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SOLVABILITY TO THE PICARD BOUNDARY
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Abstract

The author introduces a concept of curvature bound set relative to second order impul-
sive differential systems and based on this concept discusses the existence of solutions to the
Picard boundary value problem of the systems. Compared with the previous works finished
by Lakshmikantham and Erbe, the author’s results do not require the right-handed function
and impulsive functions with special structures such as monotonicity, etc. When the impulsive
effects are absent, these results could be viewed as new generalized forms of the two so-called
optimal results about second order scalar differential equations derived by Lees and Mawhin
respectively.
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¢1. Introduction

This paper is devoted to the study of the existence of solutions for the problem

¥’ = f(t,x,x'), t#t; te(a,b), (1.1)
Ax(ty) = Ij(x(t; — 0)), i=1,2,--k, (1.2)
Az (t;) = Ji(2'(t; = 0)), i=1,2,--- kK, (1.3)

z(a) =0, z(b) =0, (1.4)

where a = tg < t; < -+ < tg41 = b are fixed numbers, k is a positive integer; f(t,x,y) =
filt,z,y) for t € (t;—1,t;), x,y € R™, and f; : [t;—1,t;] X R™ x R™ — R™ are continuous,
i=1,2, k+1;
Ait(tl) = .’I,'(tl + 0) — .’L’(tl — 0), A.’L'/(tz) = il'/(ti + O) — {L‘/(ti — 0),
I;,J; : R® — R™ are continuous for i = 1,2,--- , k.
To study the existence of solutions, we will turn the boundary value problem (1.1)—(1.4)

into an equivalent operator equation

x="Tz, (1.5)
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where
b t—a b
To = [ o0 f(aa(s). ' (9)ds + Y hlat)) - 1= 3 hla(t)
b g
+/ S ha (i) — 1 a/ S i (1) dr (L.6)
and 1 1
G(s,t)zw, a<s<t<hb,
:W, a<t<s<b. (1.7)

The following result is helpful in discussing the operator equation (1.5), which can be found
in [1].

Lemma 1.1.[1 Theorem 11 1o X be o Banach space, H : X — X be a compact map such
that I — H is one to one,and Q an open bounded subset of X such that 0 € (I — H)(€2).
Then the compact map T : Q — X has a fived piont in Q if for any X € (0,1), the equation

x=MNz+(1-NHz (1.8)

has no solution x on the boundary 02 of Q).

This lemma will be used to prove our main existence result, namely, Theorem 2.1 in
Section 2. In this section we will also give the definition of curvature bound set relative
to (1.1)—(1.3), which is a generalized version of [2, Definition V.2], and use it in the hy-
potheses of Theorem 2.1. Readers will find that all the results of this paper can be unified
in this concept. As applications of our main result, we generalize [1, Theorem 2] and [2,
Theorem V.25] to the impulsive case (1.1)—(1.4) and obtain Theorems 3.1 and 3.2. From
Theorem 3.1 we derive Corollaries 3.1 and 3.2, which are similar to the main results of [3,
4] obtained by S. Hu and V. Lakshmikantham , L. H. Erbe and X. Liu by use of the upper
and lower solution method,but any forms of monotonicity of f, I;,J;, i =1,2,--- , k, which
are necessary in the papers, are not required here. In the last section we will give more
concrete conditions, under which the bound function ¢ of Corollary 3.1 will be constructed,
and derive Theorems 4.1 and 4.2, which improve two so-called “optimal” results obtained by

2, Theorem V15] B] respectively, even when the impulsive effects

Gaines and Mawhin and Lees
are absent, i.e., I;(z) = J;(x) =0fori = 1,2, -+ , k. As the last results we get from Theorem
4.2 Corollaries 4.1 and 4.2 associated with the solvability of (1.1) and (1.4), in which the
hypotheses are the ones breaking some restrictions of [6] for the scalar case n = 1.
Throughout this paper, each set we introduce is always meant to be nonempty. And a
map z : [a,b] — R™ is said to be a solution of (1.1)—(1.4) if z(¢) is twice differentiable for
t #t;, 2'(t;+0) and 2/ (¢; — 0) exist for ¢ = 1,2, - | k, and z(t) satisfies relations (1.1)—(1.4).

At this time we always denote x(t;) = z(¢t; — 0),2'(t;) = 2'(¢;, — 0) for i = 1,2,--- | k.

§2. Curvature Bound Set and Main Result

In this section we will first enlarge the definition of curvature bound set relative to (1.1)
to the impulsive equations (1.1)-(1.3) and then make use of it to discuss the solvability of

(1.1)-(1.4).
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Definition 2.1. If G C [a,b] x R™ is open in the relative topology on [a,b] X R™ and
bounded, we will call G a curvature bound set relative to (1.1)~(1.3) if for any (to,x0) € 0G
with to € (a,b), there exists a continuous function V(t,x) = V(to, xo;t,x) such that

(i) V(t,x) is twice differentiable for t # t;,i=1,2,--- ,k, x € R™.

(ii) G C {(t,z) : V(t,x) < 0} and V(to,x0) = 0.

(iii) We denote t, =t as to # ti,i = 1,2,--- ,k and ty € {to,to + 0} as to € {t;}},.

Then
H(ty,x )<1> <1> + gradV (fo, zo) ( 0 > >0
0N\y) \y) T8 R (220

for all y such that
- 1

gradV (to, xo) - (y) =0,

where H(t,x) denotes the Hessian matriz of V at (t,z) and gradV (¢, x) denotes the gradient

of V at (t,x). Moreover,
H(tlv'r) = H(tz - va)a

gradV (t;,z) = gradV(¢; — 0,z), i=1,2,--- k.

(iv) If to = ti, for someig € {1,2,--- ,k}, then
1
V(tig, 20 + Ly (20)) > 0, and gradV (tiy, z0 + Liy (o)) - >0
(0 + Do) 2 0. and gradV(t,z0-+ Fuao) - () )

1
if gradV (to, zo) - (y> >0
1
V(tiy,To) >0, gradV(t;,,Zo) - (y) <0

if Zo + Ly (Zo) = ®o, G+ Jiy(y) =y and gradV(t;,,zo) - (y) <0.
Lemma 2.1. Let G be a curvature bound set relative to (1.1)~(1.3). If 2(t) is a solution
0 (1.1)~(1.3) on [a,b] with (a,z(a)),(b,z(b)) € G and (t,z(t)) € G for t € [a,b], then
(t,xz(t)) € G fort € la,b] and (t;,x(t; +0)) € G fori=1,2,--- k.
Proof. If not, there are two cases:
(a) (t,z(t)) € G for some t € (a,b).
(b) (ti,,z(ti, +0)) € G for some ig € {1,2,--- , k}.

For the first case, let ¢(¢t) = V(t,x(t)), where V is as in Definition 2.1. Obviously, we
have ¢(t) < 0 for t € [a,b] and ¢(t) = 0. Thus
_ 1
<¢'(t) = : .
0= 60 = meaV t.00) - 1 )

If ¢'(t) = 0, then ¢(t) reaches the local maximum value 0 at ¢ = ¢ on a left neighbourhood

of ¢, and hence

02800 =160 5 (9
-V @200 (0 )

which contradicts condition (iii) of Definition 2.1. If 0 < ¢'(¢), then ¢ = ¢;, for some
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ip € {1,2,--- ,k}, and from condition (iv) of Definition 2.1, on the one hand we have
_ 1
dV (¢, x(t) + I, (x(t))) - >0,

gradV (¢, z(t) o(z(1))) <$'(7?) +Ji0($/(ﬂ)>

on the other hand it follows that ¢(f + 0) = 0, and
_ _ 1
0> ¢ (f+0) = gradV (£, z(f) + I, (x(D))) - ,

a contradiction. Thus case (a) can not occur.

Similarly we can show that case (b) will also lead to a contradiction. Hence, the proof is
finished.

Definition 2.2. For a bounded subset G C [a,b] x R"™, we will say that f : [a,b] x R™ x
R™ — R™ satisfies a Nagumo’s condition with respect to G if

for (t,x) € G, y € R", where h is a positive continuous function on [0, +oc) and
+oo
sds
— = +00, 2.2
Lo 22

or if
| [tz y) <oy )

for (t,z) € G,y € R"™, where 1 is a positive continuous and nondecreasing function on
[0,4+00) such that

s2

W)

Lemma 2.2.[7 Lemma 41 Gyinnose that G C [a,b] x R™ is bounded and f(t,x,y) = fi(t,x,y)

fort € (ti—1,t:), z,y € R"™, f; : [ti—1,t:]x R"XR™ — R" are continuous, i = 1,2,--- ,k+1, f

satisfies a Nagumo’s condition with respect to G. Then there exists a positive number M

dependent only on G and h or i such that | z'(t) |[< M fort € [a,b] if x(t) is a solution of
(1.1)~(1.3) with (t,z(t)) € G fort € [a,b].

We now can state our main result.

= +00.

Theorem 2.1. Suppose
(a) G is a curvature bound set relative to (2.5)x—(2.7)x for A € (0,1) with (t,0) € G for
t € [a,b] and ¢ > 0 is fized, where

2 =Ntz 2")+ (1= Nex, t#t;, te(a,b), (2.5)a
Aa(ts) = M (a(ti —0), i=1,2, k, (2.6)

(b) f satisfies a Nagumo’s condition with respect to G.
Then the problem (1.1)~(1.4) has at least one solution such that (t,z(t)) € G fort € [a,b].
Proof. Denote
X = Cla, bty to, - ,tx] = {x : [a,b] = R™ | 2’ (t) exists fort # t1,to, - , i1,
2’ (t; +0),2'(t; — 0) exist fori =1,2,--- , k}
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with the norm
| @ = max{ suwp [/(t)], sup |w()] .
te[a,b] te(a,b]
Then X is a Banach space. Let H : X — X be defined by

b
sz/ G(s,t)cx(s)ds for x € X,

and T : X — X by (1.6), where G(s,t) is as (1.7). Then it is easily seen that both H and
T are compact, I — H is one to one because the unique solution of

2 =cr, t#t;, i=1,2,---k,
Afﬂ(tl) :Ax/(tl) =0, 1=1,2,--- aka
xz(a) =2(b) =0
is z(t) = 0.

Since G is bounded, there exists M; > 0 such that if ({,z) € G, then | z |< M; and
| x; |< My for i = 1,2, ,n. Let h(s) = h(s) + cMy, and (s) = 1(t) + cM;. Then for
every A € (0,1), Af(t,z,y)+ (1 — A)cx satisfies a Nagumo’s condition with respect to G with
h and v instead of h and ¢ in (2.1)-(2.4). By Lemma 2.2, there exists M > 0 dependent
only on G and h or ¢ such that | 2/(¢) |< M for t € [a, b] if x(t) is a solution of (2.5)x—(2.7)x
with (¢,z(t)) € G fort € [a,b].

Let

Q={zeX|(taz(t)eqG, |2 (t)|< M+1 for t € [a,b] and
(ti;,z(t; +0)) € G for i =1,2,--- ,k}.
From condition (a) and (2.8) we have 0 € (I — H)(f2). Suppose that z(t) is a solution of
(2.5)x—(2.7)x and (1.4) with 2 € Q. Then (t,2(t)) € G for t € [a,b], and it follows that
| 2/(t) |[< M for t € [a,b]. By Lemma 2.1, to finish the proof, it is enough to show that
(t,x(t)) € G, (t;,z(t; +0)) € G for t € [a,b], 4 =1,2,--- , k. This follows from Lemma 2.2
because G is a curvature bound set relative to (2.5)3—(2.7)x. The proof is complete.
Remark. Condition (b) can be replaced by

(b)" There exist numbers a € [0,1) and 8 > 0 such that, for any (¢,z,y) with (¢,z) €
G,y € R™, one has

—z- f(t,z,y) < alyf + 8, (2.9)

ly-ftzy) [<h(y D)yl (2.10)

where h : [0,400) — (0,00) is increasing, continuous and satisfies

o0 524
o
just as (3.5) and (3.6) in [1] if we assume that for any solution x(t) of (2.5),—(2.7)x and
(1.4) with (t,z(t)) € G for t € [a,b], one has

k
[ S lat +0) -2/t +0) — () - /1] < M.
i=1
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where M > 0 is a fixed number dependent only on «, 3,h and G. In fact, as Lemma 2.2 we

can derive the a priori bound as follows : Let x(¢) be a solution of (2.5)y — (2.7), and (1.4)

with (t,2(t)) € G for t € [a,b]. Then
w(t) - 2" (8) = Aa(t) - f(t,2(t), 2/ (8)) + (1 = N)e|z(t) ],
)

Integrating by parts with (1.4) and (2.9) we have

—Z (t; +0) -2’ (t; +0) — x(t; /|x )| dt

< X\B(b—a) —l—a)\/ |2/ (¢ |dt+(1—)\)/c|x()| dt.

a

It follows that
t;+1 b A

/ |2/ () 2dt < / |2 (8)dt < [Blb—a)+ M]/(1—a) 2 My for i=1,2,--- ,k,
t a

Using [1, Lemma 1] we get
| 2/(t) |[< M for te€[a,b],

where M > 0 depends only on a, b, h and M;.

§3 Extensions of A Theorem of Fabry-Habets
and A Theorem of Gaines-Mawhin

In this section as applications of Theorem 2.1 we will enlarge [1, Theorem 1] and [2,

Theorem V.25] to the impulsive case.
Theorem 3.1. Assume that there exists a continuous function ¢ : [a,b] — (0,400)

verifying
(i) o(t) is twice differentiable fort # t; and ¢"(t; +0), ¢ (t; —0) exist fori=1,2,--- k.

(ii) For any (t,z,y) suchthatt € [a,b] U {t; JrO}fz17 |z |=¢@), z-y=|z]| ¢ (), one has
—z- f(t,x,y) < —¢(0)¢" (D)+ | y* — ¢/ (1)*.
(iti) | z + AL;(2) | —¢(t:) = 0,
(x4 Mi(x)) - (y+ Ai(y)) — &' (t: + 0)p(t ) >0 for A€ (0,1),
if [a]=¢(t:) =0, x-y—ot:)e'(t )

|| =¢(t;) 20, T-F—¢'(t:)o(t:) <
if |z]|-¢(t)=0, x- (z) ’(t+0)<0
and T+ \;(T) = x, Ji(y) =y for some A€ (0,1).

Assume moreover that
(iv) f satisfies a Nagumo’s condition with respect to {(t,x) : t € [a,b], | z |< &(t)}.

Then the problem (1.1)—(1.4) has at least one solution z(t) such that | z(t) |< ¢(t) for

tela,b).
Proof. Let G = {(t,z) :| = |< ¢(t)}. From Theorem 2.1, it is enough to show that for

sufficiently large ¢ > 0, G is a curvature bound set relative to (2.5),—(2.7)x for A € (0,1).
To this end, for any (to,z9) € OG with ty € (a,b), let V(t,x) = 4z -2 — $¢(t)%; then
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conditions (i) and (ii) of Definition 2.1 are satisfied immediately. From assumption (iii) we
have V (t;,xo + Al;(z0)) > 0, and

gradV (¢;, xo + A;(x)) - <y ) >0 for A€ (0,1)

1
+ Ji(y)A

1
if V(ti,l‘o) =0, gradV(ti,xo) . (y) > 0;
1
V(ti,fo) >0, gradV(ti,Eo) (g) <0 if T+ )\Il(fo) =9, Y-+ )\Il(?) =y

for some A € (0,1) and V(¢;,z) = 0, gradV (¢;, zo) - (;) < 0.
Letting | z |= ¢(to), xzo -y =| | ¢'(to) and taking into account assumption (ii) we have

H(to’%)(;) ' (;) +gradV(to, o) - <>\f(t0,xo,y) +0(1 = Aezo '300)

=| yI* — ¢/ (t0)? — B(to)¢" (to) + Ao - f(to, T0,) + (1 — Nexo - w9
> (1= N)exo - mo — ¢ (to)? — 6(to)d" (to)] > 0
if ¢ > 0 is large enough. Thus conditions (iii) and (iv) are also valid. The proof is complete.
Corollary 3.1. Assume that comditions (i), (ii) and (iv) are satisfied, and
(iii)’
L(z)=0 if |x|=¢(t);
|2+ Li(z) [< o(t) if | x[<o(t);
z-(y+Ji(y) > ¢t +0) if zoy>d(t)
with | z |=1 and ¢'(t;) > ¢'(t; +0).
Then the problem (1.1)—(1.4) has at least one solution x(t) such that | z(t) |< ¢(t) for
tela,b).
Proof. It is easily seen that condition (iii) of Theorem 3.1 follows from assumption (iii)
of Corollary 3.1. Thus the proof is finished.
Corollary 3.2. Let n = 1. Assume that there exist functions a(t), B(t) verifying
(a) a, B : [a,b] = R are continuous and twice differentiable for t # t;; o (t; +0), " (t; —
0),8"(t; +0)and 8" (t; — 0) exist for i=1,2,--- k.
(b) a(a) < 0 < B(a), a(b) < 0 < B(b), a(a) + Bla) = a(b) + B(b) = 0, anda(t) <
B(t) for t € la,b].
() B"(t) — f(t,8,8) <0< a”(t) — f(t,a, ') for t#t;, i=1,2,--- k.
(d) Fori=1,2,---,k, one has
Li(B(t:) = Li(e(t:)) = 0, a(t) <z +Li(x) < B(t) iof alt) <z < B(t);
Flt+0) < B(t), (ki +0)>a/(t), andy+5iy) > BE+0) if y> F(t)
Ji(y) +y < (t; +0) ify < ().
(e) f satisfies a Nagumo’s condition with respect to G = {(t,z) : a(t) <z < B(t), t €
[a,b]}.
Then the problem (1.1)~(1.4) has at least one solution x(t) such that a(t) < z(t) <
B(t) fort € [a,b].
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Proof. Making the variable change z = u + ﬁ% we have that x(t) is a solution of
(1.1)=(1.4) if and only if u satisfies the following relations:

u’ = f(t,u,u)
(1 200

1>

, U

A0 ;ra’(t)) _ 8" ;L o"(t) (3.1)

Au(t;) = T;(u(t; — 0))

s (u(ti _o+ B(t;) —g a(ti)> _AB() ;L Aa(ti)7 (3.2)
Ad'(t;) = J;(u/(t; — 0))
2 (u’(tl — o)+ 2 ; - (u—)) - A ;L Rt (3.3)

u(a) = u(b) = 0. (3.4)

Let ¢(t) = M Then all the conditions of Corollary 3.1 can be verified one by one for
the problem (3.1)—(3.4). Hence, the proof is complete.

Remark 3.1. Conditions (i)—(iii) of Theorem 3.1 are generalized versions of conditions
(i)—(ii) of [1, Theorem 2] in the impulsive case.

Remark 3.2. Corollaries 3.1 and 3.2 are similar to the main results in [3,4] obtained by
Hu and Lakshmikantham, Erbe and Liu with the upper and lower solution method. But
f,yI;, J; do not display the special structure necessary in the latter. For example, in [3]

f(t,z,y) is quasinondecreasing,

Li(z) = (Lia(z1), -+ Lin(2n)), Ji(y) = (Jaa(ya), -+ 5 Jin(yn))
and I;j, J;; are nondecreasing, whereas in Corollaries 3.1 and 3.2 those assumptions do not
appear. Hence, our results can be applied to some new problems.

Remark 3.3. Condition a(a) + 8(a) = a(b) + 8(b) = 0 of Corollary 3.2 can be removed.
In fact, if we consider z:(a) = &£, 2(b) = n with £, € R" fixed instead of the ones in (1.1) and
assume moreover that the unique solution Z(t) of " = cx for ¢t € (a,b), x(a) =&, z(b) =7
satisfies (t,Z(t)) € G for t € [a,b], then Theorem 2.1 is also valid. And hence, Theorem
3.1 holds under the more assumption | £ |[< ¢(a), | n |< ¢(b) because for t € (a,b) we have
Z(t) — 0 as ¢ — +o0.

Example 3.1. Assume that there exist M, M € R with M < 0 < M such that

(1) £:]0,1] x R x R — R is continuous and satisfies

f(t,M,0)>0> f(t,M,0) for te][0,1],
(2) For every i =1,2,--- | k,
L(M) = L(M) =0 and M <+ L(M) <
for M < x < M and y(J;(y) +y) >0 for y € R.
(3) f satisfies a Nagumo’s condition with respect to
G={z: M<x<M,tel01]}.

Then problem (1.1)-(1.4) (n = 1,a = 0,b = 1) has at least one solution by Corollary 3.2
and Remark 3.3.
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Theorem 3.2. Suppose that there exists a positive continuous function B(t) satisfying
condition (a) of Corollary 3.2 and a real valued function W (x) € C?(R™) such that
(a) B"(t) <0 fort € [a,b] U {t; + 0}_,; and
Wmm(x)y Y+ Wm(x) : f(taxay) > 5”@)
for (t,z,y) such that t € [a,b] U {ti}le, Wy (z) -y = 08'(¢).
(b) W(z + ALi(z)) — B(t;) = 0,
Wa(x + Li(x)) - (y + Ai(y)) = (8 +0) > 0 for A€ (0,1)
if W(x)—pB(t:)=0, Wilz) y—pF(t:)>0;
W(@) - Bt:i) >0, z-5-p'(t;)<0
if W(z)—p(t:)=0, Wy(z)-y—F(t:i+0)<0
and T+ AL(T) =z, g+ N ([H) =y for some A€ (0,1).
(c) G = {(t,z) : W(z) — B(t) < 0} is bounded and (t,0) € G for t € [a,b], Wy (x) is
positive semidefinite for x € R™.
(d) f satisfies a Nagumo’s condition with respect to G.
Then the problem (1.1)~(1.4) has at least one solution x(t) such that (t,z(t)) € G for
t € la,b.
Proof. It is enough to show that G is a curvature bound set relative to (2.5)x—(2.7)x

with ¢ = 0 for A € (0,1) from Theorem 2.1. To this end, let V (¢,2) = W(z) — 8(t). Noticing
that

gradV/(t,z) = (I;f}((;i)

Ht,2) (;) - (;) 4+ gradV(t,z) - (A ; (t?x,y))
=Weey -y — 8"+ 2MWo(x) - f(t,2,y),

we see that the curvature bound set of G follows from conditions (a)—(c), which ends the
proof.

Remark 3.4. When I;(z) = J;(x)
Theorem V.25].

0,7 =1,2,--- Kk, this theorem reduces to [2,

§¢4. Construction of the Bound Function ¢

In this section we will discuss the existence of solutions of (1.1)—(1.4) by constructing the
bound function ¢(t) of Corollary 3.1.

Theorem 4.1. Assume that

(i) There exist positive numbers A;,B; and C;,i = 0,1 such that

—z-ft,z,y) <A |z |2+ B |x-y|+Ci |z | forte (tiii,ti),|x|>M >0
and T(A4;,B;) > t; —ti—1,i = 1,2, where
I'(A, B) = 20~ /?tanh~*(\/o/B) for 0 = B2 —4A >0
=2(—0)"*tan(v=0/B) for o <0
=2/B for o =0.
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(ii) [i(z) = 0for |z |= R*; | i(z) |[< R*— | x| for| z |< R*, where R* is sufficiently
large.

(iil) There exist two positive numbers k1, ko such that for every x with | x |=1ifz -y >
kythenz - (y + Ji(y)) > —ka.

(iv) For every R > 0, f satisfies a Nagumo’s condition with respect to {(t,x) : t € [a,b], |
x |< R}.

Then the problem (1.1)—(1.4) has at least one solution.

Proof. Let ¢1(t) and ¢2(t) be the unique solutions of the following problems:

ZL'/I = 7(141 | xT | +B1 | ’I'/ | +Cl), te [a,tl], ZL’(tl) = M, SC/(tl) = kl
and
= —(A2 ‘ x | + By | x | +C2), te [tl,b],
Ji(tl) = M, .13’(751) = —kg
respectively, where M > 0. Let ¢(t) = ¢1(¢) for ¢ € [a,t1], ¢(t) = ¢2(t) for t € (¢1,b]. From
the proof of [8, Theorem 2] it follows that there exists a sufficiently large M* > 0 such that
o(t) > My for t € [a,b]. We claim that ¢(t) satisfies all the conditions of Corollary 3.1.
In fact, at first conditions (i),(iii)" and (iv) of Corollary 3.1 are valid obviously. Secondly,
from assumption (i) we have
—w ft,y) < Ai |2+ Bi |2y [ +Ci | x|
= o(t)(Aig(t) + Bi | ¢'(t) | +Cy)
= —¢(t)¢"(t)
< —p(t)¢"+ | yl* = ¢'(¢)°
when t # t;, | x |= ¢(t), v -y =| = | ¢'(t). Hence, condition (ii) of Corollary 3.1 is also valid.
The proof is finished.

Remark 4.1. Conditions (i)—(iii) of Theorem 4.1 can be viewed as the generalized forms
in the impulsive vector case of the one given in [2, Theorem V.15], which is associated with
the solvability of the scalar case of (1.1) and (1.4) with f continuous.

Remark 4.2. When the impulsive effects are absent, i.e., I(z) = Ji(x) = 0, condition
(i) of Theorem 4.1 is similar to the ones (4.1)—(4.2) and (4.6) in [1], but the latter cannot
contain [2, Theorem V.15] as a special case with n = 1.

Remark 4.3. Even when I;(z) = Ji(x) = 0 and n = 1, condition (i) of Theorem 4.1
is also an enlarged form of the one in [2, Theorem V.15], and reduces to the latter when
ty = ofb

Remark 4.4. Condition (ii) can be replaced by the condition that there exists a positive
number R* such that I1(z) = 0 when | z |> R*.

Example 4.1. Assume that

(1) f(t,z,y) = p(t,x,y)x+q(t,z,y)y+ f(t, z,y), p, ¢ : [0,1] x Rx R — R are continuous
and

p(tal'vy) < Aiv | q(taxay) |§ B; for i = 1,2, te (tiflati)v T,y € R,
F(Ai,BZ‘) >t —ti—1, 1=1,2, tg=0, tx=1,
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where I'(A, B) is defined as in Theorem 4.1, f : [0,1] x R™ x R" — R" is continuous and
bounded.

(2) Ii(z) =0 for |2 |> R >0 and Ji(-) is bounded.

Then problem

" = f(t,z,2"), t€(0,1), t#t; €(0,1),
Ax(ty) = Li(z(t — 0)), Az (t1) = Ji(2'(t1 — 0)),
z(0) =0=2x(1)

has at least one solution from Theorem 4.1.

Theorem 4.2. Assume that

(a) —z - f(t,z,y) < () | x|* +1| 2 | where 1 >0, ¢ : [a,b] = (0,400) is nondecreasing

on (tk,b) and nonincreasing on (a,ty) such that
tr

b
it < = dt < =
o< 5, [ ot <3

(b) There exists R > 0 such that I;(z) =0 for |z |>R,i=1,2,---,k, and for every
e € R" with |e|=1, we have e - J;(x) >0 for e-x > R.

(c) f satisfies a Nagumo’s condition with respect to G = {(t,z) : t € [a,b], | z |< R} for
every R > 0.

Then problem (1.1)—(1.4) has at least one solution.

The proof will be given in another paper for shortening the length of this paper.

Remark 4.5. This theorem can be regarded as a generalized version in the impulsive
vector case of the optimal result given by Mawhin in [5].

Example 4.2. Let J;(z) = ¢;(x)z, where ¢; : R™ — R is continuous and satisfies
;(x) > 0 for x € R™. Then condition (b) of Theorem 4.2 is valid.

When I;(-) = J;() =0,i=1,2,--- , k, as a special case of Theorem 4.2, we have

Corollary 4.1. If f : [a,b] x R™ X R"™ — R™ is continuous and conditions (a) and (c) of
Theorem 4.2 are satisfied, then problem

" = f(t,,a), t€(ab), o(a)=a(b)=0 (4.1)

has at least one solution.

Corollary 4.2. Assume that

(a) f: [a,b] x R™ x R™ — R"™ is continuous and there exist t; € (a,b), A1 > 0, Ay >0
such that

—z- f(t,wy) S AP |2 +1| x| for t€ (titixr), | |> M >0, yeR",
where tg = a, to = b and
Ai(ti+1 — tl) < g fO’I" 1=1,2.

(b) f satisfies a Nagumo’s condition with respect to G = {(t,x) : t € [a,b], | x |< R} for
every R > 0.

Then the problem (4.1) has at least one solution.

Proof. This is a special case of Corollary 4.1 with ¢ = ¢; and ¢(t) = A; for ¢t €
(tistiv1), ©=0,1.
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Remark 4.6. Corollaries 4.1 and 4.2 when n=1, and Theorem 4.2 when I, = J; = 0, are
results on the existence of solutions of (4.1), which is similar to the recent work [6] obtained
by H. Wang and Y. Li with the optimal control theory method. They have proved that for
every A, B with (k — 1) < A < k?1? < B, where k is a positive number, there exists a
number M < k?72, which depends only on A and B, such that if f, f, : [0,1] x R — R are
continuous and

1
A< f(t2) <B() < B, / B(a)dz < M,
0
then the problem
'+ f(t,x) =0, z(0)=z(1)=0 (4.2)

has a unique solution. If we apply Corollary 4.2 to the problem (4.1), we will derive the
following result: If f, f, : [0,1] x R — R are continuous and

fo(t,x) < A2 for t e (0,t),

fo(t,z) < Ag for te (t1,1),

where t; € (0,1) is fixed and t;4; < T, (1 —t1)As < 7, then (4.2) has at least a solution.
But let (t) = A? for t € (t;—1,t;),i = 1,2 with to =0, to = 1, and Aty = Z; then
! 71' 71'2
/ B(t)dt = A%ty + AZ(1 —t) > ~A; = — — +oo as t; — 0.
o 1 16t,
Hence, even for the scalar case n = 1, Theorem 4.2 and Corollaries 4.1 and 4.2 also break

some restrictions of [6].
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