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Abstract

The author obtains the rate of strong convergence, mean squared error and optimal choice of
the “smoothing parameter” (the sample fraction ) of a tail index estimator which was proposed
by the author from Pickands’ estimator, and called modified Pickands’ estimator. The similar
results about Hill’s estimator are also obtained, which generalize the corresponding results in [8,
9]. Besides, some comparisons between Hill’s estimator and the modified Pickands’ estimator
are given.
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¢1. Introduction

Suppose that F' is a distribution function such that, for any = > 0,
lim 11_1;(3)) a7, y>0. (1.1)

We call vy the tail index of F. (1.1) can be denoted by 1 — F € RV_1.
Let X1, Xo,- -, beii.d observations from an unknown distribut10;1 F. Denote by X, ,, <
- < X, the order statistics of X;,---,X,. The problem is to estimate v by using
Xy, -+ ,X,. This problem has aroused enormous interest and has many applications in

economics, finance, and hydrology (for an extensive survey see [4-6]).

An important estimator of 7 is Hill’s estimator1%):
1 &
Hy =+ ;bg X it1m —log X kn,
where k is such that
k— oo, k/n—0, (K)

Cheng and Panl?) modified the Pickands’ estimator (see [12]) and obtained the so-called
modified Pickands’ estimator:

~

1
Pra= @(log Xn—ky+1,n — 108 Xnkyt1.n), (1.2)
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where d > 1 is a real number, and k; < ko are integers such that

ki — oo, ks — 0, i=1,2, ke —d. (1.3)
n k‘l

In this paper, we discuss further properties of ]Sn,d such as the rate of a.s convergence
(Section 3), mean squared error and optimal choice of k; (Section 4). We also obtain the
mean squared error of Hill’s estimator and optimal choice of k in very general case, which
generalize the corresponding results in [8, 9] (Section 5). How to compare the estimators of
v is an important problem, which has attracted much attention of statisticians. In the end
of this paper, we give comparisons of H, and ﬁn,d when F belongs to a well-known class of
distributions (Section 6). But, first, we give some lemmas that we need for the proofs of our
results (Section 2).

§2. Lemmas and Denotations

From now on, we denote

F<(t) =inf{z: F(z) > t}, 0<t<1,
;>t}
1—F(z) =
V(t) =U(e), 0<t<oo.

U(t) = inf{x : 1<t <o0,

It has been proved that (1.1) is equivalent to U(t) € RV, (see [14]). Moreover, the
following lemma was shown by De Haan and Stadtmuller!”.

Lemma 2.1. If there is a positive and Borel measurable function b(t) satisfying tlim b(t) =
— 00
0 such that

im —— U(m)fa:”’ = K(x) forallx
tlgglob(t){U(t) } K(z) forallz >0 (2.1)

for some function K(x) # 0, then
(1) b(t) € RV_,, for some a >0,
(2) K(z) = Caﬂ# (when a =0, K(x) is interpreted as Cz" logx).
Let Uy,---,U, be ii.d r.v.s uniformly distributed on (0,1), and eq,--- ,e, be iid r.v.s

with standard exponential distribution. Denote by U; ,, < --- < U, , the order statistics of
Ui, - ,Up, and €1, < -+ < ey the order statistes of eq,--- , e,

The following fact is obvious:
1 1
PN :d <~ <~ PN :d PN
(61, Xa,ee) =4 (PO () = (0 (2 ) 0 (=) )
=4 (V(er),V(e2),-+). (2.2)

Denote by ®(x) the standard normal d.f. and ¢(z) its density.
Lemma 2.2. If

2 _d=o(k %, (2.3)
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then

d
P ( - 1k‘11/2(ek27k1,k271 —logd) < a:)

d+1

= ®(x) + kY2 — 1) - p(t)dt + o(ky~Y?) (2.4)

=5 .
uniformly in x € R.

Proof. From Corollary 4.2.7 in [13],

kik k
P e (ekz—kh/w—l — log 2) €B| - / (1 + L11k2_k17k2_1(t)) dq)(t)
kz — kl kl B

sup
BeB(R)
= 0(k1_1/2)7
where
1 ki + kg )
L goytoy g1 (1) = — kit
1,ka—k1,k2 1( ) (k‘g —k‘l)kle < 6 1
_1 1 d+ 1 3
=k 2 3 +o0 t° + |t from (2.3)).
e (S ) o () (e ) (hom 23)
Using (2.3) again, we obtain (2.4).
Suppose that k satisfies (K). Denote
3 1 k
= 1)72 — 1))z =1-— = 9.
an=Mm+1)"2(k(n—k+1))2, b, ST Un antt + by, (2.5)
and denote by ¢, (u) the probability density of (U,—g+1,n — bn)/an, i€,
nla, k(1 g, P - e 1— bn
b () = (nfk)!(kfl)!u" (1 —wy)®4, if <u< (2.6)
0, otherwme.

We have the following result.
Lemma 2.3. If T,, = o(k,,*/®), then for large n and |u| < T,

u3 — ou
a0 =0t - 20 0 (1) (0t o) (2.7)

Proof. (2.7) is easily derived from [13].

§3. Strong Convergence of 13n7d

Theorem 3.1. If (2.1) and (2.3) hold, and moreover,

k1/loglogn — oo, (3.1)
k‘l 1/2 n

— 2

<10glogn> b ko — % (3:2)

then

~

Poa=y _ CO—d™)
b(n/ks) alogd

a.s. (3.3)

Proof. From (2.2),
{(Xl,na"' nn)} = {( (61 n) e 7V(en7n))}7 n > 1.
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Hence, the same functions of the two sides of the above equality have the same a.s. conver-

gence properties. Therefore, without loss of generality, we write

~ 1
Pra= @{bg V(en—k1+1,n) —log V(en—k2+1,n)}- (3.4)

Then, by the condition (2.1) and (2.3),

1
o d IOg{d’Y + V(en—lﬁ+17n)/v(en—kz+1,n) - d’y}

nd = 1
=1+ g 108+ V(e 1) @V (eni1.0)) = 11}
=74+ Ay +An,
where
A, = 1 {V(enfkﬁrl,n) —V(en—ks+1,n +logd)  V(en—gy41,n +logd) d'y}
d¥logd V(en—ky+1,n) V(en—ky+1,n)

. 1 { V(en—kg—i-l,n + log d)
dvlogd V(en—ky+1.n)
) {V(en—k2+1,n +logd + (€n—ki+1,n — €n—kyt1,n — logd))
V(en—kyt1,n +logd)
—exp{V(en—ki+1,n — €n—kyt1,n — logd)}

+ exp{v(en—k1+1,n — €n—kyt+1,n —logd)} — 1}
+ b(exp{en-ry 11} K () + o(b(exp{en-ry10}) |
and A, 1 is the remainder term which has higher order than A,,. Notice that
{en—k1+1,n — €n—ky+1,n — logd} =4 {=1log Uy, n +logUy, n, —logd}, n>1,
and from [15],

12,

—Ulyn — 1‘ <1, as. 1=1,2.
ki

lim Sup(ii)
n—oo \loglogn

Conbining the above two formulas and the condition (2.3), we have
ki 1/2
lim_>sup (logl(l)gn> len—ki+1,n — €n—kot1,n —logd| <2, as. i=1,2.
n—oo

Then from the condition (3.2), we have

a.s.

lim Cn—ki+1ln — Cn—ko+ln — logd =0

)

Therefore

lim Lﬂ’dn_ ¥ lim 7A"
n—o0o b(E) n—oo b(n/kQ)
V(en—ky+1,n + logd)

T dlogd nose Vien—tarin)

. ) n
| lim K(exp{en—k,+1,n — €n—ky+1,n — logd}) lim b(dexp{en_kzﬂm})/b(—)
n—00 ko

n—oo




No.2 Pan, J. Z. ON ESTIMATION OF THE TAIL INDEX OF A DISTRIBUTION 243

+ lim exp{7(67z—k1+1,n — En—kotln — log d)} _ 1:|
n—oo (n/kz)
LK (d) lim bexp ()
p 10gd lm eXpP1€n— ko+1,n
K
= (d) , a.s.
d"logd

§¢4. Asymptotic Mean Squared Error
of P, , and Optimal Choice of k; in P, 4

Denote
C2(1—d =) 7(d-1)
n(t) = b2(t 4.1
mypn(t) (t) (alogd)? (n+ 1)(logd)? (4.1)
where b(t), C, a are the same as in Lemma 2.1
Theorem 4.1. Suppose that (2.1) and (2.3) hold. Then
E ﬁn - 2
lim % = 1. (4.2)
n—o00 ml,n( dkl)

Furthermore, if b(t) is differentiable, the best choice of ki which minimizes the mean squared
error of Py, q is

kio = n2—|— 1 - , (4.3)
A e )
where
f(t)=:(=b-b)7(t) = sup{z : —b(z)V'(x) > t}. (4.4)

Proof. We have

- 1 F‘—(U matn) 2
A2 n—ki+ln)
E(Pna—7) E(lo PRl n) v)

1) [ oo [y o]

ke (g — k=Rl — g1t

(n— ko)l(ka — k:1 — D)(ky — 1)!

1 i n! ' nka kgfl
= (logd) (n_k2)!(k2_k1—1)!(k1—1)!A t (1—1) dt

. /0 |:10g Fe(t;iit)_ t)S’) _ logdv}z(sl)kQ_kl_l(l _ S/)kl—ldS/

1 2 ! Fe(t + (1 — t)Uszkl,szl) v 2
- (logd) /0 E[log F=(?) ~logd

n!

C(n— k) (ky — 1)
. (103; d)2 /_ Aoy ()b (), (4.5)

o0

tnh2 (1 — k21t

where

O N (er= =
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and ¢, (u) is defined as (2.6) when k is replaced by ks. Denote

U((1 = tn) " (1 = Uky—y hy—1) ") -1
Z, =1 2L —vlog(1l — U, — _
Tb(u) Og U((]. _un),l) ’Y Og( k2 k11k2 1) ?

W, =~log(l — Upy—ty ko—1)* — ylogd.
Then A, (u) = E{Z, (u)+ W, }?. By straight computation, when (2.3) is satisfied, we obtain
EW,2 = Ev?{eny—ky ko1 — logd}? =721 —d Dk + o(k1 ),
E{K((1 = Ury k1 ko—1) " IWa} = Ok ™),
(1 —d=«)?

EEK*((1 = Uky—ky k1) ") = K*(d) + 0(1) = o2

+ o(1).

But, from Lemma 2.1, Cheng!!! and the dominated convergence theorem, we have

Zy(u) _ 2 _ -1
s |F {b((l - un)w} ek
Zn(“) _ _ -1
e P S B (R S A R
for T,, = 0(k11/6).
Hence
Ay (u)
—52((1 - un)l)E{b((lz—ngi))l)}2 +2b((1 — u”)l)E{b((lz—ni))l)W”} + EW?
= 52((1 - ) H ST o)
+ 200 01) + 00— )™ (46)

holds uniformly for |u| < T,,. Notice that
loun <n_k2+1>1/2k S,
ka/(n + 1) n+1 2 ’
and this implies that

B 1 (n+1) n — ko +1\1/2 —1/2 —1y, 2
(- = (1+(n+1 )kt Ok ).
Hence, for any 2 > 0, when T}, < u < (1 — b,)/a, = O(1)k~1/2,

Uty () U (14 0(1)x

U o)) T U —w)TH T ot

Therefore, at this time, A, (u) is bounded. Similarly, it can be proved that A, (u) is also
bounded when —b,/a, < u < T,. Combining with (4.6) we see that A, (u) is a bounded
function of u € (—=by/an, (1 —by)/an).

But

sp (1 =) (D) o (b)),

u|<T, ko
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From (4.5) and Lemma 2.3,

hm E(ﬁn»di’}/)QZ hm E(ﬁnydir}/)z_ h E(?n7d77)2
n—r00 ml,n(%) nreo ml,n(nTJ;l) nreo mff}n Ay (u)o(u)du
~ 1 Tn
_ 2 _
fnhHm E(Ppa—") /(logd)2 /T Ay (W) ko (w)du = 1.
Let m} ,,(t) =0, i.e.
2(d—1)a?
b)Y (t) = i
( ) ( ) 202(1_d—a>2(n+1)

This is equivalent to

Taking ¢t = Z—E, we obtain (4.3).

§5. Asymptotic Mean Squared Error
of H, and Optimal Choice of k in i,

Denote
2 2
v 2 ¢
W) = t+020t) [ — ) 1
man(t) = 2ok 220 (557 6-1)
where b(t), a, C are the same as in Lemma 2.1.
Theorem 5.1. If (2.1) holds, then
: E(ﬁn - ’7)2
lim —— (5.2)

n—oo m2’n( % )
Furthermore, if b(t) is differentiable, then the best choice of k which minimizes the mean
squared error of H, is
(a+1)%42
ko = 1 — .
o=Mm+1)/f <2<n+1)02 : (5.3)
where f(t) is defined by (4.4).

Proof. Note that
E(ﬁn - 7)2

k
n! 1 2
:m // {%E IOgFe(yi)*logF%(y)fy}y B gudyy - - - dyp
=1

O<y<y1 <--<yr<l

n! ! n—k—1 k
:(n—k—l)!k!/oy (1=y)'dy

[/ k!{}filogmym—y)m—logFﬂy)—v}thl---dtk

0<ty <<t <1

! 1< 2 n!
= Eq - log F* 1-— . — log F* _ e om—k—1 1 k
/O {k ; 0g F~(y+ (1 = y)Usx) — log F* (y) =7} CEy ey A G

— /oo L (Un) pn (u)dus,

— 00
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where ¢,,(u) is defined by (2.6), Un, an, by, are defined by (2.5), and

In( log F*™ (uy, + (1 — uy)U;) —log F* (uy,) — i
- 5{; Z )Ui) —log F~(ua) = 7}

_ E{% Zlog U((1 = )"t (1 = U)™Y) —log U((1 — un) ™) — 7}2.
=1
If we denote
Roi(u) =logU((1 —u,) ' (1= U)™ ) —log U((1 —u,) ™)
—log(1-U;) ™", i=1,---,k,

k k
R, (u) = i;RM(u) %Z log(1 — — 1) ,
then
In(un) = B{Rn(u) + 7P, }* = v’ E(P))? + 27ER, (w) P, + ER; (u),
and

ER%(u) = (ER,(u))* + Var(R,(v)) = (ER,1(u))? + %Var(Rn,l(u)),

ERn(u)Py *E{( a(u)(log(1 = U)~H 1}

But, from Lemma 2.1, [1] and the dominated convergence theorem, it can be seen that for
T, = O(knl/ﬁ)a

Ry,1(u) c ‘ Var(Rp1(u))
sup |E ’ - — 0; sup 5 —————y = O(1);
|u|<Th, (L —up)™t) a+1 |u|<Ty b2 (1 —up)™t) @)
R, (u)P?
sup |E n =0(1).
|u|§1’}n E=1o((1 —un)~t) M
Hence, for |u| < T, uniformly,
2 2
g 2 -1 ¢ 2 -1 -1 -1
n\Un) = 77 1—wu, D 1—u, 1—u, .
L) = T+ 02(1 =) () 0P = ) ™)+ O b(1 — ) 7
But,
1—u n—k+1\1/2
- (2t k*l/Z
kE/(n+1) ( n+1 ) “

implies that

sup
[ul|<Tn

()22

and [,,(uy ) is a bounded function of u € (=by,/an, (1 —by,)/ay) (by the similar proof as that
in Section 4). Therefore,

. E(ﬁn 7’7)2 E(ﬁn 77)2
lim ———— = lim
n—00 m2,n(nT+1) n—00 fu|<T In (un)¢(u)du
E(P, —~)?
= lim (Fn =) = 1.

n—o00 f\u|§Tn ln(un)¢n,kn (u)du
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Because mj ,(t) = 0 is equivalent to
2 2
i=f(2 (a+1) 7
2(n+1)C?
we have (5.3).
Corollary 5.1. If

1—F(z) = Ciz Y7 {1 + Coz™ P (1 +0(1))}, z— oo, (5.4)
where C1 # 0,C3 # 0,7 > 0,8 > 0 are constants'®), then
~ 2 E \20~2C5% 1 o \2
BE(H, —v)?={L 1+0(1 5.5
B = (o () P () Yo, 69
where a = v/B. In particular, when v = 8, i.e. a =1, we have the result
2
5 N2 [ 1 kN2 2420
B, -7 = {3+ (-=7) e fa+o). (5.6)

which was obtained in [9].
Proof. It is easy to see that (5.4) is equivalent to

U(t)=Ci"t"{14+~vCC1 %t *(1 4+ 0(1))}, t— . (5.7)

Hence, the condition (2.1) is satisfied for b(t) =t~ K(z) = —yC2C;~ “27(1 — 2~%). From
Theorem 5.1, we obtain (5.5).

§6. Comparison Between ﬁn}d and H,

We consider the minima of asymptotic mean squared errors of fIn and ﬁn’d for the
ditributions in the class (5.4). As in Corollary 5.1, (2.1) holds for b(t) = t~*. Hence,

f(t) = (*bb/)ﬁ(t) = sup{z: —zfo‘(*axfa*l) >t}
= sup {.’E . x*(2a+1) > i} — al/(2a+1)t71/(2a+1).
«
From Theorem 4.1 and Theorem 5.1, we have
. = . 2 N n -+ 1 . (n + 1)
1}£11f E(Pna—7) 1}211fm17n< e ) =M1

2

(1 — d=)%71 (1 4 2a)2 251~ 2at1 (log d) 2,

where C' = —y(C2C1;~ %, and
) S o n—+1 . n+1
H/ifE(H" v) H};f M2 n (T) = Man (7)

ko
a 2.2
(1)

= (n+1)" =5 (4?) 547 (20) =

2 3ler oz (1 e+ D?
e i G
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Hence

infp, E(P, 4 —7)? (a+1)771(d — 1)7a571 (1 — d=) 271 (1 + 2q)

infy, E(f‘.\’n — ’7)2 QQ%(IOg d)2(1 + 2aC? )
When a =1,
3(d—1)4/3
R(d7’Y7 1) = 21/3d2/3 1( d 2) 1 2C12 N\
(log d)2(1 + 2%7)

When d and 7 are such that R(d,v,a) <1 (or R(d,vy,a) > 1), ﬁn,d (or H, ) is better than
H, (or I3n7d).
Specially, when d = 2, R(2,7,1) < 1 is equivalent to
2log?2

This shows that when ~y satisfies (6.1), the estimator

Cy
— Nl
0<y< 02’ (6.1)

— 1
Pn =——(1 Xn— n -1 Xn— : n
, 10g2(Og; k+1,n — lOg 2%+1,n)

is better than Hill’s estimator for the distribution F' in the class:

1— F(z) = Cra Y7 {1+ Cox Y7 (1 + 0(1))}, 2 — oo.
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