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ERGODIC THEOREMS FOR NON-LIPSCHITZIAN
SEMIGROUPS WITHOUT CONVEXITY ***

L1 GANG* Ma Jipu**
Abstract

Let G be a semitopological semigroup. Let C' be a nonempty subset of a Hilbert space and
S = {T: : t € G} be a representation of G as asymptotically nonexpansive type mappings of
C into itself such that the common fixed point set F(3) of § in C is nonempty. It is proved

that () co{Tisz : t € G} F(S) is nonempty for each z € C if and only if there exists a
seG
nonexpansive retraction P of C onto F(S) such that PTs = TsP = P for all s € G and P(x) is

in the closed convex hull of {Tsz : s € G}, © € C. This result shows that many key conditions
in [1-4, 9, 12-15 ] are not necessary.
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¢1. Introduction

Let H be a Hilbert space with norm || - || and inner product (-, -) and let C' be a nonempty
subset of H. A mapping 7" : C' — C is said to be Lipschitzian if there exists a nonnegative
number k such that

|Tz — Ty|| < k|lx — yl| for every z,y € C

and nonexpansive in the case k = 1. Provided that C is closed and convex, Baillon!!! proved
the first mean ergodic theorem for nonexpansive mappings in a Hilbere space : Let C be a
nonempty convex closed subset of H, and let T be a nonexpansive mapping of C' into itself
and suppose that the set F'(T') of fixed points of T' is nonempty, then the Cesaro means

n—1
1
Sn(x) = - Z T
k=0

converges weakly as n — oo to a fixed point y of T for each x € C. In this case, by putting
y = Pux for each x € C, P is a nonexpansive retraction of C onto F(T). The analogous results
are given for nonexpansive semigroups on C by Baillon®? and Hirano and Takahashil¥.
Recently, in [9], Mizoguchi and Takahashi proved a nonlinear ergodic retraction theorem
for Lipschitzian semigroups by using the notion of submean. However, it still remains open
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whether Baillon’s theorem is valid without convexity. In 1992, Takahashi'®! proved the

ergodic theorem for nonexpansive semigroups on condition that (| co{Tsz :t € G} C C
seG
for some x € C. This provided a partly affirmative answer to this question.

Without using the concept of submean, this paper attempts to prove the nonlinear ergodic
theorem for semitopological semigroup of non-lipschitzian mappings without convexity in
a Hilbert space. We prove that if C' is a nonempty subset of H, G is a semitopological
semigroup and § = {T; : t € G} is a representation of G as asymptotically nonexpansive
type mappings of C into itself such that the common fixed point set F(¥) of § in C' is

nonempty, then () co{Tisz : t € G} F(S) is nonempty for each x € C if and only if
seG
there exists a nonexpansive retraction P of C onto F(J) such that PT, = T, P = P for all

s € G and P(z) is in the closed convex hull of {T;x : s € G}. This result seems to be new
even if C' is a convex closed subset. Our results generalize the previously known results of
Brezis!'=2, Hirano and Takahashil*, Mizoguchi and Takahashil®!, Takahashi and Zhang['?
and Takahashi'®=1%! Further, it would be safe to say that in their results!' ~*9:12=15] many

key conditions are not necessary.

§2. Preliminaries

Throughout this paper, we assume that H is a real Hilbert space and G is a semitopo-
logical semigroup, i.e., a semigroup with a Hausdorff topology such that for each s € G the
mappings s — s-t and s — t-s of GG into itself are continuous. Let C be a nonempty subset
of H, and let & = {1} : t € G} be a semigroup on C, i.e. , Typ(x) = T,Tp(z) for all a,b e G
and z € C.

Recall that < is said to be

(a) nonexpansive if | Tix — Try|| < ||z — y|| for =,y in C and t € G;

(b) asymptotically nonexpansivel® if there exists a function K : G ~ [0,00) with

ingsupKts < 1 such that || Tz — Tyy|| < K¢||lz — || for 2,y in C and t in G;
s€G teq

(c) asymptotically nonexpansive typel® if for each 2 in C, there is a function (-, z) : G
[0, 00) with gggflelgr(ts, x) = 0 such that ||Tyz — Tyy|| < ||z —y|| + (¢, z) for all y in C' and
tin G.

It is easily seen that (a)=(b)=-(c) and that both the inclusions are proper (cf. [6, p.
112]).

We denote by F(SJ) the set {x € C: Ty(z) = z for all s € G} of common fixed points of

R

¢3. Nonexpansive Retraction

In this section we shall prove erogodic retraction theorem for semitopoligical semigroup of
asymptotically nonexpansive type mappings without convexity. We begin with the following
theorem.

Theorem 3.1. Let G be a semitopological semigroup, and let C be a nonempty subset of
a Hilbert space H , and let S = {T}; : t € G} be a semitopological semigroup of asymptotically



No.2 Li, G. & Ma, J. P. ERGODIC THEOREMS FOR NON-LIPSCHITZIAN SEMIGROUPS 211

nonexpansive type mappings on C. Then for every x € C the set

() @o{Tisx : t € G} F(S)
seG
consists of at most one point.
Proof. Suppose f € F(S). For an arbitrary e > 0, since & is asymptotically nonexpansive

type, there exists sop € G such that for all t € G, r(tsg, f) < €, and hence for a € G,
inf sup | Tysz — fI* < sup | Trsgaz — fI|* < sup(||Tuz — fl| +r(tso, £))* < ([Tuz — £l + €)%
s€G e teG teG
Since € > 0 is arbitrary, we have
inf Tisz — f||? < inf || T, — f||*. 3.1
Slggfggll ts2 = fI° < inf [T — £ (3.1)
Let u,v € (] to{Tisz:t € G} F(S). Without loss of generality, we assume that

seG
inf ||Tyz — ul|® < inf ||Tyz — v|%
teG teG

Now, for each t,s € G, since
lu = v]|* + 2(Thsz — u,u —v) = || Tosz — o> = || Tsz — ul|?,
we have

lw = l* +2 inf (Tyz — w,u = v) > inf || Tz —vl|* - Sup | Thsz — ull®
> inf || Tyz — v||? — sup || Tyex — ul?.
teG teG

By (3.1), we have

lu — o +2 sup inf (Tysw —w,u —v) 2 fof | Tiz - ol — inf sup || Tysz — ull?
> inf [Tz — ol — inf [Tz — ul” > 0.

Let € > 0. Then there is s; € G such that ||u — v||*> + 2(Tys, 2 — u,u —v) > —e for all t € G.
From v € ¢o6{Tis, ¢ : t € G}, we have

lu—v||? +2(v —u,u —v) > —e.
This inequality implies ||u—v||? < e. Since € > 0 is arbitrary, we have u = v. This completes
the proof.

Remark 3.1. In the result of Takahashi and Zhang!'? | it is assumed that C' is a convex
closed subset, G is a reversible semigroup and < is asymptotically nonexpansive. The above
theorem shows that those key conditions are not necessary.

By using Theorem 3.1, we now prove the ergodic retraction theorem.

Theorem 3.2. Let C' be a nonempty subset of a Hilbert space H, and let S = {T} :
t € G} be a semitopological semigroup of asymptotically nonexpansive type mappings on C,
F(S) # 0. Then the following are equivalent.

(a) ) cof{Tisx:t € G} F(S) # 0 for each x € C.

seG
(b) There is a nonexpansive retraction P of C onto F(S) such that PT; = TyP = P for
every t € G and Px € co{Tyx : t € G} for every x € C.
Proof. (b)=(a): Let © € C. Then Pz € F(S). Also Px € () eo{Tx : t € G}. In fact,
seG
for each s € G, Px = PT,x € co{TTsxz : t € G} = co{Tysx : t € G}.
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(a)=(b). Let z € C. Then by Theorem 3.1 and (a), [ €o{Tisz :t € G} F(S) contains
seG
exactly one point Px. For each a € G, we have

{PT.a} = (| @{Tisaz s t € G} \F(S) 2 () @{Thez : t € G}[ | F(S) = {Pz},
seG seG

and hence we have PT, = P for every a € G. It is clear that T, P = P for every s € G.
Finally, we show that P is nonexpansive. Let z € C,v € F(3) and 0 < A < 1. Then we
have, for each t,s,a,b € G,

AT ssap + (1 — X) P — o||?
= | AMTtsapr —v) + (1 = ) (Pz — v)|?
= M| Tisap® — v||* + (1 = N)[|Pz — v||* = A1 = \)|| Tysapr — Pz
< M| Tupz — || + 7(ts,z))? + (1 = N)||Pz — v|* = A1 = N)||Tisapr — Pz|)?
SA(||Twpz — v 4+ r(ts,2))* + (1 = N)||[Px — v||2 = M1 = \) tlg(f; | Ty — P>
Since & is an asymptotically nonexpansive type, it follows that

inf sup | ATz + (1 — )Pz — v|)?
s€G teq

< inf sup [ ATsapz + (1 — )Pz — v]|?
$€G teG

<M Tapz — 0[] 4+ (1 = N)||Pz —v||*> = A1 = \) tlélé | Tz — Px|?
= | ATz + (1 — \) Pz —v|> + A1 — \)|| Tup — Pz|* — A1 = \) inf || Ty — Pz|?.
€
It is then easily seen that

inf sup [ATisz + (1 — A) Pz — v]|> = A(1 — A) inf Topz — Pl
Inf sup [ATysz + (1= A)Pr = o7 = AL = A) fnf sup |[Top — Pr|

< igg ;22 ATy + (1 — NPz — 0|2 = A(1 = \) tlgg | Ty — Px||*.

From (3.1), we have
inf sup [ ANTysz + (1 — \) Pz — v||* < sup inf || ATz + (1 — X\) Pz — v||%. (3.2)
s€G e seG teG

Let

h(X) = inf sup | \Tysz + (1 — X\) Pz — vl
s€G teq

Then for any € > 0, there exists sy € G such that for all ¢t € G,
INThg + (1= APz — o2 < A(A) + €,
and hence
(ATyso + (1 — N) Pz — v, Pz — v) < (h()\) + €)2||Pz — v forallt € G.
From Px € ¢o{Tis,x : t € G}, we have
(APz + (1 — \)Pz — v, Pz —v) < (h(A) + €)% | Pz — v]|.
Since € > 0 is arbitrary, this yields ||[Pz — v||? < h()), that is,
| Pz — v|? < inf sup [[ATisz + (1 — \) Pz — v||. (3.3)
s€Gieq
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Now one can choose an s; € G such that r(ts1,z) < 1lforallt € G. Put M =1+ ||z — Px||.
Then ||Tis,z — Pz|| < M for all t € G. It thus follows that

A Tiss, 2 + (1 — \) Pz —v||? = [|\M(Tyss,x — Px) + (P2 —)|)?
= M| Tyss, 2 — Px||* + ||Pz — v||* + 2A(Tyss, 0 — Pz, Pz — )
< M?X\? + ||Pz — v||? + 2\(Tyss, ¢ — Pz, Pz — v).
From (3.2) and (3.3),

2Asup inf (Tisz — Pz, Px — v)
seGteEG

> 2\ sup inf (Tt551 — Pz, Px —v)
seGteG

> sup inf |ATyss, 2 + (1 — \) Pz —v||? — || Pz — v||*> — M?)\?
seGt

= sup tmf ATy Ts, 2 4 (1 — NPTy, z — v||> — ||Pz — v||* — M2)\?
seG

> ||PTs,z — v||* — |Px —v||* = M?\? = —M?\?,
and hence

sup inf (Tysx — Pz, Px — v) > ffMQ)\
seGleqG

Letting A — 0, we have

inf (Tysx — Px, Px —v) > 0.
flelgtlélG(tSU x, Px —v) >

Therefore, for y € C, we have

sup inf (Tysx — Px, Px — Py) > 0. (3.4)
seG teG

Let € > 0. Then there is s € G such that r(tsq,z) < € for all t € G. For such an s; € G,
from (3.4), we have

sup inf (T3 T, — PTs,x, PTs,x — Py) > 0,
seGteG

and hence there is s3 € G such that
tincf;(il’t33T32m — PT,,x, PT,,x — Py) > —
€
Then, from PT;,x = Pz, we have
tlg(f;(TtSSSQJU — Px, Px — Py) > —e. (3.5)
Similarly, from (3.4), we also have

sup lnf (Tts s3s2Y — PT5332y7PT5352y P{E)
seGteG

and there exists s4 € G such that
1nf (Tt543332:y PTy,555,Ys PTs, 555,y — Px) > —¢,

that is,

tlélé’(Py Tt543352y5 Pz — Py) (36)
On the other hand, from (3.5)

inf (Tys, 555, — Px, Px — Py) > —e. (3.7

teG
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Combining (3.6) and (3.7), we have
—2€ < (Thsy 5550 — Thsysas,y, P — Py) — ||[Px — Py||?
< Ttsisase® = Thsasasa¥ll - [P — Pyl — [|[Pz — Pyl|?
< (r(tsasssz,x) + o = yll) - [|Pz — Py|| — | Pz — Py?
< (e+lz —yl) - [Pz — Pyl — ||Pz — Pyl|*.

Since € > 0 is arbitrary, this implies ||Pz — Py| < ||z — y||-
The following corollaries are immediately deduced from this theorem.

O Let C be a closed convex subset of H and X be an rs-invariant subspace

Corollary 3.1.
of B(G) containing constants which has a right invariant submean. Let S = {T; : t € G} be

a Lipschitzian semigroup on C with inf sup k7, <1 and F(S) # 0. If for each x,y € O, the
function f on G defided by s

ft) = ||Tyx —y||? for allt € G,
and the function g on G defined by g(t) = k? for allt € G belong to X, then the following

are equivalent:

(a) N cof{Tisz:t € G} F(S) # 0 for each z € C.
seG
(b) There is a nonexpansive retraction P of C onto F(S) such that PTy = TyP = P for

every t € G and Px € co{Tyx : t € G} for every x € C.
Remark 3.2. By Theorem 1.2, in the result of Mizoguchi and Takahashi, many key
conditions are not necessary.

t4. Fixed Point Theorem

In this section, we prove a fixed point theorem for asymptotically nonexpansive type
semigroups without convexity. Let m(G) be the Banach space of all bounded real valued
function on G with supremum norm and let X be a subspace of m(G) containing constants.

(9]

Then, according to Mizoguchi and Takahashi”, a real valued function p on X is called a

submean on X if the following conditions are satisfied:

(1) u(f +g) < p(f) + plg) for every f,g € X;

(2) plaf) = aup(f) for every f € G and a > 0;

(3) p(c) = ¢ for every constant c.

For a submean g on X and f € X, according to time and circumstances, we also use
e (f(t)) instead of p(f).

Lemma 4.1.9 Let G be a semitopological semigroup, let X be a subspace of m(G) con-
taining constants and let p be a submean on X. Let {x; : t € G} be a bounded subset of a
Hilbert space H and let D be a closed convex subset of H. Suppose that for each x € D, the
real-valued function f on G defined by

ft) = ||z —z||* forallteG

belongs to X. If g(x) = p¢|lze — z||* for allz € D and r = inf{g(z) : © € D}, then there
exists a unique element z € D such that g(z) = r. Further the following inequality holds:

r+ |z —z||? < g(x) for every x € D.
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Let X be a subspace of m(G) containing constants which is [s-invariant, i.e., [(X) C X
for each s € G. Then a submean g on X is said to be left invariant if u(f) = p(lsf) for all
s € Gand F € X. Now, we can prove a fixed point theorem for asymptotically nonexpansive
type semigroups with convexity in a Hilbert space.

Theorem 4.1. Let C be a nonempty subset of a Hilbert space H and let X be an l,-
invariant subspace of m(G) containing constants which has a left invariant submean p on
X. Let S = {T; : t € G} be an asymptotically nonexpansive semigroup on C such that each
T; is continuous. Suppose that {Tix : t € G} is bounded and ﬂ co{Tqz:t € G} C C for

€G
some x € C. If for each w € C and v € H, the real valued functzon f on G defined by
ft) = |Tou —v||* for all t € G
belongs to X, then there exists an element z € C' such that Tyz = z for allt € G.
Proof. Define a real valued function g on H by
9(y) = il Tiw — y||* for each y € H.
If r = inf{g(y) : y € H}, then by Lemma 4.1 there exists a unique element z € H such that
g(z) = r. Further, we know that
r+ |z —yl|> < g(y) for every y € H.
For each s € G, let Q5 be the metric projection of H onto co{Tsx : t € G}. Then by [10],
Qs is nonexpansive and for each t € G,
||T9tx - QSZ”2 = ||Q5T9tz - QSZ”Q S HTetfr - ZH2
So, we have
pel| Tox — Qz||* = pel|Torw — Quz||* < pe|| T — 2||* = pue| T — 2|12,
and thus QQsz = z. This implies
zeto{Tsyr:t€ G} foralls e G,
and hence
z € ﬂ@{TStx:teG}CC’.
seG
Now, for each h € G, since T}, is continuous at z € C, for any € € (0,1), there exists 0 < § < €

such that | Thy — Thz|| < € whenever y € C and ||y — z|| < J. Since S is an asymptotically

nonexpansive type semigroup, there is an sgp € G such that r(tsg,z) < 6?2 for all

t € G, where M = sup ||Tix — z||. On the other hand, from Lemma 4.1
teG

2(M+1)

Iz = ylI? < el Tex = y)|? — pel|Tiw — 2||* for all y € H.
Putting y = T,z for each s € G, we have
[ Tssoz = 2l* < pel| Tow — T 2l|* — pel| T — ]2
= pel| Tasor — Toso2||* = pel| To — 2|2
< (50 + [Tz — 2l)? — el Toa — = < 8,
and hence ||Tss,z — z|| < 6 for all s € G. This implies
1Thz — z|| < ||Thz — ThTsso 2|l + || Thsse 2 — 2| < 2e.
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Since € > 0 is arbitrary, we have Tpz = z for every h € G.

As a direct consequence of Theorem 4.1, we can prove the following fixed point theorem
which extends Ishihara’s result!®! to non-Lipschitzian semigroups setting. A semitopological
semigroup G is left reversible if and only if any two closed right ideals of G have nonvoid
intersection. In this case, (G, <) is a directed system when the binary relation < on G is
defined by a < b if and only if {a} JaG D {b}|JbG.

Theorem 4.2. Let C be a nonempty subset of a Hilbert space H and let G be a left
reversible semigroup. Let S = {T; : t € G} be an asymptotically nonexpansive type semigroup

on C such that each Ty is continuous. If {Tyx : t € G} is bounded and () €o{Tsx : t €
seG
G} C C for some x € C, then there exists an element z € C' such that Tyz = z for allt € G.

Proof. Define a real valued function p on m(G) by
w(f) =limsup f(t) for every f € m(G),
teG

w is a left invariant submean on m(G). By using Theorem 4.1, the proof is completed.
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