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CONVERGENCE ON RANDOMLY TRIMMED
SUMS WITH A DEPENDENT SAMPLE**
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Abstract

Let {Xn} be a sequence of random variables and X,1 < Xp2 < --+ < Xpp their order
statistics. In this paper a central limit theorem and a strong law of large numbers for randomly

Bn
trimmed sums T,, = > Xy, are established in the case that o, and B, are positive
i=an+1
integer-valued random variables such that ay/n and B, /n converge to random variables « and
B respectively with 0 < a < 8 <1 in certain sense, and {X, } is a p-mixing sequence.
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§1. Introduction and Results

Let {X,,,n > 1} be a sequence of random variables with a common distribution function
F(z) and let X,,; < X0 < -+ < X, be the order statistics of Xy, Xo, -+, X,,. Consider

statistics of form
Bn

T, = Z Xnia

i=an+1
where a,, and 8, are integers with 1 < «a,, < B, < n. For an iid. sequence {X,},
many authors studied the asymptotic behavior of the trimmed sums 7;,. In this paper,
we try extending the research extent in two directions. First, we assume that {X,} is -
mixing. Moreover, o, and [, may be positive integer-valued random variables such that
the trimming fractions «,, and 3, converge to random variables o and 3 respectively with
0 < a < B <1 in some sense.

For 0 < z <1, define the x-th quantile of F

F~(x) =inf{t: F(t) > =}, (1.1)
which is left continuous. Let

Mag = F~(z)dz/(B — a).
(a,8)
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In the sequel, we always assume that {X,,} is stationary and ¢-mixing with coefficients ¢(n)
satisfying

o0

D pr(2n) < o (1.2)

n=1

Theorem 1.1. Suppose that a,/n — «, Bn/n — B a.s. asn — oo and
E\X1I(F~(a) < X5 < F7(8))]| < o0, (1.3)
and suppose that both « and (B are independent of {X,}. Then
%Tn — Maeg  G.5. as N — OO.
Put
i, B) = F7(a)I(Xi < F(a)) + F~(B)(Xi = F~(8)) + Xi[(F~ () < Xi < F~(f))
— B{F(@)I(X; < F~(@) + F-()I(X, 2 F~(8))
+ X(F(a) < Xi < F~(8))]lo B}, (14)
where FF~(0)I(X; < F~(0)) and F~(1)I(X; > F~ (1)) are understood to be zero, and

O—iﬂ - E{El(aaﬂ)2|a36} + QZE{El(aaﬂ)gz(aaﬂ)‘aaﬂ}
=2

Theorem 1.2. Suppose that \/n(ay,/n — «) 5o, Vn(Bn/n — B) 50 asn — oo and
suppose that both o and B are independent of {X,,}, and the series

ZE{& ;B)la, B} (1.5)
converges absolutely a.s. Then, in the case of Pla=0)=P(8=1)=0, if
F(a+8)I(a>0) 5 F(a)I(a > 0), (1.6)

F(B+0)I(B<1) > F (B)I(B<1) asdlO0,
we have
\/ﬁ(%T maﬁ)
OapB
In the case of P(a = 0) > 0 and/or P(8 = 1) > 0, suppose that one of the following two
sets of conditions is satisfied besides (1.6). The first one is

= N(0,1) as n— oo. (1.7)

B{X?I(F (o) < X1 < F~(B)|o, B} <0 a.s., (1.8)
Vz|F~ (x)] and/or /xF~ (1 — x) are non-decreasing for x near 0 and
apnl(a=0)V (n—Fy)I(8=1)=0y(logn), (1.9)
condition (1.2) is replaced by
i @ﬁ(Q") < oo, forsome v>0. (1.10)
n=1

The second one is

E{|X1|"I(F~(a) < X1 < F~(B))|e, B} < 00 a.s. for some r > 2, (1.8)
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No.3
anl(a=0)V (n— B,)I(8 =1) = Oy(n3=1). (L9)

Then (1.7) alse holds true.
§2. Proofs
First of all, we show some lemmas which are useful for the proofs of our theorems.
-, Uy, be p-mizing U(0, 1) random variables satisfying condition

Lemma 2.1. Let Uy, Us, --
(1.2), let Upy < Upa < -+ < Uy, be their order statistics. And let o, be positive integer-

. b
valued random variables with o, < n and o a non-negative random variable independent of

«wUp. Then for any 6 > 0,

P{|Un,a,i1 -0l >4,

here and in the sequel, ¢ stands for a positive constant, whose values are irrelevant.
Proof. We need a moment inequality for a p-mixing sequencel: Let {Nn,n > 1} be a
p-mixing sequence with En, = 0, E|n,|? < oo (¢ > 2). Then for any € > 0 there exists a

U15U27"
nt1 1)
ot a’ < 5} <enT2674

constant K = K (g, ¢, p(-)) such that
lognl o2
BlSi(n)| < K{(nexp [(1+0) Y p(2)] max En?)
=0 =
[log n]
+ nexp {K Z pz/q(T)} LSup E|ni|q}a

=0

k+n
> n;. Hence when {n,} is a ¢-mixing sequence satisfying condition (1.2),

where Si(n) =
i=kt1
by noting the fact p(n) < 2¢'/2(n), we obtain under condition (1.2)

o2 [logn] y )
qa(9t i|?
) + nexp (K ; g2 )) k<r?§al§+nE|m| } (2.1)

E\Sk(n)|q§K{<n max Fn?
k<i<k-+n

)q/2+nexp(K(logn)1*2/q) max E|7]4|q}
k<i<ktn L7

< K{ (n max En?
k<i<k+n

since [lji?] ©/1(2%) < (14 logn)l’wq(g‘é0 @1/2(21.))2/(1.
Write
P{|Un7%+1 —al >4, |04n7;|— L a| < g}
< P{Un,anﬂ >a+6, }anrjl —a| < g}
+ P{Un,anﬂ <a—36| O‘”; L al < g}
0‘"+1fa|<g} (2.2)

P{Un,%+1 > 46, [

gP{iI(Ui > a+0) >n(1—a—g)}

i=1
n

= B(P{ Wi B ) > % 1),

i=1
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where V; = I(U; > a + 6). In view of independence of o and {U;}, it is easy to verify that
{Vi-=E(V;|a),i=1,---,n} is also ¢-mixing when « is given. By (2.1) with ¢ = 4, we have

P{>(V;—E(V;|a))>%|a} <cn 2574 Hence
i=1

P{Un’anJ’,] > a4+ 0, an 1 — a‘ < g} <enT2674.
Similarly
P{Unya“_l < a—96, | n t1 — oz| < g} <en 2674
The lemma is proved.
Lemma 2.2. Let G,(x) be the empirical distribution function of Uy,- -+, U, in Lemma

2.1. Define the empirical process Y, (t) = v/n(Gy(t) —t), 0 <t < 1. Then we have for any
0<s<s+a<l,A>1

P{ sup |V (t) — Ya(s)| > )\} < cad/? /N4, (2.3)

s<t<s+a

Proof. Obviously, for any s < ¢,
B((I(U <t)—t) = (I(U; < 8)—8))' <t—s, i=24.
Therefore, we have by (2.1)
E(Yo(t) — Yn(s)* < c((t — 5)? +n~ " exp(K (log n)%)(t —3)) <c(t—s) (2.4)

if t —s > 1/n. Consider the random variables Y, (s 4+ ip) — Y, (s + (i — )p),i = 1,- - -, m,
where m is a positive integer. Using Theorem 12.2 in [1], we obtain

. c 3/2
— > < — .
P{ Jmax [¥o(s +1p) = Ya(s)| 2 /\} < 3 (mp)

3
2

Note that for 0 <t < p, I(U; <t) —t < (I(U; < p) — p) + p. We have
Ya()] < [Ya(p)l +pvn, 0<t<p. (2.5)
Similarly Y5 () — Ya(s)| < [Ya(s +p) — Yau(s)| + pv/n, s <t <s+p. Hence

sup Yo (t) — Yu(s)] <3 max |Y,(s+ip) — Y, (s)| + pv/n.
s<t<s+mp 1<i<m

Then with p = 1/n,m = [an] + 1,

N

P{ s [¥a(t) = Ya(s) 2 A} < P{ max [Ya(s +ip) = Ya(s)| >

s<t<s+mp
which implies (2.3).
Remark 2.1. If condition (1.10) is satisfied, we have
ElY,(t) = Ya(s)P*7 < et — )7/
instead of (2.4) (using the first inequality in (2.1) instead of the second one). Then (2.3)
can be rewritten as
P{ sup  |Yu(t) — Ya(s)| > )\} < caltE /A2, (2.3)
s<t<s+a
Lemma 2.3. With the notations in Lemma 2.2, suppose that condition (1.10) is satisfied.
Then
P{ sup |V, (t)/Vi > A(logn)%} < ¢/, (2.6)

1/n<t<a
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c

1< U <t) _EI(; <U <t))’ > A(lognﬁ} < (27)

o [ s
Proof. We have for 1 <i < j <m (recalling p =1/n,m = [an] + 1),
E{I(Ul <jp)—jp _ IUL <ip) —ip}2
Vip Vip

22—(7;+]')p—2\/;(1—]p)<2(1—\/7'

I(Uy < jp)—jp I(Up <ip) —ip’”W

j—i

< 27—
J

ECNES
—

and

2|

Vip - Vip
< cB(I(ip < Uy < jp)ﬁ)2+7 +eB{1(U; < m(%p - ﬁ) }2+W
= c(jp)_%j _Z + c(ip)_% (\f\;f/%)ﬂw < cpig (j j_ i>1+%.

Therefore from the first inequality of (2.1) we obtain

E YW) Y<'p>f”<c{(u)”%+n—%p—%(ﬂ'—i)”%}<c( - Ly
<o{ (L5 ‘ < \

J J

Then using Theorem 12.2 in [1], we have

TN 1\14v/2
C(z_: B c(log m)t+7/2

Yn (Zp) } k=2
- A2+ - A2+

Jip

P{ max
1<i<m

and further
P{ max (2]
1<i<m  +/ip
Recalling (2.5), we have

Yo ()] { (i + 1)p)| F \/]Tn
< max
1/n<t<a \/E 1<i<m Z + ]_

sup
Hence, it follows that

>\

cllogm)'*/2 L [Ya(®)| | Ay _ c(logm)'+/?
R ARV A e e

VP T 2

Yo (t)] 2
Pq su > Alogn)2 28
{1/715%& Vi (logn) } (2.8)
< P{ m w > (1 )%} C(IOgm)H_’Y/Q c
= 19’2&1 \/m = ogn = 31 (log n)1+7/2 S e

(2.6) is proved.
(2.17) can be showed in the same way. We omit it.
Lemma 2.4. Let r > 2. With the notations of Lemma 2.2, but putting p = n2<:—’1), we

have

Y, (t c
P{ sup | tlfr)‘ > )\} < (2.9)

p<t<a

(2.10)

-
AT

N
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Proof. The lines of the proof is similar to that of Lemma 2.3 except that the second
inequality of (2.1) is used instead of the first one. The details are omitted.

We appoint that f(b,a) = —f(a,b), Ib<z<a)=1I(a<z<b) for any a <b.

Proof of Theorem 1.1. Define U; by X; = F~(U;). Then {U,,n > 1} is a sequence of
U(0,1) random variables with the same mixing property. The corresponding order statistics
are denoted by U,;,i = 1,- - -,n. Consequently, X,; = F~(Uyn;),i = 1, - -,n. Let F,(x)
and G, (z) be the empirical distribution functions of Xy, ---, X,, and Uy, - - -, U, respectively.
Noting the well-known fact that F~(t) < z if and only if ¢ < F(z), we have F,(z) =

Write
lTn = / F~(2)dGy(x)
n [Un,ar,,,#»l,Uan]
= F" (U, +)Gn(Ung,) = F~ (Un,a,+1)Gn(Un,a,+1—)
— / Gn(2)dF~(x) =1t +t2 + t3 (2.11)
[UmanJrl,U'rLBn]
and

Mapg = / F~(z)dx
(a,8)

= F_(Unﬂyb+)UnBr,L - F_(Un,an-ﬁ-l)Uman-&-l _/ zdF~ (35)
[Un,an-*—l,Unﬂn]
+/ F*(:E)dx+/ F~(z)dx
(avUvb,un+1) (Unﬁnrﬁ)

=:mj + Mg + M3+ my + ms. (212)
Now we show that as n — oo
Un,an+1 = a and Upg, — S aus. (2.13)

By Lemma 2.1 and the Borel-Cantelli Lemma for any § > 0 we have

P ({|Un,%+1 —a|> 8} {|a" 1 4l< g} i.o.> -0,

n

i.e. there is Qp C Q with P(Qq) = 1 such that for any w € Q either |U, 4,41 — ] < 6 or
|2atl — of > ¢ for each n > some ng(w). But the condition a,,/n — « a.s. implies that
there is Q; C Q with P(€Q;) = 1 such that for any w € Q, QT“ — a| < % for each n >
some nq(w). Hence for any w € Qo[ and each n > no(w) V ny(w),

IUn,anJrl — a| S 5

This proves the first limit of (2.13). Similarly we can show another limit.
By (2.13) and condition (1.3), we have

my = / F~(z)dz — 0, ms = / F~(z)dz — 0a.s. as n—oo. (2.14)
(CK,Un,an+1) (U'nﬁnaﬂ)

At first we consider the case of a > 0. In this case F~(U,,q,+1) are bounded a.s. for all
large n by (2.13). Hence we have
_ !
to —mo =F (Un7oén+1) (Un,an,—&-l — ?n) — 0 a.s.

on {a > 0} as n — cc. (2.15)
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Under condition (1.2), the sequence {U, } obeys the strong law of large numbers (a con-
sequence of Corollary 3.4 in [8]), consequently, which leads to the Glivenko-Cantelli theorem
for {Up,} :

sup |Gp(z) —xz| =0 as. asn — co. (2.16)

—oo<r<oo

Noting that F~(x) is bounded on [Up o, +1, (Un,an+1 + Un.g,)/2] for all large n, by (2.16)
we obtain

/ (x — Gp(x))dF~ () = 0 (2.17)
[Un,an+1:(Un,an+1+Un, 8, )/2]

a.s. on {a > 0} as n — oco. Similarly we have

ty —my :F_(Un76n+)(Gn(Un76n) - Unﬁn) —0,

/ (Gp(z) —2)dF~(2) > 0 as.on {8 <1}asn— cc.
[(Un,an+1+Un,5,)/2,Un 8,1 (2.18)
Now consider the case of « = 0 and/or § = 1. We deal with only the limit on A = {a = 0,
B8 = 1). By (2.13), for any § > 0 and almost all w € A, there exists ng(w) such that
Un,a,+1 < d for n > ng. Then, using (1.2) and (1.3), we can employ the SLLN (also from
Corollary 3.4 in [8]) and obtain

/ F~(2)dGy(x)
(O:U'rt,cln+1]

e, -
,ﬁ;]F (Ui)I(0<U¢§5)|H/(O’6]|F ()| dz < € (2.19)

< /M |~ ()] dGi ()

provided § > 0 is small enough. Note that F~(z) is non-decreasing. Moreover, since the
case that F'~ (z) is bounded from below can be treated as in the case of o > 0, we assume
F~(z) <0 for 0 <z < 4. Hence

|F*@X%Aﬂ|§t/ P~ (2)] dGo(z) < ¢ (2.20)

(0,2]
for 0 <t <¢§ and n > ng. And, by (2.13)

|t2| = |F7(Un,an+1)Gn(Un,an,-&-l_)| < ‘Fi(Un,an-&-l)Gn(Un,an-&-l)| <€ (2-21)

a.s. on A for n > ng. Noting the last inequality in (2.19), we have |F~(¢)t| <efor 0 <t <4
and n > ng, and hence,

Ima| = |F~ (Un,an+1)Un,an+1| <€ as. on Aforn > ng. (2.22)
Similarly we have
ti1=F" (Un,5n+)Gn(Un,Bn) — 0and m; = F_(Un,ﬁn+)Un,,Bn —0 (2.23)

a.s. on A as n — oo. (2.14) still holds on A obviously. Now we consider

@—mgz/‘ (Go(z) — 2)dF~(2)
(0,Un,apn+1)

Gp(z) —2)dF ™ (x z— Gp(x))dF ™ (x).
+/(Un’5n71)< (2) - o) <>+/(071)< e
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It is easy to see from the proofs of (2.21)—(2.23) that

n

/( Gl @) = [ @ o) = IS - B,

(0,1) i=1

where £ = —F~ (U;). By the SLLN (cf. (2.19)), we obtain
/ (x — Gp(x))dF~(z) = 0 a.s.on Aasn — oo.
(0,1)
Moreover, recalling (2.21), (2.22) and (2.19), (2.20) we have

lim (Gn(z) — 2)dF~(x)

n—reo (0,Un,ap+1)

= lim F7(2)d(Gnp(x) —z) =0 as.on A. (2.25)

oo (07Un.an+1)

Similarly
/ (Gp(z) —x)dF~ () = 0 a.s.on Aasn — oo. (2.26)
(Un,n 1)

Thus, the theorem is proved by combining these results.
Proof of Theorem 1.2. At first, we note that by the condition v/n(a,/n — a) 5 0and

Vn(Bn/n—B) 5 0as n — oo and Lemma 2.1, for any € > 0 there exist K > 0 and ng such
that

P(vVn|Upa,+1 —a| > K) <e, P(\n|Ung, —B| > K) < e forn > ny. (2.27)
On the set {a > 0}, write

ma + s = / (F~(2) = F~ (Un o)) — F~(Upas1)a
(avUn,an+1)

and hence
Qp

ty —my —my = / (F™ (U 1) = P~ (@))dz = F~ (Una, 1) (S — ). (2.28)
(@Un, oy, +1) n
For any € > 0 there is 0 < v < 1/2, such that P(a > 0) — P(y < a <1 —7) < €. So we can
consider {y < a < 1 —~} instead of {av > 0}. From (2.27) we have
P{F~ (Una,+1)| > M,y <a<l-7}<e
for some M > 0 and large n. By condition (1.6) we have
P{|F~ (Un,ap+1) — Ff(oz)‘ > | Upant1 —al <Sy<a<l—-q}<e
provided 0 > 0 is small enough and n large enough. Therefore, from (2.28)
P{Vnltz —mz —ma| > ey <a<1-7}
SP{M\/’E‘%—Q‘ > ;7<a<1—7}+e
+ P{EVn|Un.a, 11 — a| > %, Unan+1 —a| <dy<a<l—q}+e
+ P{|Un,a,+1 — | >0} < Be (2.29)
for all large n. Similarly

P{J/nlt; —mi; —ms| >e€,7<d <1—7} <5e. (2.30)
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Now write
t3 —mg = x— Gp(x)dF™ (x G,(x) —x)dF™ (x
— /W)< ()P~ ( >+/(Q,Unw)< () - 2)dF~ ()
+/ (Gp(z) — x)dF~ () (2.31)
(Un,gnB)
and

+vn (F~(x) = F~(a))dz =: Y Dy;. (2.32)

(a,Un,apn+1) =1
By Lemma 2.2, putting

Ay :{ sup [Vn(Gn(a+t) — (a+1t)| > Ay <a< 1—7}7

0<t<a
we have for 0 < a < 7y

P(Ay) <c¢/M, n>ng. (2.33)
Moreover, for given A > 1/e large enough, taking a > 0 to be small enough and putting

Ay :{ sup [F~(a+t)—F (o)) =A% y<a< 1—7},
0<t<a

we have
P(Ay) < e. (2.34)
When « + ¢ is replaced by a — ¢ in (2.33) and (2.34), we have the same estimators. Thus
P{|Dn1| > e,y <a <1—=79} < P{|Una,+1 — af > a} + P(41) + P(A2)
< 2¢ + ce* (2.35)

for all large n. For D,
1 n
05 Dy < (F (Unait) = F~(@)| 2= 3010 < Ui < Unay1) = Uy = )|
i=1

Then we have the result similar to D,,1.
As for D3 and D,4, a combination of (2.27) and condition (1.6) yields the required
estimators. Consequently we obtain

P{‘\/ﬁ/ (Go(z) — x)dF’(x)‘ Sey<a<l— 7} < ce (2.36)
(a;Un,a-,L+1)
provided n is large enough. Similarly

P{]\/ﬁ/wmﬁ)(an(x) - x)dF_(x)’ Sey<B<l- 7} < ce. (2.37)
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Now we turn to the case of @« = 0 and/or 8 = 1. As an instance we consider the case of
a = 0. First, suppose that conditions (1.8)—(1.10) are satisfied. Define

f(z) =+/xlogz! ‘Ff(x)| . (2.38)

Conditions (1.8) and (1.9) imply that f(z) — 0 as z — 0 (see [6]). Hence, with ¢ =n"!logn
q q
‘\/ﬁ/ F‘(m)dm‘ < \/ﬁ/ (zlogz™1)"Y2f(x)dx = o(1) as n — occ. (2.39)
0 0
Therefore E(y/n [ F~(2)dG,(x))?, equivalently
1 e _ 2
E{ 75 LI OI0 < U <)~ EF-UII0 < Vi <a))]
q
§c/ F~(x)*dz — 0 as n — oo
0

by (2.1) and (1.8). This implies

q
‘\/ﬁ/ F*(x)dGn(x)’ B0 asn— oo (2.40)
0
Then similarly to (2.20) we obtain
Vvn sup |F~(z)z| -0 and /n sup |F~(2)Gn(z)] L0asn— oo (2.41)
0<x<q 0<z<q

Then putting g = Kn~/2, where K is defined by (2.27), we have
P{/nlts —ma| > e,a =0} < P{ﬁ sup |(G(z) — 2)F~ ()] > e}

0<z<gq
+ P{\/ﬁ sup |(Gn(z) —2)F~ ()| > e} + P{v/nUp a,+1 > K,a =0}
g<z<g
=:wy + wy + ws, (2.42)

where w; < e and ws < e by (2.41) and (2.27) for large n respectively,
wy < P{\/ﬁ sup |(Gn(x) —x)/Vz| > € inf (logx_l)l/Q/f(x)} <e
qg<z<g g<z<g
by (2.6) of Lemma 2.3 provided n is large enough.
Consider my4. By noting condition (1.9) and recalling the proof of (2.39), we have

(a'n""l)/n
P{\/ﬁ‘/ F*(x)dx|ze,a:O}AOasn%oo.
0

Therefore, we may treat

Un,an+1

N F’(x)de(UnyanH >
(an+1)/n

instead of y/nmy. From (1.9), for € > 0 there exists M > 0 such that P(a, > Mlogn) < €
for large n. Put

an—i—l)

en = e(logn)'/?/(nf(1/n)).
Then

n

v <o/ (va (220



No.3 Lin, Z. Y. CONVERGENCE ON RANDOMLY TRIMMED SUMS 291

by (2.38). Hence
n,an+1 1
{ / F~(z)dz > ¢,a =0,Up,a,+1 > nt }
(an+1)/n n

nt1 nt1 n+1

§ } ( n,an+1 — On )F7<a i )‘zeaazovUn,an,+l>a + }
n n n

<

P
{ 1>Z (U<a”+1+en)a_0}
<r{y

nt1 nt+1
[ ( On + —|—en>—(1—a + —en)}Znema:O,anSMlogn}
n n

P(an > Mlogn,a =0)

<P{ __sw V()] 2 Vien | e < oM/ T/ 4
0<t<(2M logn)/n

where (2.13)” in Remark 2.1 is used. Therefore we obtain
P{V/nlmy4| > e, =0} -0 asn— . (2.43)

Consider t3 —mg. Remember (2.31). We investigate

vn (Gn(2) = 2)dF™ (2)I(a = 0),

(0,Un,ap+1)
equivalently

\/ﬁ/ F~(2)d(Gp(x) — ) (a = 0),
(0 Un an+1)
by (2.42) (and the estimators for wy,ws and ws), and further, it suffices to consider
1
\/ﬁ/ F~(2)d(Gn(z) — m)I(a =0,~ < Upa,i1 < K/\/ﬁ)
l/n Un an +1) n
by (2.39), (2.40) and (2.27). Noting F~(z) < 0 for x near zero enough, we have

‘\/ﬁ/(l/nU )(—F7($))d(Gn($) —x)I (Oz—O <Upa,+1 < K/f)‘

1 K
= logz~ 1)~z — o)V (a=0,~ <
‘\/ﬁ/l/n " MH)(JC ogz )72 f(2)d(Gp(z) — @) (a O, - < Upapt1 < \/ﬁ) ,

which, as n — o0, is equivalent to

On _ 1
\/*/IL / v A Gle) )1 (0= 0, - < Up a1 < K/ V)
ogn (1/n,Un,an+1) (244)
On 1 1
< — < — I = <
< ( 13 <vist)-ppi(h<vi<t))

for some d,, — 0 as n — oo. Now (2.17) of Lemma 2.3 implies that the right hand side of
(2.44) tends to zero in probability as n — co. Hence

NG (Gn(z) — 2)dF~ (z)[(a=0) 50 asn — oco. (2.45)
(O1Un,o<n+l)
For

N / (Gu() — 2)dF~ (x)I(3 = 1),
(Un,gpn1)
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we have the same convergence.
Suppose that conditions (1.8)" and (1.9)" are satisfied. Instead of (2.38), we can write

F~(z) =a " f(2),

where f(z) — 0 as « — 0. (Note t|F~(z)|" < [/|F~(z)|"dz — 0). Then the above
conclusions are also true by using Lemma 2.4 instead of Lemma 2.3.
Finally we consider \/ﬁf(a 8 (x — Gp(x))dF~(x) in (2.31). For a < a < b < B, write

/( b)(x —I(U; < x))dF~ ()
= F (aH)[I(Ui <a) —a] = F-(0)[I(U; <b) = 1) = (b—1)]

+ P (U)I(a < U; <b) —/ P (a)da.
(a7b)
Therefore in the case of @« > 0 and § < 1, when a | o and b 1 8, by recalling (1.4) and
noting condition (1.6), it follows that

Vi [ - Gaanar @) 5 isxa,m. (2.46)

(a;b)
If a =0, vnF~ (a+)[Gp(a) — a)] £ 0 as a | 0 since for fixed n
P{F~(a+)I(U; <a)—a)| > €} <2a|F (a+)|/e >0asal0

by (2.19). When 3 = 1, we have the similar conclusion. So, if we understand F~(0+)[G,,(0)—
0] to mean zero, (2.46) holds for any cases. Now, by the central limit theorem for a p-mixing
sequence (e.g., cf. [7]), we obtain (1.7) of Theorem 1.2.
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