Chin. Ann. of Math.
19B: 2(1998),229-238.

A CRACK PROBLEM WITH A
BROKEN LINE INTERFACE***
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Abstract

The equilibrium problem for the infinite elastic plane consisting of two different media is
considered, in which the interface is a broken line, there is a straight crack touching the vertex
of the broken line with some symmetry and the same uniform pressures are applied to both
of its sides. The problem is reduced to a uniquely solvable singular integral equation on the
interface and the crack. The order of singularity at the vertex is considered, which may be
determined by a transcendental equation.
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§0. Introduction

Considerable plane crack problems of composite media for the case in which the interface
is an infinite straight line were studied by various authors, for instance, [1,2]. The methods
of solution are often by using integral transforms so as to reduce the problems to singular
integral equations. In this paper we shall consider the problem for the case where the
interface is a broken line consisting of two half-rays and there is a crack touching the interface
at its vertex with some symmetry both in the elastic region and the boundary condition. We
shall also reduce the problem to a singular integral equation along the crack and the interface
directly by a method inspired by but different from the one originated by Sherman!®! for
solving elasto-static problems without cracks. The method similar to our method used here
was first developed in [4, 5] for solving problems of two bonded half-planes with cracks
arbitrarily both in shape and number. The proposed method seems universally effective for
general plane crack problems.

§1. Formulation of the Problem

Consider an elastic infinite plane consisting of two isotropic media S; and Sy with elastic
constants k1, p1 and Ko, uo respectively. The interface in the plane is a broken straight
line consisting of two half-rays L, L’ issued from the origin O and extending to infinity
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respectively with angles of inclination £6 (0 < 6 < w) with respect to the z-axis. There
exists a crack 7 in S on the positive z-axis: 0 < z < a (a > 0). Assume that a uniform
tension p is applied to both sides of v and that there is no stress and rotation at infinity. It
is required to find the elastic equilibrium.

When 6 = 7, the problem was solved in [7].

The stress 0,(2), 0y(2), Tzy(2) and the displacement u(z) + iv(z) (2 = = + iy) may be
expressed in terms of Kolosov functions ¢(z), ¥(z) (or ®(z) = ¢'(2), ¥(z) = ¢'(z)) as ( see
[6])

oy + 0, = 4Re{¢'(2)} = 4Re{®(2)},
oy = 04 + 2iTey = 2[2¢" (2) + ¢/ (2)] = 2[2®'(2) + ¥(2)),
2u(u +iv) = K(2) — 2/ (2) — ¥ (2), (1.1)

where ¢(z) and ¥(z) are analytic functions in the elastic region. In our case, they are

sectionally holomorphic in Sy and Sz, and ¢(c0) = ¢(00) = 0 may be assumed.

By the boundary condition on v, we have
6% (@) + 2¢/E(2) + Y= (@) = —pr+¢, z€7(0<x<a) (1.2)
where ¢*(x) and ¢* () are the boundary values of ¢(z) and 9(z) when 2z — z € v from its
upper (positive) and lower (negative) sides respectively.

By the condition of equivalence for the normal and the shearing stresses along the inter-
face, we have

6T+t (1) + 9T = ¢~ (1) + 1o (1) + P (1), teL+L, (1.3)
where ¢F (t) and ¥ (t) are the boundary values of ¢(z) and 1(z) when z — ¢t € L+ L' from
the left and the right sides of L, L’ respectively.

Moreover, the continuity of the displacements along the interface gives

st (t) = Baltd T (1) + V()] = o™ (1) — Bultd' () + (1)), t€ L, (1.4)
¢t (t) = Bulte' T (1) + YT ()] = s (1) — Balted’ () + (1)), t € L, (1.5)

where we have put

O‘j:Hj/H’jv /Bj:]'/ILLj’ Jj=1L2 (1.6)
Thus, our problem has been transferred to the boundary value problem (1.2)—(1.5) for
sectionally holomorphic functions ¢(z), 1(z) with T' = L 4+ L’ + v as the jump curve and

¢(00) = 1)(00) = 0.

By the symmetry of the stresses and displacements, it is readily seen that

6(z) = ¢(2), ¥(2) = v(2). (1.7)

§2. Reduction to Singular Integral Equations

For solving our boundary value problem we introduce a new unknown function w((),
¢ € T, such that

R(S L[S0+ Q)
00 = o [ S dc v =5 [HOEE g cpr @
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where we have assumed w(¢) € Hy, w'(¢) € H* (for notations, see [6]). Let w(¢) = w(x)
when ¢ =z € v, w(¢) = wr () and w(¢) = wr/(¢t) when ( =t € L and L’ respectively. We
assume

w(0) +wr(0) +wr (0) =0, w(a)=0, wr(oo)=wr () =0. (2.2)
Of course, the existence of the function w(z) satisfying (2.1) as well as (2.2) should be proved,

but it is assumed for the time being.
By (1.7) and (2.1), it is easy to see that

w(¢) = —w(¢), (2.3)
by which it follows that w(z) is pure imaginary on +.
Substituting (2.1) in (1.2), and by using the Plemelj formula for the boundary values of
both sides on v and integration by parts and noting that the terms not involving integrals
cancel each other by (2.2), we get the same singular integral equation on ~:

1 w(¢) 1 (—x 1 (—x
Ko = i r C*Idg - 2mi L+L/w(§)dlog§_ x  2mi L+L’W(<)d§_ T
=—-pr+c, 0<zx<a, (2.4)

which together with (2.3) gives
1 [ 1 1 1 — T —
Kw=— &dg + Re{—_/ MdT + 7/ fu(ldi' — 7/ w(T)dq_— x}
7w Jyg E—x o, T—x m o T 7 Jy, T—x
_ pric 0<z<a (2.4

Condition (1.3) is found to be automatically satisfied by using (2.1). Similarly, condition
(1.4) becomes a singular integral equation on L:

. B w(¢) D ¢—t — =t _
KLw:Aw(t)—&—E FHd§+m{/L/+7w(C)dlog<_t_ /L/_Mw( )d?} =0, telL,
(2.5)
or,
_ By [ w(r) w(r) . ["w(©
KLw:Aw(t)+E{/,;T—th_/Lf—th+ | jdg}
D [® E—t  [— ¢ 7t 7ot
+E{/o w(f)dlogf_f—i—/o w( )dg—_t,—/Lw(T dlogT_E—/Lw(T)dT_f}
=0, telL, (2.5)

where we have set
A=ar+a1+ P2+ 01, B=as—a1 —po+ 61, D=pr— B, (2.6)

and we shall denote C = B+ D = as — a7 in the sequel.

(2.4) and (2.5) constitute a singular integral equation in w(¢) on L+ -y, which is of normal
type since A+ B = 2(ag + $1) and A — B = 2(«a1 + (2) are positive constants. Its solution
to be found should belong to the most narrow class h, that is, it must be bounded at 0 and
a as well as at 0o, and hence its index corresponding to this class is —1.

We prove that, if (2.4)—(2.5) has a solution w(¢) € h (for certain constant ¢), then (2.2)
is fulfilled. In fact, if the first equation in (2.2) is not fulfilled, then the left side of (2.5)
would have a logarithmic singularity at ¢ = 0 while each integral in the braces of (2.5) tends
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to zero evidently; this is impossible since the right-hand side of (2.5) is zero. w(a) = 0 is
evident as readily seen by (2.4). Let w(t) — w(oc0) as t — 0o on L. It is easy to prove that
the third term on the left-hand side of (2.5) tends to zero, and also fL’-M %d( — 0, while

L[ty L[ el ue, s [ dr
L L

- - T+
mi JpT—t i T—t

T—1 e
where the first term of the right-hand member is convergent when ¢ — oo since w(7r) € H
on L, and the second term is divergent if w(oo) # 0. Therefore w(t) — 0 as ¢ — oo along L.

By (2.3), we see that wr,(0) = —wr/(0) so that
w(0) + 2ilmwp, (0) = 0. (2.7)

§3. Unique Solvability for the Integral Equation

We shall prove that (2.4)—(2.5) has a unique solution in class h for certain (uniquely)
suitably chosen constant c.

First, we show that the corresponding homogeneous equation K ,w = 0, Krw = 0 has
only the trivial solution in h, and more generally, K w = ¢, Krw = 0 is solvable only
when ¢ = 0 and the solution is zero. Assume wp(¢) is a solution of them for certain ¢. When
substituting it back into (2.1), we get two sectionally holomorphic functions ¢g(z) and ¥ (2)
which satisfy (1.2)—(1.5) with p = 0. This is the natural equilibrium state for the elastic body
without any external loads on the crack and stress or rotation at infinity. By the uniqueness
theorem in elasticity, we must have ¢g(z) = 0, ¥(z) = 0 since ¢o(c0) = ¥o(00) = 0. Then,
by (1.2), we know that ¢ = 0 and

(S L[ @@+ Gh0)

— dc =0, — [ @l eold) ;- T,
27i FC—ZC 0 27 Jr (—=z ¢=0 z¢

Applying the Plemelj formula to the first equation of above, we obtain

1 1 wo(€)
0==+- — d r
2&)0(@)) + ori /1; C — CO <7 QO el
from which it follows that wo((p) = 0, (o € I', what is to be proved. Thus, the number of

linearly independent solutions for Kyw =0, Krw = 0 in class h is I = 0.

By the Noether theorem, the number of linearly independent solutions for the adjoint
equation K’ w = 0, K’ w = 0 in the adjoint class hg is I’ = 1 since k = —1. Here class hg
(the widest class) means that the solutions of the equation may have integrable singularities
at ¢ =0, a and co. Assume xo(¢) (# 0) is the unique solution (up to a nonzero constant
coefficient factor). Then (2.4)—(2.5) is (uniquely) solvable if and only if

| “Xo(@)dz = p / " Yo(@)dz - | xalrir (3.1)

is fulfilled. We show that foa Xo(z)dx # 0. In fact, we consider again the case p = 0. We
have proved that (2.4)—(2.5) is solvable only when ¢ = 0. It means that the equation

C/Oa Xo(z)dz = —/LXO(T)dT

holds only when ¢ = 0, so that [’ xo(z)dz # 0 (and [, xo(7)dr = 0). Thus, (3.1) is
uniquely solvable for c.
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Note that w(x) is pure imaginary on . Hence, if we denote
w(z) = wo(x)i, 0<z<aq, (3.2)
then wo(x) € H is real with wp(a) = 0 and satisfies (by denoting wy () = w(t) on L)
wp(0) + 2Imw(0) = 0; (2.7)

(2.4)" and (2.5)" become respectively
_ 1w 1 [ w(r) 1 [ w(r) =
K= [ el | s L [ 28 L [ w1}
=-pr+ec, 0<z<a, (3.3)
KLoJEAw(t)ﬁ—B{;i/L:J(_T)th / (T)t _’_%/0 Ogo_(gt)dg}
D @ £ — 5
+2{/ wo<s)dlog€_ +/ 0=
Dy [—= F—t

Thus our problem is reduced to solving (3.3)—(3.4) in class h, where ¢ is an undetermined

constant; it is hence uniquely solvable when ¢ is chosen to fulfil (3.1), where x( is the unique
solution of the adjoint equation K’ w = 0, K'rw = 0 in class hg.

¢4. Simplification of the Equations

It is rather complicated to solve (3.3)—(3.4) since the determination of ¢ involves to solve
the adjoint equation on L + 7. But in practice it is often sufficient to determine the stress
distribution which depends on ®(z) and ¥(z) and so indirectly on (¢) = w’({). Hence it
is sufficient for us to get Q((¢) instead of w(() itself. The equation satisfied by Q(¢) may be
obtained by differentiating (3.3)—(3.4), where the undetermined constant ¢ disappears. Let

Qo(z) =w((z), z€v; Qr)=d'(1), T € L.
By (2.3) we have
() = —Q(¢)- (4.1)

By diffrentiation and integration by parts in (3.3)—(3.4), we obtain respectively

K Q= /O 90(5)d5+R{m/LQ(T)dT+1,/LQ( Vg L[ T2T Q(r)dr |

E—=x T—x wJ, T—x mi Jp, (T —x)?
=-p, 0<z<a, (4.2)
F o — 1 [ r) 1L [97), 1 0(§)
LQ:AQ(t)JrB{E/LPth—E/L% i+ | gitdf}
1 /") e 0 [ Q(€) (L—e™9) [* £9(8)
e R Ll B /O oy

1 Q(r e =210 Q(r 1 —7 + Fe— 20
S ()dr—f— /T Jary L / 5 (T)dT}zO, tel,
L L
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or

L= AQ(t) + B/LQ(T)dTC,/LQ(T)dHf/O 90(5)d§

i T—1 m T—1 & —
De—219 Qo(f) D(l _ e—2i9) a fﬂo(f)
- [ e PR [ e
De 2% [ Q(r) ,_ D [ —1+7e 2" _
+ 7Ti L T td T+ — 7'['7, . WQ(T)dT = 0, t e L (43)

Now, Q(¢) € H must satisfy, by (2.7),

/ Qo(z dx+2Im/Q (4.4)

We may change complex variables to real ones by letting 7 = pe®, t = re?(0 < p,r <
+00), and denote Q(7) = Q(p) on . Then (4.2)-(4.3) becomes

1 [ Qp)d 201 Qp)dp  1—e 20 1 pQ(p)d
K'Q = R{ / (p)ip_9+67./ (p) %JF ¢ / P (p)ng}
mJy p—axe? 7w Jy p— xe ) o (p—xet9)

+ — /0 ?0_(2 d¢ =—-p, 0<zx<a, (4.5)
R T e N
e f_iz o P [ il
O [ T D [
=0, t=re’ €L, (4.6)

while (4.4) becomes

/Oa Qo(z)dx + 2Im{ei9 /000 Q(r)dr} =0,

or, if we denote Q(r) = Qq(r) + iQa(r),
/ Qo(x)dz + 2 81119/ dr—l—cos@/ Qa(r dr}—O (4.7)
0

Thus our problem is reduced to solving (4.5)—(4.6) for the real Qq(z) (0 < z < a) and the
complex Q(r) = Q1(r) +iQ2(r) (0 < r < 00) in class hg with the additional requirement
(4.7), of which the solution is unique as proved.

§5. Determination of the Order of Singularity for the Solution

From the practical point of view it is very important to determine the orders of the
singularities for the solution of the problem at the tips of the crack so as to know the
behavior of the stresses near them. It is well-known that at the tip a the singularity is of
order % For determining the order of singularity at the tip O, we assume

Qo(z) = % +o(xz™%) (x = +0), Qr) = T% +o(r=%) (r — +0), (5.1)

where « is the undetermined order which must be real in our problem and 0 < a < 1, while
O (real) and Q = Q4 + Qa¢ are undermined constants.
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In the sequel, the function z® is chosen as that continuous branch in the plane cut along
the positive real axis which takes positive real values on its upper side. Then z* = z®e®*
when z = ze? and 2® = z%e*?™9 when 2z = ze~" (z > 0). Similar equalities are valid
for (> 0) in place of = as well as 26 in place of § (0 < 0 < ).

By the properties of Cauchy-type integrals and Cauchy principal value integrals near the

end of the path of integration (see [6]), we have the following equalities:

l/“QO(E)dgz cos am Qo+ .
T™Jo

¢E—x % sin aw
L[ Qp)dp \ 1 .
RG{E/O pp xe—i"} = o {cosa(mr — 0)Qy —sina(r — 0)Q }+ -+,
e 1 Q(p)dp 1
< 1 —0) + 26019 + si —0)+20]Q ) + - --
Re{ — /0 P xe*")} —a Sinom{cos[a(ﬂ' 0) + 20)Q9 + sin[a(m — 0) +20)Q } + - - -,

1—e 2% 1% pQ(p)dp
Re{ 5 | )
o (p—wme

L—e 20 ¢ 1% Qp)dp d [ Qp)dp
= Re i {/0 p— xe= +x@/o p—xe*ie}
_ 2= a)sindalr— 0) — 61 + sinfa(r — 0) — 010} + - |

sin amx®
where the omitted terms are of orders less than «.

Substituting these equalities in (4.5) which is bounded on its right-side and multiplying
the resulting equation by sin arx®, we obtain

ago (@) + ao1 (@)1 + ap2(a)Qe = 0, (5.2)
where
ago(e) = cos am,
ap1(a) = —sina(r — 0) + sin[a(r — 0) + 20] + 2(1 — «) sin 0 cos[a(m — 6) + 6],
apz2(a) = cos a(m — 0) + cos[a(m — 0) + 20] + 2(1 — «) sin 0 cos[a(m — 0) + 6].

We also have

i/ Q(p)dpz cos am (Qy — i) + -+,
0

e p—r rosin am
_i/oo Qp)dp _ T2 (Qy + i) n
mi Jo p—re?? ir®sin am ’
l/a Q(§) dé = e (=00, n
0 &— rew ~ resinam ’
—219/ —1[a(7r 9)+29]Q
ffre “9 N rosin ar
L—e 0 1 €Qo()de 2i0)
- =(1—-e*
— | e e / et
2i sin fe~la(m=0)+01Q)

=(1-a) .
resin am
e—4i0 /00 de B efi[a(7r720)+40](_l-ﬂl _ 92)
o p—re 2 rosin o

- _|_’
Yy
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et —1 /°° pUp)dp
e o (p—re2i0)2

4 1 [ Qp)dp d 1 /°° Q(p)dp
410
(oL [T Ml 41 Sy
(e ) m'/o p—re_219+rdrm' o p—re 2 +
e—i[a(‘n‘—29)+29](91 +ZQQ)

+

o sin o

=—2(1— «a)sin26

Substituting these equalities in (4.6), multiplying the resulting equation by 7 sin ar and
separating the real and imaginary parts, we get
a10(a)Qo + a11(@)Q1 + ar2(a)Qe =0, (5.3)
a0(a)Q0 + a1 ()1 + aze ()2 =0,
where
a1o = Ccosa(m — 0) — D cos[a(m — 6) + 20] + 2D(1 — ) sin @ sin[a(m — 6) + 6],
a11 = Asinar — Csina(r — 26) — D sin[a(r — 20) + 40]
—2D(1 — ) sin 26 cos[a(m — 26) + 26)],
a1z = Beosar + Ccosa(m — 20) — D cos[a(m — 20) + 46]
—2D(1 — a) sin 20 sin[a (7 — 26) + 26],
azo = C'sina(m — 0) + Dsinfa(r — 0) + 20] + 2D(1 — «) sin 6 cos[a(m — 0) + 6],
a1 = —Bcosam + Ccosa(m — 20) — D cos[a(m — 26) + 46]
+2D(1 — «) sin 20 sin[a(m — 20) + 26),
a2 = Asinam + Csina(r — 26) + D sin[a(r — 20) + 40]
—2D(1 — ) sin 26 cos[a(m — 20) + 24).
Thus « is the root of the determinant equation
A0) = lau(@)| =0, j,k=0,1,% (5.5)

« exists in the interval (0,1) by the general theory.

Remark 5.1. It is worthy to note that g, €; and €3 must be proportional to the
values Ay, A1 and Ay of the algebraic complements of the elements in the first row of the
determinant A(a) for the root « obtained above.

§6. The Kolosov Functions

After the solution of (5.5) in 0 < a < 1 is obtained, equations (4.5)—(4.7) in class hg may
be solved numerically by various methods. When Qg (z) and Q(() are obtained, the Kolosov
functions ®(z) and ¥(z) are easily calculated. In fact, by (2.1) and (4.1), we obtain

q)(z)_i/ Q(9) d<:1/0°° Qp)dp _11/0‘”/) (pp_ 1 [* (),

2w Jr (-2 2mi p—ze W  2mi —ze 0 " ox ), £—=z 6.1)

1 Wdf 1 / ¢Q(¢) ac. (6.2)
r

Y=o (=E

omi J, =2 2mi
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For the stress distribution, by (1.1), it is more important for us to have
70’ (2) + ¥(2)

omi Jp (=2 2mi Jp ((—2)?

¢

6721’9 © 0O d 621’9 © 0 d 1 00 o 267i0
=L / (p)dp +7/ M,i/ PTE_0p)dp
2 Jo p 0 o (

—ze= 0 27 p—ze? 2w p — zet)?
1 [*Q(C) 1 /OO p — ze' 1 [* ¢—z2
— [ L2 - — [ ST 0(6)d
+ 271'/0 C— z <+ 271 0 (p_ 2620)2 (p) P o1t 0 (é- — 2)2 0(5) g
_ e /°° Qp)dp L/o‘“ Up)dp (2 —2)e”™ /°° Q(p)dp
C2mi Jo p—ze®  2mi Jy p—ze~i0 omi o (p—ze=19)2

e /°° Qpydp . 1 [* Op)dp
o P

271 —ze~ " 2mi J, p— zet

L 2 /°° Qp)dp  z-2 /“ () 4
omi Jo (po2e®2 am Jy €2 ™
Remark 6.1. For z =z (—oo <z < 0 or a < x < +00), by (6.1) and (6.3), both ®(z2)
and zZ®'(z) + ¥(z) are real so that 7,, = 0, as expected.

§7. Suggestions for Numerical Method of Solution for the Problem

For numerical methods of solution for the proposed problem, or equivalently, for the
integral equation (4.5)—(4.6) together with (4.7), we suggest two different methods.

As the first one, we may solve (4.5) for Qp(x) (0 < z < a) in class hg by regarding Q(r)
as known for the time being, the solution of which may be obtained in explicit form by the
inversion formula for Cauchy principal value integrals. There is one arbitrary real constant
in its general solution, which may be determined by the additional condition (4.7). Then, by
substituting it in (4.6), a singular integral equation for (r) (0 < r < c0) is obtained. By a
suitable change of variable, it is then transformed to an equation on a finite interval, which
may be solved numerically by usual methods with application of hypergeometric functions.

The equation obtained as above is rather complicated. We suggest another method of
solution by using “quasi-linear splines”.

After the order of singularity a at the origin O is determined, taking a division of the
interval [0,a] : xg =0, 21 =0,...,2, = nd = a, where § = =, we interpolate Qo(z) linearly
in each subinterval [z;_1,z;] (j = 2, ,n — 1), of the form c)Ag/z® + BY in (0,z1] and
of the form ¢, /z*/? + BY in [z,,_1,a) since it is well-known that Qq(x) has a singularity of
order 1/2 at = a, where cg, ¢,, B}, B? are undetermined real constants. At the same
time, taking a division of [0,00) : 79 = 0, 11 = §, 79 = 26, -+, we interpolate Q(r) linearly
on [rp—1,7%] (k=2,3,---) and of the form co(A;1 + iA2)/r® + By on (0,71], where B is an
undetermined complex constant. It must be noted that the form of the interpolatory function
on (0, z1] and that on (0, 71] mentioned above are due to the remark at the end of §5. Then,
if we replace Qo(z) and Q(r) in (4.5) and (4.6) as well as in (4.7) by these interpolatory
functions and let # = 2% = 215 (j = 1,--- ,n),r =1} = =15 (k= 1,2,...) in turn, then
we obtain an infinite system of real linear equations in infinite number of unknowns after the

real and imaginary parts in (4.6) are separated. The coefficients of this system of equations
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involve convergent improper intergrals or Cauchy principal value integrals with kernel density
=% (a—x)~Y? or r=*, which may be easily evaluated approximately. Because Q(r) has a
zero of order greater than 1 at infinity in general, we may round off this system to a finite
system of real linear equations in finite (sufficiently large) number of unknowns, which may
be solved at once. If § > 0 is small enough, then its solution will be very close to the required
one.

The idea for evaluating singular integrals approximately by linear splines was due to K.
Atkinson!® in case the path of integration L is a closed contour and was extended in [9] to
the case where L may be open, though only when the weight function identical to one was

assumed.
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