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Abstract

This paper shows that if a Gateaux differentiable functional f has a finite lower bound
(although it need not attain it), then, for every € > 0, there exists some point z. such
that ||f/(ze)| < m, where h : [0,00) — [0,00) is a continuous function such that

fooo 1++<T)d1" = oo. Applications are given to extremum problem and some surjective map-
pings.
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§1. Introduction

Let (M,d) be a complete metric space, let f : M — R|J{+oco} be a lower semicontin-
uous function, not identically +o0o0 and bounded from below. Then Ekeland’s variational

(4]

principle!® states that, for every € > 0, every y € M such that f(y) < infps f + ¢ and every

A > 0, there exists some point z € M such that
f(2) < fly), d(zy) <A
flz) > f(z) —ed(z,2), Yxe M.

It is well known that Ekeland’s variational principle has many applications to optimiza-
tion, optimal control, differential equations, fixed points, critical point theory and variants
(see [4, 2, 5, 7)).

In Section 2 of this paper we prove the following general result:

Theorem 1.1. Let h: [0,00) — [0,00) be a continuous function such that [;° 1++(T)dr =
oo. Let (M, d) be a complete metric space, xg € M fized. Suppose f : M — R|J{+o0} is a
Ls.c. functional, Z +00, bounded from below. Then, for every e > 0, every y € M such that

fly) < i]r\l/[ff + €, (1.1)

and every A > 0, there exist some point z € M and a neighborhood B(z,v) = {x €
M|d(z, z) <~} such that

f(2) < f(y), (1.2)

Manuscript received December 28, 1995. Revised April 8, 1996.
*Department of Mathematics, Lanzhou University, Lanzhou 730000, China.
xxProject supported by the National Natural Science Foundation of China and the Chinese University

Doctoral Foundation.



274 CHIN. ANN. OF MATH. Vol.19 Ser.B

d(z,z9) <19 +T, (1.3)
and
€
@) > 1) = eyl o) Yo € B (1.4
where rog = d(xo,y) and T is such that

ro+7 1
P > 2. 1.
/TO T (1.5)

Theorem 1.1 is called locally Ekeland’s variational principle. The reason for it is that
(1.4) holds locally.

As applications of Theorem 1.1, in Section 3 of this paper we derive the existence of
minimal point for some functional with a weak “compactness” condition; in Section 4 we
obtain some surjective mapping theorems, which generalize the similar results proved by W.
O. Ray and A. M. Walker in [6] using an extension of Caristi’s fixed point theorem.

§2. Proof of Theorem 1.1
By the definition of Riemann integral, there is a partition

A:T0<7”1<"'<TN<7”N+1:7“0+?

such that
N ro+7 N
1 © 1 1 A
———(rig1—71i) < ———~dr < i+1 — 1)+ 5, 2.1
;1+M1(T“ i) /m T+ nrn) " ;1+Mi(r“ it (2.1)
where M; = max h(r),i =0,1,---,N. Set 6 = min (r;4; — ;) and choose a natural
T ST<Tig1 0<i<N

number kg such that
3(N +1)d
A
Now let us define inductively a sequence {z,} C M as follows:

< ko. (2.2)

Take z1 = y and suppose x,, is known. Then z,, is such that either
(1) f(@) = f(an) *6md(ﬂf,%) )
whenever z € B(zy, 57-) = {2 € Ml|d(z,z,) < -}, or

(2) En = {x € B(wn, Q%O)U(x) < f(@n) = sarrrme oy @ #n)} # 0.
If case (1) holds, we take z, 1 = z,, and if case (2) holds, we choose z,,11 € E, such that

1
f(@n41) < %ff + nrl (2.3)

Thus we obtain a sequence {z,} such that, for n =1,2,---

d(Tpt1,Tn) < % (2.4)
and
f@mﬂéf@m—Au+M;%ww»M%wmﬂ~ (2.5)

In the following, we prove in two steps that {z,} converges to some point z satisfying
(1.2),(1.3) and (1.4).
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Step 1. we prove that
d(zo,xpn) <T0+TF, m=1,2,--

(2.6)

First of all, d(zg,z1) = d(zo,y) = ro < 19 + 7. Now if we assume that there is some ng

such that d(zg,x,) < 19 + 7 whenever 1 < n < ng, but d(xg, zn,) > ro + 7, we shall derive

a contradiction as follows:
Set, for each 4,1 <7 < N,

n; =max{n|l <n < ng,z, € B(xo,r;)},
ni = min{n|n; <n <ng,z, & B(zo,7i+1)}-

Since x,- € B(xo,7;) and x,, & B(xo,r;) as n > n;, it follows from (2.4) that

7 7

0
Hence n > n; (in fact, nj > n; +1). By the definitions of n; and n;}, we have

1)
T < d('r()’xn.’—}-l) S d(ZE(), n,.’) + d(znf7xnj+1) S r; + ﬁ < Tig1-

ri < d(zo,Ty) <71 as ny; <n<n.
Combining it with (2.4), we obtain
0<rit1— d(xo,fﬂnj,l) < d(xo,fan) - d(xo,xnjfl) <d(z ]

By (2.2),(2.7),(2.8) and (2.9), we get

N
1 1
ZZ 1 T MZ ’I"erl ) = ; TM [(TiJrl — d(xo,l'n;r_l))
+ (d(:’r"OVTn+ 1) - d(x07xn +1)) + (d(l‘mﬂ;‘n +1) ’f’z)]

ko T4 M
PR
<3t 2 g A )

=0 pep= 41
Ao 1
RO VIDVE s e R
A 1

S -+ Z —d(znaxn+l)~
3 = 1+ h(d(zo,xn))
Using (1.1) and (2.5), we know that

no—1
6 .
; A1+ h(d(x()’wn)))d(fxnaxn-i-l) < f(x1) = f(zny) < f(z1) — 1]r\14ff e
Therefore

>l

4
’)"hLl ) § *)\.
i=0 3

s
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Combining (1.5) and (2.1), we get

rotT N
2\ < - dr< 1 — T
/,.O 1+ h(r) T*Z%lthi(r“ ri) +

It is impossible. Hence (2.6) holds.
Step 2. We prove that {x,} converges to some point z in M for which (1.2)-(1.4) hold.
Using (1.1) and (2.5), we know that, for n = 1,2, -,

- €
< — < . )
kZ:1 M1+ h(d(x07zk)))d(xk7;vk+1) < f(w1) = f(zng) < f(21) inf f <e
Letting n — oo, we have
- 1
Ty Ak <A 2.10
kzzjl 1 + ]’L(d(a?o,l‘k)) (xk karl) - ( )
Set
co = max _(1+h(r)). (2.11)
It follows from step 1 that
1 n+p—1
R < .
o A(Tnp, Tn) < 1;1 @ d(x, Try1)
n+p—1 1 00 1
< - - @@ < e .
< ];l T h(d(xo’zk))d(xk,l'kJrl) < I;L T h(d(Io,Ik))d(xk7xk+1)

Combined with (2.10), it implies that {z,} is a Cauchy sequence. Since M is complete,
there exists some point z in M such that

lim z, = z. (2.12)

n—oo

Take v = &. It remains to verify that (1.2),(1.3) and (1.4) hold.
Combining (2.5) and the lower semicontinuity of f, we have

F(2) < T f(ra) < Fan) < flm) = F), (213)
which implies (1.2) holds. Clearly (1.3) holds since d(zg,x,) < ro +7 and lim z, = z.

n—oo

Finally we prove that z satisfies (1.4).

In fact, by the definition of {z,}, we know that if there is some m such that z,, is defined
as case (1), then all of x,,,n > m, are defined as case (1), that is, x,, = x,, whenever n > m.
Hence z = x,,,, and (1.4) holds. So, without loss of generality, we assume that, for every n,
Zn is defined as case (2). Now if (1.4) does not hold, then there exists some z; € B(z
such that

b
) m)
J(2) < J(2) = ;
' A1+ h(d(zo, 2)))
Using (2.13),(2.14) and the continuity of h, there exists some ny such that, for n > nq,
d(xy, z) < & and

d(z1,2). (2.14)

€
flz) < flan) - A1+ h(d(zo, 2n)))

This shows that z; € E,, whenever n > n;.

d(z1,xp). (2.15),
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Combining (2.3) and (2.15),,41, we obtain

€
> inf > f(zpe1) > d(Tny1,21),
Fe) o 2B o 2 o) > 1) S g,z A0 )
which implies that
A 1 C())\ 1
< - _ < =
d(Tnt1,21) < €(1+h(d($0a$n+1)))n+ T R

where ¢ is given by (2.11). Letting n — oo, we get d(z, z1) = 0. Therefore z; = z. But it
contradicts (2.14) and completes the proof.

§3. The Weak P. S. Condition and the Existence of Minimal Point

Throughout this section X will denote a Banach space. Recall that a function f: X — R
is said to admit Gateaux derivative at z¢ if there exists a continuous linear functional f'(zo)
such that, for every y € X,

}LD% f(zo +t?/t) flzo) _ (F(20), 1)

Theorem 3.1. Let h : [0,00) — [0,00) be a continuous function satisfying [;° 1Jr+(r)dr =
0o. Let X be a Banach space, xo € X fized. Suppose that f : X — R is a l.s.c. function,
having Gateauz derivative at every point x in X and bounded from below. Then, for every

€ >0, every y € X such that

fly) < igl(ff +¢, (3.1)
and every X > 0, there exists z € X such that
f(z) < fy), (3.2)
|z = zoll <To+T, (3.3)
€
1 ()] < : (34)
AL+ A(]|z = o))
where ro = ||xg — y|| and T is such that
/’I”()Jr’r’ 1
——_dr > 2\ (3.5)
T0 ]' + h’(/r)
We remark that if we take h(r) = 0 and xg = y, then (3.3) and (3.4) become respectively
Iz —yll <24, (3.6)
€
7@ (37)

This is almost the same as Theorem 2.1 of [4].
Proof of Theorem 3.1. Using Theorem 1.1 directly, we see that there exist z € X and
a neighborhood B(z,) such that (3.2), (3.3) hold and
€
P02 1) = ST h (T~ wol)
For every v € X and every ¢ > 0 small enough, x = z + tv € B(z,). Hence (3.8) gives
Fletto)— £(2) _ e
t AL+ A(flzo = 2]))

lo—2ll, Ve B(z7). (3.8)

[[o]]-
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Letting ¢t — 0, we obtain
—€
(f'(2),v) 2
AL+ h((lzo = =)
The inequality (3.9), holding for every v € X, means that

, 9
1 () < AL+ h(ljzo — 2]))

[[o]]- (3.9)

The proof is completed.
Corollary 3.1. Under the hypotheses of Theorem 3.1, for every € > 0, there exists some
point z. such that

flze) <inf f +¢%, (3.10)
, €
1f"(z)ll < T(HZE”) (3.11)

Proof. Just take €2 instead of ¢, € instead of A and 0 instead of z( in the preceding
theorem.

Corollary 3.2. Under the hypotheses of Theorem 3.1, there exists a minimizing sequence
{zn} of f such that

1F" ()11 + A(llzal))) = O. (3.12)

Proof. Take ¢ = %, n=1,2,--- in the preceding corollary.

Definition 3.1. Let X be a Banach space, f : X — R a function having Gateauz
derivative at every point x in X. We say that f satisfies the weak P.S. condition if the
existence of a sequence {xyp} in X such that { f(xy,)} is bounded and || f'(zn)||(1+h(||zn])) —
0 implies that {x,} has a convergent subsequence, where h : [0,00) — [0,00) is a continuous
function such that [° H_+(T)alr = 00.

Remark 3.1. If we take A(r) = 0 and h(r) = r respectively, then the weak P.S. condition
is just the famous P.S. condition and (C) condition respectively (see [1, 3]). In critical point
theory, many results still hold if we take the weak P.S. condition instead of P.S. condition.

Theorem 3.2. Under the hypotheses of Theorem 3.1, suppose that f satisfies the weak
P.S. condition. Then f has a minimal point.

Proof. By Corollary 3.2, there is a sequence {z,,} in X such that f(x,) — infx f and
17" ()1 + h(|zn]])) — 0. The weak P.S. condition implies that {z,} has a subsequence
{zn,} convergent to some point z*. Since f is a l.s.c. function, we obtain

inf /< f(@*) < lim f(z,,) < inf £

Therefore, f(z*) = igl(f f. The proof is completed.

§4. Some Surjective Mapping Theorems

In this section we apply Theorem 1.1 to obtain two surjective mapping theorems which
generalize Theorem 3.1 and Theorem 3.3 of [6] respectively.
Let X and Y be Banach spaces and F' a mapping from X to Y; F is said to be Gateaux
differentiable if for each x € X there is a function dF), : X — Y satisfying
F F
lim (x + tyt) + F(x)

t—0

=dF.(y) (y€X)
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Note we do not require that dF, be linear; it follows from the definition, however, that dF,
is homogeneous, i.e., dF;(\y) = AdF,(y) for all A.

Theorem 4.1. Let X and Y be Banach spaces and F be a continuous and Gateauz
differentiable mapping from X to Y. Let h : [0,00) — [0,00) be a continuous function
satisfying fooo H_+(T)dr = o0 and suppose, for each x € X, that

dF,(B(0,1+ h(||z]]))) > B(0,1). (4.1)

Then F is surjective.

We remark that Theorem 4.1 generalizes Theorem 3.1 of [6] where it is assumed that h
is nondecreasing.

Proof of Theorem 4.1. For every fixed w € Y, set f(zx) = ||[F(z) — w|. Then f is a
continuous mapping from (X, ||.||) to [0, c0).

Applying Theorem 1.1, we see that for € < 1, there exist z. € X and a neighborhood

B(z.,7) such that
€

F(x)— > ||F —w|| - ——————||x — 2.||, Vz € B(ze,7). 4.2
[1F(z) —w]| = [|F(z) — w 1+h(||zs||)”m Zell, Vo€ B(z,7) (4.2)
Hence, for each fixed v € X and ¢ > 0 small enough,
€
F(ze +tv) —wl|| — || F(ze) —w| > ———————t|]v||. 4.3
[F(ze 4 tv) — w]| = [|F(z) — w]] AP [[] (4.3)

Choose y; € Y* such that ||y;] =1 and
(Yt F(ze + o) —w) = ||F(z + tv) — wl]. (4.4)
Combining (4.3) and (4.4), we get

(0, Pz ) = () > [F e+ o) =l = |F() —wl = el (a5

+h(]lzl)
It is well known that if a Banach space is separable then the unit ball of its dual space is
weak sequentially compact. Therefore there exists some y; € Y™ such that, for y € Y7 =
span{F'(z. +tv)}, the closed linear hull of {F(z. +tv)}, (v ,y) — (y5,y) as t, — 0.
Using (4.4) and (4.5) respectively, we have

(yo, F(22) — w) = [[F(z) — wl, (4.6)

. el
(yo,dF..(v)) > EETE)

By virtue of (4.1), there exists some v € X such that
[0l < (L + hllzlDIF(z2) —wll,  dF..(v) = =(F(z) —w).
Combining (4.6) and (4.7), we obtain

(4.7)

o . el
17() = wll = (5, F () = w) = (g5, ~dF-. () < {5 s

which implies that F'(z.) = w and completes the proof.

<e||F(z) —wl,

Theorem 4.2. Let X and Y be Banach spaces, F' be an open and continuous mapping

from X toY. Let h : [0,00) — [0,00) be a continuous function for which [;° 14_+(T)d7" = 0.

Suppose for each x € X there is a §(x) > 0 such that if ||z — T|| < 6(x), then

1 _ _
W(Hx”)llx—afll < ||F(z) = F()]]. (4.8)
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Then F(X)=Y.
Proof. For every fixed w € Y, set f(x) = ||[F(z) —w||. Applying Theorem 1.1, for ¢ < 1,
there exist some point z. € X and a neighborhood B(z,~) such that

[1F(z) —wl| = [|F(z) — w| - mllx —Zll, Vre B(z,7) (4.9)

We proceed by contradiction and suppose that F(z.) # w. Take 6; = min{d(z.),~}.
Since F' is an open mapping,

F(B(2,61)) N{tF(2z:) + (1 —t)w|0 <t < 1} # 0.
Thus there exist some point v € B(z¢,d1) and 0 < tg < 1 such that
F(v) =toF(z:) + (1 — to)w. (4.10)
From (4.9)

9
HF(ZE) - w” - ||F(’U) - w“ < 1+

m”” — Z||. (4.11)

Choose y* € Y* such that ||y*|| = 1 and
Y (F(ze) —w) = |[F(z) — wl|. (4.12)

Using (4.10), we have F'(v) —w = to(F(z:) —w), and F(z.) — F(v) = (1 — to)(F(ze) — w).
Hence

Y (Fv) —w) = [[F(v) = wl, (4.13)
Yy (F(z) = F(v)) = [|[F(z) = F(v)]- (4.14)
By (4.8),(4.11)—(4.14), we obtain
1 *
T(HZEH)IIZE — vl <[[F(z) = F)|| = y"(F(z) - F(v))

=y (F(z) —w) —y* (F(v) —w)

= [[F(ze) — w| = [ F(v) — w]|

«__ £

— 14 h(]|zl)
It is impossible and completes the proof.

Ize = o]l-
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