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Abstract

The author uses certain integral inequalities involving the fractional derivatives of holomor-
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Keywords Integral inequalities, Fractional derivatives, Holomorphic functions,

Carleson measures

1991 MR Subject Classification 32A10, 32A30

Chinese Library Classification O174.56

§1. Introduction

The Carleson measure in the unit disk of the complex plane C|| was first introduced by

Carleson in the study of interpolation problems in Hp spaces[2]. Later on, the extended

Carleson measures were studied by many authors and they were close connected with the

functions (together with their derivatives) in Hp and in some other spaces (see [3, 6] and

the references therein). On the other hand, it is not difficult to find that little effort has

been made on the connection between Carleson measure and the fractional derivatives of

holomorphic functions. The purpose of this paper is to do some analysis in this line and our

results will generalize [3,6]. We will also present a theorem on bounded symmetric domains

which generalizes the known result in [4, 11].

Let B be the unit ball of C|| n, B = {z ∈ C|| n; |z| < 1}. We denote by dm and dσ the

Lebesgue value element of C|| n and the (2n − 1)-dimension surface measure on ∂B = {z ∈
C|| n; |z| = 1} respectively which satisfy

∫
B
dm = 1,

∫
∂B

dσ = 1. Let H(B) be the family of

all holomorphic functions in B. For 0 < p < ∞, 0 < r < 1 and f ∈ H(B), set

Mp(f, r) =
{∫

∂B

|f(rζ)|pdσ(ζ)
}1/p

.

The Hardy space Hp(B) is defined by

Hp(B) = {f ∈ H(B); ∥f∥Hp = sup
0<r<1

Mp(f, r) < ∞}.
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For 0 < p < ∞ and α > −1, the weighted Bergman space Lp
a(dmα) consists of all f ∈ H(B)

for which

∥f∥Lp(dmα) =
{∫

B

|f(z)|p(1− |z|)αdm(z)
}1/p

< ∞.

It is well-known that every function f ∈ H(B) has a series expansion f(z) =
∑
k,v

akvφkv(z)

(see [8]). For β ≥ 0 the β-th fractional derivative and the β-th fractional integral of f are

defined, respectively, by

f [β](z) =
∑
k,v

Γ(k + β + 1)

Γ(k + 1)
akvφkv(z),

f[β](z) =
∑
k,v

Γ(k + 1)

Γ(k + β + 1)
akvφkv(z).

Both f [β] and f[β] are holomorphic in B.

For ζ ∈ ∂B and 0 < t < 1, set θ(ζ, t) = {ξ ∈ ∂B; |1− ⟨ξ, ζ⟩| < t} and

S(ζ, t) = {z ∈ B; 1− t < |z| < 1, z/|z| ∈ θ(ζ, t)},

where ⟨·, ·⟩ is the complex inner product in C|| n. If µ is a finite positive Borel measure on

B, we call µ a Carleson measure of order s if there is a positive constant C such that

µ(S(ζ, t)) ≤ Cts for all ζ ∈ ∂B and t ∈ (0, 1).

In what follows C stands for a positive constand which does not depend on the functions

being considered but may change in each occurance. The expression “A(f) ≃ B(f)” means

B(f)/C ≤ A(f) ≤ CB(f).

§1. Main Theorem

Let β(·, ·) denote the Bergman distance on B. For z ∈ B and r > 0, the Bergman ball

E(z, r) with centre z and radius r is defined by

E(z, r) = {w ∈ B;β(w, z) < r}.

Lemma 1.1. Let µ be a finite positive Borel measure on B and s > n. Then the following

two statements are equivalent.

(i) µ is Carleson measure of order s.

(ii) For r > 0 there exists a positive constant C such that µ(E(z, r)) ≤ C(1−|z|)s, z ∈ B.

Proof. For r > 0 fixed and z ∈ B, we choose t > 0 to be the smallest number such that

E(z, r) ⊆ S(z/|z|, t). As mentioned by Luecking in [7], when z is sufficiently near ∂B, say

c ≤ |z| < 1, t is proportional to 1− |z|. Hence

µ(E(z, r)) ≤ µ(S(z/|z|, t)) ≤ Cts ≤ C(1− |z|)s, for c ≤ |z| < 1.

That µE(z, r)) ≤ C(1− |z|)s for |z| < c is obvious. Therefore (i) implies (ii).

Conversely, if µ is a finite positive Borel measure and (ii) is valid with s > n, for α =

s− (n+ 1) > −1 we do the analysis as in the proof of Proposition 1 in [7] to obtain∫
B

|f(z)|dµ(z) ≤ C∥f∥L1(dmα), for f ∈ H(B).

This implies (i) at once.



No.3 Hu, Z. J. CARLESON MEASURES AND THE FRACTIONAL DERIVATIVES 301

Lemma 1.2. Let 0 < p < ∞, α > −1, and β ≥ 0. Then for f ∈ H(B),

∥f∥Lp(dmα) ≃ ∥f [β]∥Lp(dmα+βp).

Proof. Using the polar coordinates in the the integral of ∥f∥Lp(dmα) and applying The-

orem 5 in [10], we get

∥f∥pLp(dmα) =

∫ 1

0

r2n−1Mp
p (f, r)(1− r)αdr ≤

∫ 1

0

Mp
p (f, r)(1− r)αdr

≤ C

∫ 1

0

Mp
p (f

[β], r)(1− r)α+βpdr

≤ C

∫ 1

0

r2n−1Mp
p (f

[β], r)(1− r)α+βpdr

= C∥f [β]∥pLp(dmα+βp)
.

The last two inequalities come from the monotonicity of Mp(f
[β], r). Similarly we can also

have ∥f [β]∥Lp(dmα+βp) ≤ C∥f∥Lp(dmα). The proof is completed.

Theorem 1.1. Let µ be a finite positive Borel measure on B, and suppose 0 < p ≤ q <

∞, α > −1 and β ≤ 0. Then in order that{∫
B

|f [β](z)|qdµ(z)
}1/q

≤ C∥f∥Lp(dmα) for f ∈ H(B), (1.1)

it is necessary and sufficient that µ is a Carleson measure of order (n+ 1 + α)q/p+ βq.

Proof. For function f ∈ H(B) and p > 0, we have from [7]

|f(z)|p ≤ C|E(z, r)|−1

∫
E(z,r)

|f(w)|pdm(w)

≤ C(1− |z|)−(n+1)

∫
E(z,r)

|f(w)|pdm(w). (1.2)

Suppose that µ(E(z, r)) ≤ C(1−|z|)(n+1+α)q/p+βq. Then we obtain as that in [6, pp. 99–91]∫
B

|f(z)|qdµ(z) ≤ C

∫
B

[
(1− |z|)−(n+1)

∫
B

χE(z,r)(w)|f(w)|pdm(w)
] q

p

dµ(z)

≤ C
{∫

B

|f(w)|pdm(w)
[ ∫

B

(1− |z|)−(n+1)q/pχE(z,r)(w)dµ(z)
] p

q
} q

p

≤ C
{∫

B

|f(w)|p(1− |w|)−(n+1)µ(E(w, r))p/qdm(w)
}q/p

≤ C
{∫

B

|f(w)|p(1− |w|)α+βpdm(w)
} q

p

. (1.3)

This implies {∫
B

|f [β](z)|dµ(z)
}1/q

≤ C∥f [β]∥Lp(dmα+βp). (1.4)

Now Lemma 1.2 gives the estimate (1.1).

To prove the necessity, for a ∈ B we take

g(z) = (1− ⟨z, a⟩)−k, f(z) = g[β](z), (1.5)

where k > 0 is large enough. By Proposition 1.4.10 in [9] we get

∥f∥Lp(dmα) ≃ ∥g∥Lp(dmα+βp) ≃ (1− |a|)−(kp−(n+1+α+βp))/p.
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Then the hypothesis implies

(1− |a|)−(kp−(n+1+α+βp))/p ≥ C
{∫

B

|f [β](z)|qdµ(z)
}1/q

≥ C max
z∈E(a,r)

|g(z)|µ(E(a, r))1/q ≥ C(1− |a|)−kµ(E(a, r))1/q.

This, together with Lemma 1.1, tells us that µ is a Carleson measure of order (n + 1 +

α)q/p+ βp. The proof is completed.

Theorem 1.2. Let µ be a finite positive Borel measure on B; suppose 2 ≤ p ≤ q < ∞,

or 0 < p < q < ∞, and β ≥ 0. Then in order that{∫
B

|f [β](z)|qdµ(z)
}1/q

≤ C∥f∥Hp , for f ∈ H(B), (1.6)

it is necessary and sufficient that µ is a Carleson measure of order nq/p+ βq.

Proof. The case that p = q and β = 0 has been considered by Cima, Wogen[3] and

Luecking[6]. We suppose p < q or β > 0. Then nq/p + βq > n. In this case we know from

Lemma 1.1 that we need to prove that (1.6) is valid if and only if

µ(E(z, r)) ≤ C(1− |z|)nq/p+βq for z ∈ B. (1.7)

The proof of the sufficiency will be divided into two steps.

Case 1. p = q ≥ 2. Notice that n+ βp = n+ 1 + (βp− 1). By Theorem 1.1 we have{∫
B

|f [β](z)|pdµ(z)
}1/p

≤ C∥f [β]∥Lp(dmβp−1) for f ∈ H(B). (1.8)

Since (f [β])[1] = (f [1])[β], Lemma 1.2 gives

∥f [β]∥Lp(dmβp−1) ≃ ∥(f [β])[1]∥Lp(dmβp−1+p) ≃ ∥f [1]∥Lp(dmp−1). (1.9)

Meanwhile, from Theorem 2.5 in [1] we get

∥f [1]∥Lp(dmp−1) ≤ C∥f∥Hp . (1.10)

Combine (1.8), (1.9) and (1.10) to obtain (1.6).

Case 2. 0 < p < q < ∞. For nq/p+ βq = (n+ 1) + (nq(1/p− 1/q)− 1 + βq) we see, by

Theorem 1.1 and Lemma 1.1 again, that for all f ∈ H(B),{∫
B

|f [β](z)|pdµ(z)
}1/q

≤ C∥f [β]∥Lq(dmnq(1/p+1/q)−1+βq) ≃ C∥f∥Lq(dmnq(1/p−1/q)−1).

Now Theorem 1.4 in [8] implies (1.6) at once.

That (1.6) implies (1.7) can be proved by applying (1.6) to the function (1.5). The only

thing we have to do is to estimate the Hp norm ∥f∥Hp . If p ≥ 1, Theorem 1.1 in [10] and

Proposition 1.4.10 in [9] give

Mp(f, r) ≤ Cr−β

∫ r

0

(r − ρ)β−1Mp(g, ρ)dρ

≤ C

∫ 1

0

(1− ρ)β−1(1− ρ|a|)−(k−n/p)dρ ≤ C(1− |a|)−(k−n/p)+β .

Similarly, if 0 < p < 1, then

Mp
p (f, r) ≤ C

∫ r

0

(1− ρ)βp−1Mp
p (g, rρ)dρ

≤ C

∫ 1

0

(1− ρ)βp−1(1− ρ|a|)−(kp−n)dρ ≤ C(1− |a|)−(kp−n)+βp.
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Therefore, for 0 < p < ∞ we have ∥f∥Hp ≤ C(1− |a|)−(k−n/p)+β . From this we obtain (1.7)

as that in the proof of Theorm 1.1. The theorem is proved.

For f ∈ H(B), let Rf be the radial derivative of f,

Rf(z) =

n∑
j=1

zj
∂f

∂zj
, and Rmf = R(Rm−1f), m ∈ N.

As an application of Theorems 1.1 and 1.2 we have the following two theorems.

Theorem 1.3. Let µ, p, q, α be as in Theorem 1.1 and m be a positive integer. Then in

order that {∫
B

|Rmf(z)|qdµ(z)
}1/q

≤ C∥f∥Lp(dmα) for f ∈ H(B),

it is necessary and sufficient that µ is a Carleson measure of order (n+ 1 + α)q/p+mq.

Theorem 1.4. Let µ, p, q be as in Theorem 1.2 and m be a positive integer. Then in

order that {∫
B

|Rmf(z)|qdµ(z)
}1/q

≤ C∥f∥Hp for f ∈ H(B),

it is necessary and sufficient that µ is a Carleson measure of order nq/p+mq.

The “if” part of both Theorems 1.3 and 1.4 follow from Theorems 1.1, 1.2 and the fact

that

Rmf = f [m] + c1f
[m−1] + · · ·+ cm−1f

[1] + cmf,

where c1, c2, · · · , cm are constants independent of f . To prove the necessity one can choose

function f(z) = (1 − ⟨z, a⟩)−k for a ∈ B, k a positive integer and large enough. For this

function it is obvious that

Rmf(z) =

m∑
j=0

sj(1− ⟨z, a⟩)−(k+j), for sj ∈ C|| , j = 0, 1, 2, · · · ,m.

§2. Generalization

Let Ω be an irreducible bounded symmetric domain in C|| n in its standard realization (see

[4]). The definition of the fractional derivative works well on Ω. Now a natural question is

how to generalize Theorems 1.1 and 1.2 to such a domain. What we can solve at present is

only in the case when β = 0 in Theorem 1.1 and our next theorem is also a generalization

of [4, Theorem 8] and [11, Theorem 7]. To express the result, we need some more notation.

It is well known that Ω is uniquely determined (up to a biholomorphic mapping) by three

analytic invariants r, a and b. Set N = a(r − 1) + b + 2 (see [5], where the letter p is

used instead of N). The importance of the constant N is that there exists a polynormal

h(z, w) in z and w̄(z, w ∈ C|| n) such that the Bergman kernel K(z, w) of Ω is given by

K(z, w) = 1
h(z,w)N

, z, w ∈ Ω. When Ω = B, we have N = n + 1 and h(z, w) = 1 − ⟨z, w⟩.
For α ∈ RI, define dmα = h(z, z)αdm(z). It is well-known that dmα(z) is a finite measure

on Ω if and only if α > −1. Now for α > −1 and 0 < p < ∞ we let Lp
a(Ω, dmα) denote the

weighted Bergman space of holomorphic functions f in Ω such that

∥f∥Lp(Ω,dmα) =
{∫

Ω

|f(z)|pdmα(z)
}1/p

< ∞.
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Theorem 2.1. Let µ be a finite positive Borel measure on Ω, and suppose 0 < p ≤ q <

∞, α > −1. Then in order that{∫
Ω

|f(z)|qdµ(z)
}1/q

≤ C∥f∥Lp(Ω,dmα) for f holomorphic in Ω, (2.1)

it is necessary and sufficient that for some (or any) r > 0 there exists a positive constant C

such that

µ(E(z, r)) ≤ Cmα(E(z, r))q/p, z ∈ B. (2.2)

Proof. For f holomorphic in Ω, by the estimate in [11, pp. 332–333] we get

|f(z)|p ≤ C|E(z, r)|−1

∫
E(z,r)

|f(w)|pdm(w) ≤ Ch(z, z)−N

∫
E(z,r)

|f(w)|pdm(w). (2.3)

Suppose that µ satisfies (2.2) for some r > 0. Comparing (2.3) with (1.2) we can easily

modify the approach in the proof of Theorem 1.1 to obtain (2.1).

The converse is obtained by applying (2.1) to the holomorphic function

f(z) = h(z, a)−k,

where k is a positive integer and large enough (h(z, w) ̸= 0 for all z, w ∈ Ω, hence f is

holomorphic). Instead of using Proposition 1.4.10 in [9], we apply [5, Theorem 4.1] to

obtain

∥f∥Lp(Ω,dmα) ≤ Ch(a, a)−(pk−N−α)/p. (2.4)

For any r > 0, now (2.2) follows from (2.4) and the fact that

min
z∈E(a,r)

|f(z, a)| ≥ C|f(a, a)|.

The proof is completed.

Remark 2.1. Only for the simplicity’s sake Ω is supposed to be irreducible. Theorem

2.1 remains true on any bounded symmetric domain.

References

[ 1 ] Burbea, J., Boundary behaviour of holomorphic functions in the ball, Pacific J. Math., 127 (1987),
1–17.

[ 2 ] Carleson, L., Interpolation problem for bounded analytic functions, Amer. J. Math., 80 (1958), 921–930.
[ 3 ] Cima, J. A. & Wogen, W. R., A Carleson measure theorem for the Bergman space on the ball, J.

Operator Theory, 7 (1982), 157–165.
[ 4 ] Bekolle, D., Berger, C. A., Coburn, L. A. & Zhu, K., BMO in the Bergman metric on bounded symmetric

domains, J. Funct. Anal., 93 (1990), 310–350.

[ 5 ] Faraut, J. & Koranyi, A., Function spaces and reproducing kernels on bounded symmetric domains, J.
Funct. Anal., 88 (1990), 64–89.

[ 6 ] Luecking, D. H., Forward and reverse Carleson inequalities for functions in Bergman spaces and their
derivatives, Amer. J. Math., 107 (1985), 85–111.

[ 7 ] Luecking D. H., A technique for characterizing Carleson measures on Bergman spaces, Proc. Amer.
Math. Soc., 87 (1983), 656–660.

[ 8 ] Mitchell, J. & Hahn, K. T., Representation of linear functionals in Hp spaces over bounded symmetric
domains in CN , J. Math. Anal. Appl., 56 (1976), 379–396.

[ 9 ] Rudin, W., Function theory in the unit ball of Cn, Springer-Verlag, New York, 1980.
[10] Shi, J., On the rate of growth of the means Mp of holomorphic and pluri-harmonic functions on bounded

symmetric domains of Cn, J. Math. Anal. Appl., 126 (1987), 161–175.
[11] Zhu, K., Positive Toeplitz operators on weighted Bergman spaces of bounded symmetric domains, J.

Operator Theory, 20 (1988), 329–357.


