmas 3.1 and 3.2 we have |0|11, < Cy (recall that the constants
M; in Lemmas 3.1 and 3.2 depend only on |I'|;) and hence |I'|;1,/2 < Ca. By Schauder
estimates we therefore obtain |0|a1o < C.
Let
o) = { kleigi, H, i (2,t) € O,
koe ATOOF (2 1) + G(T(t), p(x,t),t),  (x,t) € QF,
where k1, ks and g are as in (4.5). By the maximum principle we see that v (z,t) attains its
maximum either  (i): on the parabolic boundary of the domain €; or (ii): on the free
boundary F'; or (iii): in Q7.
In case (i), from the smoothness of the initial-boundary conditions and from (4.1) we
have ¢ (z,t) < C and hence sup 57 <C.
In case (ii), if

sup(z,t) = Y(T(to)—,to) = k10, (T'(to)—,to) for some 0 <ty <1-—c¢,
by thy strong maximum principle we have 67;96 > 0 at this point, hence 5; >0atz =
I'(tg) — 0. Differentiating 6~ (I'(¢),t) = 0 we get 0, T" +60, = 0. Hence at © = I'(¢y) we have
0T < 0. Since 6, > 0 at = I'(tp), we conclude that I'(¢y) < 0. But
I'(to) = P(I'(to) = to) — (L' (to)+,t0) > 0,
we obtain a contradiction.
If

sup (x, t) = (T(to)+, o) = kae TG (D(to)+, o)
+g(I'(t), p(I'(t),1),1)|4=¢, for some 0 <ty <1—¢,
then at this point we have

ke ATME+ 4 g,0e <0, ie., g1 < CerTW <Oy at @ =T(ty) +0.
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If gj < Chag, then we are through. If gj > Chag, then from (4.6) and the equation (4.3)
we obtain 0,” < 0 at z = ['(¢9) + 0, which implies I"(to) > 0. We therefore conclude that

(T (to)+,to) = V(T'(to)—,to) — I (to) < (I (to)—,to),

also a contradiction.
The treatment for the case (iii) is somewhat complicated. Let

Gla,t) = log (1) + f(0), (z,1) € A" N {¥(x,t) > 0},

where f(f) = 1/(M —8)®, M =1+ ||0]|z~, and a > 0 is small enough so that
F10) = 1f'O)) > C = C(M,a).

Since 6 = 0 on F and f is increasing, it follows that G(z,t) attains its maximum either on
O*QT\F or in QF, where 0*QT denotes the parabolic boundary of Q. If G(z,t) attains
its maximum on 9*Q\ F, then by the smoothness of the initial value and by (4.1) we have
sup G(z,t) < C.
O+

If G(z,t) attains its maximum at some point Py in Q*, then at Py we have

Yua g "\ (0\D
0<G = % + F/(@)8. (4.9)
From (4.7) we have
n 1 ~ 1D\ D" 1 roND S o
00 = Ee“‘r(t")(wm — Gppa) = —f1(0)07 — E@“““(f (0)029 + Tppa)- (4.10)

From (4.8) and (4.9) we get

0> a3Gpy — Gy = imwm —1be) + az(f7(0) = |f/(0)|)02 + f'(0) (200 — 0p).  (4.11)

From (4.3) we have
282z — 6e] < C(L+ 0] + Blpz ).

Differentiating (4.3) and using (4.10) we obtain

10zt — a20ss] < Ol + 102] + [Poo - 102] + [Poce] - 6+ 1)

< C(0ul + poal - 18a] + [Poza] -0+ 1).

Since
L= D5t baar )
< a20zze — Out| + C(1 + [pae| + U] (1 +[02])),

‘CLszz - ¢t| < ‘a2§zmm - 5rt| + a2

from (4.11) we obtain

0> as(f"(8) — | O — —S— (14 1Ga]? + [pas] 0] + [preal - 8 + T (18] + 1)).
Y(FPy)

Since G(z,t) attains its maximum at Py, we may suppose ¢¥(Py) > dob, at Py for some
do > 0 small. Noting that ||I'||; < C||6x]o, we therefore conclude that

0 > az(f"(0) = |f'0)[*)0; — C(L + 102” + [paal - 10z ll0 + 0 - Praa) /102 lo-



No.1 Guan, Z. C. & Wang, X. J. FREE BOUNDARY PROBLEM IN GROUND FREEZING 109

That is
182l < C(L + [paalls’® + Sup [pase (2, )] 1/3). (4.12)

It remains to estimate sup |p..| and sup |pr.z|- By the interior Schauder estimates we
have

|Pre(z,8)] < Co,  |paaa(z,t)] < Co for x> T(t)+ 4,
where 6 > 0 is a constant. Let y = x — I'(t), s = t and for convenience we still denote
(y,s) as (x,t). From (3.8)—(3.10) one sees that p satisfies
Pr — APz = CpPe + ' (t)py,  in ﬁ:{0<m<)?0,0<t<1—6}
pz(0,t) = g(I', p, 1), (4.13)
p(x,0) = no(x),
where 0 < X < inf(Xy — I'(t)). Differentiating the equation above we get
U — AoUzz = h =: cv?® + cpv, + T (t)v,  in S~2,
v(0,t) = g(I',p, 1), (4.14)
v(z,0) = Fm(),
where v = p,. By the intermediate Schauder estimates and note that v is smooth in
{3X0 <z < Xo}, we have
[olli+8.@ < Cgla+py/z + 7l + llvllo + [In0ll2+5), (4.15)
where Q = {0 <z < %)?0,0<t< 1—¢}, and

9y
19l(14p)/2 < ‘871“ ATl aspy/2 + 19p Pz - 1Tl 148y /2 + Pe)| + [gt]
< O+ [Ty + [pel)-
From the equation (4.13) we have
[pe] < aolpaz| + clppz| + [T (8)pa| < aolve| + C(1+ T)).
Hence
l9l@isy2 < CA+ Tl + [[vall ). (4.16)
Since v = p, is bounded, from the equation (4.14) we have
Al < O+ [lvellzee + [Tlaflvellzes ).
By (4.15) it therefore follows that
[vlli+8.0 < C(A+ [T1)(A + [Jval o). (4.17)

By the interpolation inequality

1 1/(1 1/(1
Pl < Ol

sgplvx(-,t)lm < ngp(lv(nt)l 148

We thus conclude that

[vll148.0 < O+ [D{FP/8), (4.18)
and
1/(1 1
sup o] < C(1+ ol /5 0) < e+ o), (4.19)

where 3 € (%, 1) will be determined below, and C = C(f).
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Next we estimate supg |[peez| = SUpq |vzz|- By Schauder estimates we have

[vll2+a.0 < C(gli+as2 + [Alla + [I70ll34+a + [[v]l0), (4.20)
where
d
91102 < C(SUP lgl + ‘%9 Q/Q)
< CH+ [grl” + gilajz + |9p (0T + pe)lay2)- (4.21)

The first term on the right hand side of (4.21) is estimated as follows. Since g is C?
continuous, we have
lgrT" + gilajz < C(L+ [grrl - [Tl - [Dlayz + lgrpl Thllplle + lgre T
+lgrl - Chgasz + lgr| - [Tl + [gepllplla)
< O+ 01+ [Plipasz + 10 [lplla)-
From the equation (4.13) we have
Iplla < C(L+[lpll2)*? = CA + [paallo + lIpello)*?

< CA+ T+ [[peallo)®? = CO+ L1 + [Jvallo)*/?. (4.22)

Hence from (4.19) and letting o < 3, we obtain
90T + gtlaja < C(L+ |07 + [TClitas2)- (4.23)
For the second term on the right hand side of (4.21) we have (by the equation (4.13))
190 (P2 + D0)las2 < |gpl - Pl + pelajz + (Igpr| - [Tlasz + |gpel) - PI" + pilo
+ 19ppl(IpalITlay2 + [Pla) (IPaT" + pelo + 1)
< O+ pellallh + [Flitasz + Pzella + (14 Fla2) (T + [Paello)]
+ (|F|o¢/2 + |p‘a)(|r‘1 + |pmm‘0 + 1)
< O+ (IT| + [vzlo)® + [[vlla/Th

+ [Flitasz + [[olliva + (14 T[T + [lvzllo)-

Since for o < 3,
1+
olli+a < CO+[ollivp), and ol < CllolG*,

from (4.18) and (4.19) we obtain

|90 (PaT" + P)lasz < CA+ D7 + [Dl1gaye)- (4.24)
Combining (4.23) and (4.24) we therefore conclude that
9li4as2 < CA+ PP+ Dlpay2). (4.25)

Next we estimate the term ||hl|, in (4.20).
[hla < C[[vlla + llpllallvz(lo
+lplollvalla + Tlitas2llvallo + Tl fvella)
< CAA+ IS + llpllallvalio + 1T vaselvello + [Flalloflia).
By virtue of (4.18), (4.19) and (4.22), and noting that for a < 3,

[ol14a < CA+ [[vlli4p),
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we obtain
241 1
Ihlla < C+ T2 4 Dy yaye TR 7).
Hence (4.20) reduces to

2
lollz+a.0 < CIL+ [P 4+ [Clyay (L7 + 1)) (4.26)
By the interpolation inequality we thus obtain
2/(24a 2+1 1 a
lozallo < Cllvllzia ™™ < CLLA+ I 4+ Dl paya (TR 4 1))/ @4, (4.27)
Suppose for a moment that
Tl1gasz < C(L+[162]3)- (%)
Noticing that |T'|; < C||0z]l0 + C, we reduce (4.27) to
lozallo < C(1+ 116, 1§ H277%)2/ 4. (4.28)

From (4.12) and by (4.19), (4.28), we conclude that
v 1/2 2(1+2 3824+«
182llo < C(L+ [162]l0) < C(L+ [18.]16">" + (|6, [ H2D/30E+)y,

Let =2 and let a = 5. We thus obtain ||, < C.
Now we need only to prove (#x). By Schauder estimates we see that =, and p are
smooth in Q\Ns(F), where Ns(F) = {P = (x,t); dist(P, F) < ¢}. Let

(y,8) =T(x,t) = (x = T(¢),1). (4.29)
Then 0% satisfies
0 — azfy, = h =: [e1p” + capy 0y + (c3ppy + capyy )0 + T (5)6,.
Hence in the domain {0 <y < do} x {0 <t <1 —¢€} we have
107 (5, $)ll14a < C(L+|0]l0 + sup |A])
< O+ [0yllo + lIpyyllo + [T11[10y]lo)-
By virtue of (4.19) and noticing that |I'|; < C||0y]lo, we obtain

167 (. ) 140 < CL+ 10,115 + 16y]15""). (4.30)
In the domain {—dy <y < 0} x {0 <t <1 — ¢}, similarly we have
167w )l < COL+ 18115 + 116, 16"). (4.31)

From the Stefan condition

I = k10, — ko0 — (T, p,t) (3.4)
we conclude that, under the new coordinates (y, s),
9?(0, s2) — 0 (0, s1)

|82 _ 81|o¢/2

T|14a/2 < [glasz + Csup

< |Glas2 + CllOF(y: 5)l1+a-
Hence () holds.

Remark 4.2. Since g(I',p,t) € C11, the free boundary I'(¢) is indeed C?T(0,T) for
any a € (0,1). If g(T,p,t) € C°, then I'(t) € C*. For the proof we refer the reader to
[6] or [9]. We also remark that Theorem 4.1 can be extended to the unbounded situation
N={0<z<00,0<t<T}
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