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INFINITELY MANY HOMOCLINIC ORBITS FOR A CLASS
OF HAMILTONIAN SYSTEMS WITH SYMMETRY
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Abstract

This paper deals via variational methods with the existence of infinitely many homoclinic
orbits for a class of first order time dependent Hamiltonian systems

4= JH,(t,2)

without any periodicity assumption on H, providing that H(t, z) is even with respect to z €
R2N | superquadratic or subquadratic as |z] = oo, and satisfies some additional assumptions.
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¢1. Introduction and Main Results

This paper is an extension of the work [8].
We consider the existence of infinitely many homoclinic orbits for the first order time
dependent Hamiltonian systems

2 =JH,(t z2), (HS)
where z = (p,q) € R*, H € CY(Rx R*,R), H(t,0) = 0, and J is the standard symplectic

structure on RV,
(0 Iy
=(n )

with Iy being the N x N identity matrix. By a homoclinic orbit we mean a solution
z € CY(R, R*) of (HS) which satisfies z(t) # 0 and the asymptotic condition z(t) — 0 as
[t] = oo.

The existence of homoclinic orbits of systems like (HS) is a very classical problem. Up
to about 1990, apart from a few isolated results, the only method for dealing with such a
problem was the small perturbation techniques of Melinkov. In very recent years this kind
of problem has been deeply investigated via variational methods pioneered by Rabinowitz,
Coti-Zelati, Ekeland, Séré, Hofer, Wysocki and others (see, for example, [2,4-7, 10-11, 13—
17)).
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These papers for the first order systems (HS) considered the Hamiltonian of the form
1
H(t,z) = §Az -z + R(t,2),

where A is a 2N x 2N symmetric and constant matrix such that each eigenvalue of JA has a
non-zero real part, and R(t, z) is periodic in ¢ and globally superquadratic in z. They showed
that (HS) has at least one homoclinic orbit. The existence of infinitely many homoclinic
orbits of (HS) was also established in [15,16] if, in addition, R(t, z) is convex in z.
Recall that, for a particular case of second order systems of the type
—G = —L(t)g + Wq(t,q),

where L € C(R, RN") is a symmetric matrix valued function, the works [14] (among other
results) and [6,11] obtained some existence results of homoclinic orbits without any period-
icity assumption on the Hamiltonian

1 1
H(t,p,q) = §\pl2 - §L(t)q ~q+Wi(t,q), (p.q) € R?Y,

providing instead that the smallest eigenvalue of L(t) — oo as [t| — oo, and W (t, q) satisfies
some growth assumptions.
Motivated by the works of [6,11,14], we studied in [8] the following Hamiltonian

H(t,z) = —%M(t)z-z+R(t,z), (1.1)

o4y )

with L being an N x N symmetric matrix valued function. We proved that (HS) has at

where

least one homoclinic orbit under the assumptions:
(L1) the smallest eigenvalue of L(t) — oo as |t| — oo, i.e.,

I(t) = inf L(t) & — t| — oo;
(t) cen ) (t)§-§ =00 as [t| = o0

(Lg) L € CM(R, RNZ) and there exists Ty > 0 such that 2L(t) £ %L(t) are nonnegative
definite for all |t| > To;
(R1) R € CY(R x R*", R) and there exists y > 2 such that

0 < pR(t,2) < R.(t,2z)z, Vte R and z #0;

(Re) 0<b= inf R(t2);
t€R,|z|=1
(R3) |R:(t, 2)| = o(]z]) as z — 0 uniformly in ¢;

(Ry) there exists 0 < a1(t) € LY(R) N C(R), v > 1 and az > 0 such that
|R.(t,2)|" < ai(t) + a2 R.(t,2)z, V(¢ z).

Moreover, in [8] the case that R(t, z) is subquadratic growth as |z| — oo is also considered.

The purpose of this paper is to show that (HS) possesses infinitely many homoclinic orbits
if H(t,z) is even in z and satisfies the above assumptions or others.

Our first result reads as follows.

Theorem 1.1. Let H be of the form (1.1) with L satisfying (L1)—(L2) and R satisfying
(R1)—(R4). Suppose, in addition, that R(t,z) = R(t,—z) for all (t,z) € Rx R?*N. Then (HS)
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possesses infinitely many homoclinic orbits {zx} such that
1
/ {—iJék-zk—H(t,zk) dt — o0 as k — oco.
R

Our second result handles the case that R(t, z) is subquadratic in z. We need the following
assumptions:

(L3) there exists a < 2 such that I(t)[t|*2 — oo as [t| — oo;

(Rs) R € CY(R x RN, R) and there is 1 < 3 € (32=,2) such that

0<R,(tz) -z<PBR(tz), V(t=z);
(Rg) there exists az > 0 such that
as|2|” < R(t,2), V(t2);
(R7) there exists as > 0 such that
|R.(t,2)] < a4lz|®~Y, Vte R and |2| <1;

(Rs) |R.(t,2)] € L>(R x Bg) for any R > 0, where Bg = {z € R*;|z| < R}, and
|| 7Y R.(t, 2)] — 0 as |z| = oo uniformly in t € R.

Theorem 1.2. Let H be of the form (1.1) with L satisfying (L2)—(Ls) and R satisfying
(Rs)-(Rs), and suppose, in addition, that R(t,z) = R(t,—z) for all (t,z) € R x R*N. Then
(HS) possesses infinitely many homoclinic orbits {z;} such that

1
0</ [§J2k~zk—|—H(t,zk) dt -0 as k — co.
R

Typical examples fitting in with our situation are L(t) = ||’y with § > 1 and R(t, z) =
b(t)W (z), where b € C(R, R) satisfying b < b(t) < b for some positive constants b < b and

all t € R, and W(z) = > ¢z

#i for some integer m > 0, with ¢; > 0(1 < i < m) and
i=1
1< pr <pg <o < ppy. Clearly, R(t,2) is even in z, and satisfies (Ry)—(Rq) if p1 > 2,
(R5)—(Rg) if m=1and p; € (ﬁ,Q).
§2. Preliminary Results

The following two critical point propositions will be used for proving the previous Theorem
1.1 and Theorem1.2.

Let E be a real Hilbert space with the norm || - ||. Suppose that E has an orthogonal
decomposition F = Fy @ E5 with both E; and Es being infinite dimensional. Suppose {v,,}
(resp. {wy}) is an orthonormal basis for F (resp. Fs), and set

X, =span{vy, - ,v,} ® Ey, X" =FE; ®span{wy,- -, wn}
For a functional I € C*(E, R) we denote by I,, = I|x,, the restriction of I on X,,. Recall that
we say I satisfies (PS)* conditon if any sequence {u,} with u, € X,, for which 0 < I'(u,) <
const. and I/ (u,) = VI,(u,) — 0 as n — oo possesses a convergent subsequence. We
also say that I satisfies (PS)** condition if for each n € IV, I, satisfies the Palais-Smale
condition, i.e., any sequence {ur} C X, for which I(uy) is bounded and I] (ug) — 0 as
k — oo possesses a convergent subsequence.

Proposition 2.1. Let E be as above and let I € CY(E, R) be even, satisfy (PS)* and
(PS)**, and I(0) = 0. Suppose moreover that I satisfies, for any m € N,
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(I) there is Ry, > 0 such that I(u) <0, VYue€ X™ with |ul > Ru;
(I2) there are vy, > 0, ay,, > 0 with a,;, — co as m — oo such that
I(u) > am, Yue (X™ N with |ul| = rm;

(I3) I is bounded from above on bounded sets of X™.

Then I has a positive critical value sequence {cy} satisfying cx — 0o as k — .

Proof. This proposition is a special case of [3, Theorem 3.1]. However, in the present
form its proof is simple and we sketch it here for the reader’s convenience. Set X' =
X, N X™ =span{vy, - ,Up, w1, -+, Wy} and

Qn ={ue X |lull < R}, Swm={ue X" N5 ul =rn},

Iy ={yeCQ;,Xy,);y is odd and ~v|aqgm = id}.
Then y(QI) N S™ # § for all v € I'™. In fact, let V = {u € Q7 ||v(u)|| < rm}. Since v
is odd, 0 € V. By (I1)—(I2), Ry, > i and so VN IQT = (). Thus V is open in X™. Let
P: X, — X™ ! be the projector. Then Poy|y : V — X™~ ! is odd and continuous. Hence
there is u € OV such that Po~y(u) =0, i.e., ||[y(u)|| = rm and y(u) € (X™1)L. Now define

et = inf max I(y(u)).

~ELT ueQm
Then we have, by (I2) and (I3),

am < cp' < by, (2.1)
where b,, = sup I(u) < co. By (PS)**, a standard argument (see [1, 12]) shows

ueX™,|lul|[ <R,
that ¢} is a critical value of I,,. Letting n — oo in (2.1) yields a,, < ¢™ < b, and ¢™ is a

positive critical value of I by (PS)*. Since a,,, — 0o, the proposition follows immediately.
Proposition 2.2. Let E be as above and let I € CY(E, R) be even, satisfy (PS)* and
(PS)**, and I(0) = 0. Suppose moreover that I satisfies, for each m € N,
(1) there exist ryy, > 0, am > 0 such that an, < I(u), Yu € X™ with |ju| = rm;
(I5) there is by, > 0 with by, — 0 as m — oo such that I(u) < by, Vu € (Xm 1)L
Then I possesses a positive critical value sequence {ci} such that ¢, — 0 as k — 0.
Proof. Let ¥ denote the class of closed (in E) subsets of E'\ {0} symmetric with respect
to the origin, and let v : ¥ — IV U {0, 00} be the genus map. Set

Ynm={Ae¥X;AC X, and y(4) >n+m}.

Define
cpt = sup inf I(u).
AEXII)ZL u€A ( )
Since for each A € ¥, A C X,, and v(A) > n+m, AN (X™ 1)L £ (). Thus
inf I(u) < sup  I(u) <bpy (2.2)
u€A ue(Xm—1)L

by (I5). Since ¥(0B,.,, N X!™) = n + m where B, = {u € E;|ul]| <ry,}, 0B, NX" e Xm
and by (I4)

I(w) > am. (2.3)

Combining (2.2) and (2.3) shows
am < ¢ < by (2.4)
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Since I satisfies (PS)**, by using the genus theory and a positive rather than a negative
gradient flow, a standard argument""'? shows that ¢ is a critical value of I,,. By (2.4),
letting n — oo, we see that ¢’ — ¢™ and, by (PS)*, ¢ is a critical value of I satisfying
A < ™ < by, which, together with (I5), gives the conclusion of the proposition.

The proof is complete.

,RZNXQN)

We now consider the symmetric matrix valued functions M € C(R of the form

vio= (40 )

Suppose that L satisfies (L) and (Lg). Let A = —J% + M be the selfadjoint operator
with the domain D(A) C L? = L?(R, R?N), defined as a sum of quadratic forms. Let
{E(\); —00 < A < 00} be the resolution of A, and U = I — E(0) — E(—0). Then U commutes
with A, |A| and |A|'/2, and A = |A|U is the polar decomposition of A (see [9]). D(A) =
D(|A]) = D(I + |A]) is a Hilbert space equipped with the norm

Izl = [I(T + [A])zl[ L2,  Vz € D(A),
where || - || 12 is the norm of L2. It is easy to check that D(A) is continuously embedded in
W2 = Wh2(R, R?N) (see [8]). Moreover we have

Lemma 2.3. Let L satisfy (L1) and (Lz). Then D(A) is compactly embedded in L*.

Proof. See [8, Lemma 2.1].

Remark 2.4. In virtue of Lemma 2.3, (I+|A|)~! : L? — L? is a compact linear operator.
Therefore a standard argument shows that o(A), the spectrum of A, consists of eigenvalues
numbered by (counted in their multiplicities):

<A <A S0<A S A<

with Ayp — 00 as k — oo, and a corresponding system of eigenfunctions {e;} of A forms
an orthonormal basis in L2.
Now we set E = D(]A|'/?) = D((I + |A|)'/?). E is a Hilbert space under the following
inner product
(21,22)0 = (|A]" 221, |A]Y220) 12 + (21, 22) 12
and norm
Izllo = (2,2)¢" = (T + |A)Y?2]| 2,

where (-, )2 denotes the L? inner product.

Let E° = KerA, Et = Clg(span{ey, ez, -+ ,}), and E~ = (E° ® E1)12 where ClgS
stands for the closure of S in E and S+# the orthogonal complementary subspace of S in
E. Then

E=E ®E°®E". (2.5)

Since, by Lemma 2.3, 0 is at most an isolated eigenvalue of A, for the later convenience, we
introduce on E the following inner product

(21,22) = (JA]Y 220, | Al 222) 12 + (21, 29) 12
forall z; = z; +20 + 27 € B~ ® E°® E*(i = 1,2), and norm
Izl = (2,2)"/2 (2:6)
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for all z € E. Clearly, || - || is equivalent to || - ||o. Moreover, E is continuously embedded in
H'Y?(R, R?N), the Sobolev space of fractional order (see [8]).

Lemma 2.5. Let L satisfy (L1) and (Lg). Then E is compactly embedded in LP for all
p € [2,00).

Proof. See [8, Lemma 2.2].

Recall that the assumption (L) is stronger than (L;). By (Ls), since a < 2, we see
37% < 2. Corresponding to this case we have

Lemma 2.6. Let L satisfy (L2) and (Ls). Then E is compactly embedded in LP for all
1<pe (3%, 0).

Proof. See [8, Lemma 2.3].

Finally we introduce

a(z,a) = (|AV2Uz, |A]22) 12 (2.7)

for all z,z € E. a(-,-) is the quadratic form associated with A. Clearly, for z € D(A) and
x € E we have

a(z,z) = (Az,x) 2 = /(—Jé + M(t)z)x. (2.8)
R
Plainly, E~, E® and E* are orthogonal to each other with respect to a(-,-), and moreover
a(z,r) = (Pt = P7)z,z), Vz2,2€E,
a(z,z) = |2F)* = |7, VzeE,

where P* : E — E* are the orthogonal projectors and z = 2~ + 2% + 2+ ¢ E- @ E° @ E+.

(2.9)

§3. Proof of Theorem 1.1

Throughout this section, let the assumptions of Theorem 1.1 be satisfied. Let E =
D(|A|'/?) with the norm (2.6). By (R4) one has

IR.(t,2)] < COL+ 2”71, V(t,2), (3.1)
where 7" = 13, which, jointly with (Rs), yields that for any € > 0 there is Cc > 0 such that
[Ra(t,2)] < elz] + Cel2[" 1, W, 2), (3.2)

and
|R(t,2)| < 2> + Celz]’,  V(t,2). (3.3)

Here (and after) C' (or C;) stands for generic positive constants not depending on t and z.
By (R1) and (Rg) one also has

R(t,z) > blz|*, Vte R and |z| > 1. (3.4)

Note that (3.1) and (3.4) imply v/ > p > 2.
Let

o(2) :/R(Lz), Vz e E.
R
(3.1)~(3.4) imply that ¢ is well defined, » € C'(E, R) and

o' (2)x = /RRZ(t,z)x, Vo,z € E (3.5)
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by Lemma 2.5. In addition, ¢’ is a compact map. To see this, let z, — 2z weakly in E. By
Lemma 2.5 one can assume that z, — z strongly in L? for p € [2,00). By (3.5)

I/ (z) =@l = sw | [ (Ruft.) = Rtz

llzll=1

By (3.2) and the Hoélder inequality, for any R > 0,

‘/t>R (t, zn) —Rz(t,z))x‘

<c / (2al + 12l + Jzal” ™ + |21~ Y)la] (3.6)
[t|I>R

1/2 ’ ’ (7/71)/7/
<Cllalla( [l +1a) " tlllur ([t +1:7) 77,
1> R >R

For any € > 0, by (3.6) one can take Ry large such that
‘/ (Ro(t, 20) — Ra(t, )| < § (3.7)
[t1> Ro 2

for all ||z]] =1 and n € IN. On the other hand, it is well-known (see [12]) that since z,, — z
strongly in L2,

||Rz('azn) - RZ<.7Z)HL2(BR ) 0

as n — oo where B, = (—Rp, Ro). Therefore there is ng € IV such that
‘/ At 2) — Ru(t, 2))a| < € (3.8)
\t|<Ro 2
for all ||z|| =1 and n > ng. Combining (3.7) and (3.8) yields

€' (zn) =" (2)Il <€ ¥n =mno.

Hence ¢’ is compact.
Let a(-,-) be the quadratic form given by (2.7), and define
1
I(z) = ia(z,z) —¢(z), VzeE.
By (2.9)

1) = 51717 = 17 IP) — (=), V=€ B

forall 2 =27 +2+2" € E- ® E°® E*. Then I € C'(E, R). Noting that (2.8) holds, by
a standard argument we show that the nontrivial critical points of I on E are homoclinic
orbits of (HS).

Let By = E~ @ E° and By = ET with {v, = e_,}32; and {w,, = €, }>°_; respectively,
where {e,}5% _
span{vy, -+ ,vn} B Eo, X™ = Ey @ span{wy, -+ ,wn},
I satisfies the assumptions of Proposition 2.1.

Lemma 3.1. I satisfies the (PS)* and (PS)** conditions.

Proof. The verification procedure for (PS)* and (PS)** are the same, and so we only
check the (PS)*. Suppose z, € X,, such that 0 < I(z,) < C and €, = ||I,(2,)|| = 0. By

is the system of eigenfunctions of A (see Remark 2.4). Set also X, =
x,,- We will verify that
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definition and (Rq),
1, B 1 R

’; ) ) (3.9)
D R.(t,zn)zn > (= —1 / R(t, zp).
(5=, (5-1),
(3.9) and (Ry) yield ||R.(t,z,)]|7-~ < C(1+ ||z,]]), and hence by Lemma 2.5,
Iz 1% = 1" (zn) 2 +/ R (t, zn) 2 < Cllzgll(1 + [|Rx(t, 2) | Lv),
R
or
41l < CA+ 2l V7). (3.10)
Similarly one gets
Iz I < CAL+ Izl V7). (3.11)
If £ = {0}, (3.10)—(3.11) imply ||z,|| < const. Suppose E° # {0}. For z € E, let
t) if |z(t)| < 1, 0 if [z(t)] < 1,
fm_{zo it [+(0) fﬂ_{ it [+(0) o)
0 if [z(¢)] > 1, z(t) if |z(t)] > 1.
Since by Lemma 2.5
Jrar< (128 < [ P < Clal?
R R R
one has
lznllze < Cllza]l /. (3.13)
By (3.4) and (3.9)
122l e < C(L A+ [lza]l /). (3.14)

By L? orthogonality and Hélder inequality with pu/ = ﬁ,
lzallZ> = (zns zn)r2 < lepllpw (lznlloe + 22 llze)-
Hence, since dimE° < co and (3.13)—(3.14) hold, one sees
lnll < Cllznll®* + 2l /). (3.15)
The combination of (3.10)—(3.11) and (3.15) shows that again ||z,|| < const. Finally, since
¢ is compact, a standard argument shows that {z,} has a convergent subsequence, proving
the (PS)*.
Lemma 3.2. I satisfies (I1).
Proof. By (3.4), (R1) and noting that |z|* < |z|? for |z| < 1, one has for any 0 < € < b,
R(t,2) > e(lal — |22), ¥(t,2). (3.16)
Let d > 0 be such that [|z[|2, < d||z||? for all z € E (by Lemma 2.5) and take ¢ = min{;,b}.
Then for 2 =27 + 2 + 27 € X™ we have

1 1.
I(z) = 2t = S )? - / R(t,2)
2 2 "

1 1, _
S 12717 = 51717 + ellzliZe = ezl (3.17)

IN

A

1, o 1
1712 = 202717 + 112007 = el
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Since dim (E? @ span {wy, - ,wy,}) < oo, we have

12° + 2% )22 = (2° + 27, 2) e < [12° + 2 [l pwllzlloe < Cm)12° + 27|l 2| 2|z,

and so [|2° + 21| < C'(m)||z| Lx, or
C"(m)ll2” + 2" < l2llf, (3.18)
where C'(m),C’(m) and C”(m) > 0 depending on m but not on z € X™. (3.17) and (3.18)
imply
I(z) < 2% + 27| — iH»fH2 —eC"(m)||2” + =% (3.19)
for all z € X™. Since p > 2, (3.19) implies that there is R,, > 0 such that
I(z) <0, VzeX™ with |z| > Rn,

proving (I7).
Lemma 3.3. I satisfies (Io).
Proof. Define

i = sup (31
ze(xmyngoy Nzl

Clearly, n, > 41 > 0. We claim that
Nm — 0 as m — oo. (3.20)

Arguing indirectly, assume 7,, — 1 > 0. Then there is a sequence z,, € (X™)% with
lzm|l = 1 and ||z, > 3. Since (2, wr) — 0 as m — oo for each wy, one see that
Zm — 0 weakly in E, and so by Lemma 2.5, ||z, ||+ — 0, a contradiction. (3.20) is proved.
By (3.3) with e = ; and C' = C. one has, for z € (X™ 1)+,
1 1 / 1 / /
1) = Il = [ R(t2) 2 JI1P = ORI, 2 7 - Coly 1
’ —1
Taking ry,, = (2¢/Cny),_1)7 2 and @, = (5 — 2#,)7“,2” one obtains
I(2) > am, Vze (XM HE with ||z]| = 7.

Since 7' > 2, (3.20) shows that a,, — 0o as m — co. (I3) follows.

Lemma 3.4. I satisfies (I3).

Proof. (I3) follows directly from (3.19).

Now we are in a position to give the following

Proof of Theorem 1.1. Clearly I(0) = 0 and I is even since R(¢, z) is even with respect
to z € R?N. Lemma 3.1-Lemma 3.4 show that I satisfies all the assumptions of Proposition
2.1. Hence I has a positive critical value sequence ¢, with ¢ — oco0. Let z; be the critical
point of I such that I(z) = c¢x. Then zj are homoclinic orbits of (HS) and

1
/ (— gjik C 2k —H(t,zk)>dt=I(Zk) =cp — 00
R
as k — o0o. The proof is complete.

¢4. Proof of Theorem 1.2

In this section, let the assumptions of Theorem 1.2 be satisfied. We prove Theorem 1.2
via Proposition 2.2. Let E = D(|A|*/?) be as before.
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By (R5)—(Rg) there are @ > a3 such that
as|z|® < R(t,2) <alz|?, V(t,2) € Rx R*N. (4.1)
Moreover, one has
[R:(t,2)] < C(Iz17 + [2]),  ¥(t,2). (4.2)
Define again
() :/RR(L‘,Z), Vze E.
(4.1)~(4.2) imply that ¢ is well-defined, » € C'(E, R) and
"(2)r = /I{Rz(t,z)x, Vz,x € E. (4.3)

By Lemma 2.6, in addition, ¢’ is compact. To show this let z, € E be such that z, — z

weakly in E. By Lemma 2.6, one can assume z, — z strongly in L? for 1 < p € (325, 0)
without loss of generality. By (4.3)
o' (zn) — &' (2)|| = ”slulpl ‘/ 2 (t, 2n) — R:(t, 2))x|. (4.4)
For any R > 0, by (4.2)
[ (Rt = Rt )]
[tI=R
<C (Izal”=" + 2771+ 2l + |2)) 2]
>R
(B-1)/8 1/2
<Cllalles ([ fenl?+167) T el [ fal+1a) .
[tI>R [tI=R
Hence by Lemma 2.6 for any € > 0 one can take Ry large such that
]/ (R.(t, 2n) fRz(t,z)):c’ << (4.5)
It|>Ro 2

for all ||| =1 and n € IN. On the other hand, it is easy to see that
IR (-, 2) = Ro(,2) | £2(5mg) — 0 as 1 — 00

(see [12]). Hence there exists ng such that

’ /t|<RO (R:(t, 2n) — R.(t,2))z| < %

for all ||z|| = 1 and n > ng, which, together with (4.4) and (4.5), shows
¢’ (zn) = ¢'(2)l <€, Yn =mo.

Therefore ¢’ is compact.

Now we define the following functional

1) = 0(z) — ga(z,2) = p() — gl 2+ 3 1=

forall z = 2= +2%427 € E-®@E°@ET = E. The above argument shows that I € C'(E, R).
Again by (2.8) a standard argument shows that the nontrivial critical points of I on E give
rise to homoclinic orbits of (HS).



No.2 Ding, Y. H. HOMOCLINIC ORBITS FOR HAMILTONIAN SYSTEMS 177

Let By, E2, X,, and X™ be as in Section 3, and set I,, = I|x,. We verify that I satisfies
the assumptions of Proposition 2.2.

Lemma 4.1. I satisfies (PS)* and (PS)**.

Proof. The proof has essentially been shown in [8]. For reader’s convenience we present
it here. Since the reasonings for (PS)* and (PS)** are the same, we only show (PS)*. Let
zn € Xy, be such that 0 < I(z,) < const. and I}, (z,) — co. By (Rs)

1, 1 3
—_ = = —_ - > _ — .
1(z0) = 51h(zn)2n /R (R(t,zn) 2Rz(t,zn)zn) > (1 2) /RR(t,zn)
It then follows from (Rg) that
C(1+||zal)) > asl|z]} - (4.6)

Since dim E° < oo, we have [|29]|2, = (28, 2n) 12 < C||28 || 12|20 || 15, which, together with
(4.6), shows

lznll < C(L+ lzal/7). (4.7)
By (Rg) and (Rg), for any € > 0, there is C. > 0 such that | R, (t, 2)| < €|z|+C.|z|#1, V(t, 2).

Hence one gets

It = [ Bettz)et = 1

_ 4.8
< ellznllze 2 e + Cellnl®3 12 l12s + Ol | (48)
< edznllllzF ]|+ CeC+ zal® VIl
Similarly we have
I | < edlzn]] + CeCQ + [lzl|P0). (4.9)

It then follows from (4.7)—(4.9), letting ¢ > 0 small enough, that |/z,|| is bounded. Now
since ¢’ is compact, the form of I shows that {z,} has a convergent subsequence, proving
the (PS)*.
Lemma 4.2. [ satisfies (14).
Proof. For any z € X™, we have by (Rg)
1) = [ R(t.2) = 5l 1P+ 3117 2 aallellfs - P+ 51717 (@0
R
Again since dim (E° @ span {wy, - -+ ,w,, }) < 0o, one has (8 = % > 2)
20 4 413 = (2 + 2%, 2)ie < 120+ 2 o lzllze < GOm0 + 2 el oo
and so there holds C'(m)]|z° + 2||? < a3|\z||§ﬁ which, together with (4.10), yields I(z) >
C'(m)|2° + 2T)|% = 3|20 + 2% ||> + 3|27 ||? for all z =2~ +2° + 2* € X™. Therefore, since
B < 2, there are r,, > 0 and a,, > 0 such that I(z) > a,,, Vze X™ with |[z]| = ry, Le.,
I satisfies (14).
Lemma 4.3. I satisfies (I5).
Proof. Let z € (X™ 1)L, By (4.1) we have

1 _ 1
16) = [ R(t.2) = 5l <alal] - 51e0” (111)
R
Let (,,, be defined by

oo s el
ze(X™)L\{0} (Edl




178 CHIN. ANN. OF MATH. Vol.19 Ser.B

Similarly to the proof of Lemma 3.3, one has

0<(n—0 as m — oo. (4.12)
Now by (4.11), for z € (X™~1)+| there holds
_ 1
1) < ath 07 - Sl (4.13

Let by, = (1 - g)agf%l(a@ggﬂ)ﬁ/(%ﬁ), Then by (4.12), by — 0 as m — oo, and by (4.13)
I(z) < by, Vze (XM YL ie., I satisfies (I5).

Now we can give the following

Proof of Theorem 1.2. Clearly, I(0) = 0, and since R(t,z) is even with respect to
z € R?N, I is even. Lemma 4.1-Lemma 4.3 show that I satisfies all the assumptions of
Proposition 2.2. Therefore I possesses a sequence of positive critical values, {c}, satisfying
¢k — 0 as k — oo. Let z; be the critical points of I associated with ¢y, i.e., I'(zx) = 0 and
I(z) = cx. Then zj, are homoclinic orbits of (HS) such that

1
0</ szkzk-i-H(t,zk) dt:I(Zk):Ck%O
R

as k — oo. The proof is complete.
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