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Abstract

The semisimple structure, which generalizes the complex and the paracomplex structures,
is considered. The authors classify all the homogeneous semisimple spaces whose underlying
spaces are G/C(W)o, where G is a real simple Lie Group, W € g,C(W)o is the identity
component of the centralizer C(W) of W in G.
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¢1. Introduction

Consider a 1-1 tensor field I on a smooth manifold M. The natural generalization of the
complex structure and para-complex structure is called the semisimple structure, which just
forgets I? = +1, precisely:

Definition 1.1. I is called semisimple if

(1) 3 a real polynomial f(x), which has no multiple root, such that f(I) =0,

(2) I satisfies the integrability condition:

PIX, Y]—I[IX, Y]|—I[X, IY]+[IX, IY]=0, VX,Y€X(M),

where X (M) is the set of all vector fields of M.
If I? = 41, (2) coincides with the integrability condition of (para-)complex structure. So
both complex structure and paracomplex structure are semisimple structures.

Proposition 1.1. Given smooth manifold M, there exists a semisimple structure I if

and only if X(M)® = @ X, as vector space over C , such that

a=1

(1) [Xay, K] C X+ Ay, V1<a,b<m, (2)Va, 3bsuchthat X, =X,
where X (M) is the complexifocation of X (M).

Proof. Consider I as the endmorphism of X'(M)C. Since I is semisimple, we can get
X(M)C = ET} X, as the eigenspace decomposition of I, the rest is easy to check. Conversely,

a=1
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m

given such a decomposition: X(M)¢ = @ X,, define I acting on X, by scale \,, then I
a=1

becomes a semisimple structure on M.

Remark 1.1. Once we get a semisimple structure I, by Proposition 1.1, we can get a class
of semisimple structures by changing the eigenvalues of I (i.e, all p(I), V polynomial p(z)).
To consider the geometry of M, it is essential to consider the decomposition of Proposition
1.1. .

Definition 1.2. If we collapse the decomposition ~X(M)® = @ X, to X(M)C =

a=1

771/
P X. by letting X,/ be the sum of some terms X,, so that the property ¥V o' 3 b such that
a’=1

X, = Xy still holds, then we get a new semisimple structure on M. We say a semisimple
structure is mazximal if it can not be obtained by some collapsion of another semisimple
structure.

Since m = 2 is just the case of complex structure or (partly) paracomplex structure,
which is more or less clear, here we only consider the case m > 3. To make the expression
simpler, we define the semisimple manifold as:

Definition 1.3. A semisimple manifold M is a smooth manifold M with a maximal
semistmple structure I with m > 3.

Definition 1.4. The semisimple structure I over G/U is called homogeneous if dr(g)ol =
I odr(g), Vg € G, where T(g) is the left multiplication by g.

Definition 1.5. A homogeneous semisimple space G/U is the homogeneous space G /U
with a maximal homogeneous semisimple structure I with m > 3.

Remark 1.2. G/U is semisimple if and only if G /Uy is semisimple, and u-I(X) = I(u-X),
VuelUX e€Ty(G/U).

In this paper, we found all the homogeneous semisimple spaces whose underlying space
is G/C(W)o where G is a real simple Lie Group, W € g is a semisimple element (Theorems
4.2, 4.3). Above Remark helps us to give all G/C(W). For general G/C(W), where G is
semisimple and C'(W) is not connected, we have locally decomposition (Corollary 2.1).

§2. Homogeneous Semisimple Space G/C (W),

Consider the manifold M = G/C(W)o, where G is a connected real semisimple Lie Group,
W is a semisimple element of g = Lie (G), C(W) is the centralizer of W in G and U = C(W),
its identity component of G/C(W). Denote u = Lie (U). Then Ty (G/U) = g/u. Find a
subspace p of g such that g = u®p and [u, p] C p. Then p = g/u 2 Ty (G/U). View I as the
automorphism of p, define the associated Koszul operator J: g =+ gas J|, =0, J|, =1I|,.
We identify the complexifocation of J with J. Then

Proposition 2.1.1Y Suppose I is a homogeneous semisimple structure on G/U. Then I
satisfies the integrability condition (Definition 1.1) if and only if J satisfies

JIX, Y| -JJX, Y- JX, JY]+[JX, JY]Cu, VX, Ycg. (2.1)
Theorem 2.1. G/U is a homogeneous semisimple space if and only if, as a complex

m
vector space, gC = > g. satisfies:
a=1
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(1) [8a, 9] CGa+ 0, 1<a,b<m; (2 gonNgy=u" 1<ab<m;

(3) V a 3 b such that g4 = go-

Proof. “only if”: By Remark 1.1, suppose I has eigenvalues A1, --- , A\, with no A\, = 0.
Then J has eigenvalues: 0, Ay, --- , A\, with corresponding eigenspaces: u®, py,---,p,,. Let
X €p,, Y €p; by equation (2.1). Then

(J=X)(J = M)[X, Y] cu® = [X, Y] Cu® +p, + ps.
If let X €u®, Y €yp, by equation (2.1), then
J(J = X)X, Y] cu® = [X, Y] cu® +p,.

m m
Now, define g, = u® + p,. Then g©€ = u® + @ p, = 3. g, satisfying (1),(2). (3) comes
a=1 a=1
from the fact that J is real.
“if” Define J|ycng, = Aa, 1 < a < m.

m
Lemma 2.1. Suppose | is an ideal of g, let l; =€ Ngy, 1<a<m. Then €= 31,
a=1
satisfies:

(D) [le, B Cla+1l, 1<a,b<m; (2)l,NhL=INnwC 1<ab<m;

(3) ¥ a 3 b such that [, = 1.

Proof. Since g is semisimple, [ is an ideal and W is a semisimple element of g, it is
possible to find an element Y such that [ = {X € g | [X, Y] =0} and [Y, W] = 0. Recall

gc“ =1t op @D pn,

VX ELX =Xg4+ X1 4+ + X,

[Y, %] acts on both sides. Since Y eu ,0=[Y, X]=1[Y, Xo] +[Y, Xa]+ -+ [Y, X;n] is
still a decomposition of type ¢ = u® @ p; ©--- ® p,. Then, [Y, X;] =0, X; € [ hence.
Since [ is a real subalgebra of g, (1), (2), (3) are easy to check. This Lemma also holds when
[ is a Levi subgroup of g and contains a Cantan subalgebra § such that W € b.

Corollary 2.1. The homogeneous semisimple space G/C(W) can be locally decomposed
into the product of some generalized homogeneous semisimple spaces G*/C(W?) (i.e m can
be 1,2 or > 3), where G* is the simple factor of G, and W' is the factor of W in every
simple component g°.

Theorem 2.2. If we identify semisimple homogeneous space G/C (W) with (g,u), and
if g is simple real Lie algebra, then we have the following two cases:

(1) g© = g' + gt as Complex Lie algebra. Let g} = g, Ng'. Then

o' =3 o0 ()00 o] Coatop, Vi<ab<m

(i) gt ngt =0, V1<a#b<m; (iv)ging =0, V1<ab<m.
(2) g€ is simple. Then

(1) [gav gb] C 9a + gb, 1 é avb S m; (ll) Ja mgb = u(cv 1 é (l,b S m;y

(iii) V @ 3 b such that gq = gp.-
Proof. (2) is trivial. For (1), since g' is a complex ideal of g€, similar proof of Lemma
2.1 shows (i), (ii) are true. (iii) is because g* N gl = (.

In the following sections, we will find all such pairs (g, u).
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§3. Semisimple Decomposition of Complex Simple Lie Algebras

Definition 3.1. Given a complex simple Lie algebra g, a semisimple decomposition of

m
a© is a complex vector space decomposition: g€ = > g, (with m > 3) satisfies:
a=1

(1) (80, @] Cga+op, 1<ab<m; (2)gaNgp=u" 1<ab<m.
In this section, we will find all possible semisimple decompositions of g&. Let h® be a
Cartan subalgebra containing W, then h© C u®. Denote

A =A% 6%, Ag=A0E S, AL=Apa, bC).

Theorem 3.1. g has a semisimple decomposition if and only if A = Ao ( U Aa)
1

a=

satisfies:

(HVaely, BeEl,, a+tfelN=a+ e N;

2)Vael, BeEly, a+felN=a+BENgUNLUN;

B)Vaelhy, BeEly, a+BeA=a+pe€ Ny

(4) —Do = Do.

Proof. (3) and (4) are because u® is a Levi subalgebra, (1) is because g, is a subalgebra,
(2) is obtained by [ga, 9b] C ga + Gb-

Definition 3.2. Define Agp ={a € Dy | —a € Ly, V1<a,b<m}.

Theorem 3.2. g© has a semisimple decomposition if and only if A\ = NoJ ( U Aab)
b=

a,b=1

Proof. “=" (3) and (6) are trivial. Let us prove the following claim:
“faeNg,—BENp,a#b and a+ [ € A, then a+ B € Ag.”
Since a = (a+8) — 8, a € A,, =B € Ay, and a # b by Theorem 3.1, it forces a+ 8 € Ag;
symmetrically, —(a+ 8) € Ap; hence a+ 8 € Agp.
By this claim, (2) and (5) hold. For (1), if a # d and b # ¢, we get a+ 3 € DgaN A # 0;
this forces a = ¢ and b = d. (4) can be obtained directly by Theorem 3.1.

“«<=" Since A, = U (Agp), calculate directly.

b=1
m

Corollary 3.1. In Theorem 3.2, define Aé) =y U( U Aaa). Then
=1

r=nsU( U oa)

1<a#b<m
still satisfies the conditions of Theorem 3.2.

Definition 3.3. If |J Awa = 0, we say the decomposition /\ = AOU( U Aab) 18
1 a#b

a=

reduced.
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Theorem 3.3. For type A;, g©=sl(l+1,C), A= {e; — ej |1<i#j<Il+1}. For
any reduced semisimple decomposition /\ = AOU( U Aab) up to an isomorphism of the
a#b

root system /\, there exists a partition of N def. {1,2,---,l4+1}: N= |J N, such that
a=1

Aab:{ei—€j|iENa,jENb}, v1§a#b§l+l,

m
Do = |Jfei—ejlij € Na, i #j}.
a=1
Proof. Fix e;, —ej, € Aygp, a0 7 bo. Since e;, —eq, -+ - , €, —€141 generate A, and m > 3,

it follows that 3 ko such that e;, — ex, € Do U Dagby U Dbgay- SUPPose e;, — ek, € Degdy -
Since (e;, — ej,) + (ex, — €i,) € A, by Theorem 3.2, we have ¢y = ag or by = dy. Choose
ap = co (if by = dp, change all e; into —e; ), of course by # do .
Claim. e;, —e; € NgU D, Y i#ip.
Proof of the Claim. When ¢ = jy or ko, it is true. If i # jo and ko, since (e;, — €;) +
(ejo —€ip) € A and (e;, —e;) + (ex, —€iy) € A, by Theorem 3.2, we get e;, —e; € DNgUD,.
By the claim, we can define N,, = {i € N | (e;, —€;) € Do}, No ={i € N | (e;, —€;) €
DNagats 1 <a#ag<m. Now, N= |J Ny, Vaag, b#byanda #b.
a=1
e —ej = (61‘ — eio) + (eio - €j) S Aaao + Aaob C Dap, Vi€ Ny, jE Ny;
ei —exr = (e — eiy) + (eiy — ex) € Daay + Daga C Do U Daay U Dagas
e; — e = (ei — ejo) + (ejo — €k) S Aabo + Aboa c ANg U Aabo U Aboa-
Therefore, e; — e, € Ao, where k # i, k,i € /A,. Hence,

Ngp={ei—€j |1 €Ny, jEN}, V1<a#b<Il+1,

No = |J{ei—e;li,d € Nai# 4}
a=1

Theorem 3.4. For type By, g© = s0(2] + 1,C) has no semisimple decomposition.

Proof. Let A = {e; +ej, e, |1 <i#5<I, 1<k<I} Sinceey,---,e generate
A, choose e; € Ay, for some a # b. Then V j # i, e; £ e; € A. By Theorem 3.2,
ej € Do UAlga Ul Ul Uy, CAgUA, UL, Now A C AgUA,UA, C A, s0
A = ANgUA,UAy forces m = 2, a contradiction!

Theorem 3.5. For type Cj, g¢ = sp(21,C) has no semisimple decomposition, either.

Proof. Let A = {£(e; £ej),+2e; | 1 <i < j < 1,1 <k <1} Since m > 3, and
{e;xe; |1 <i#j <} generates A, without loss of generality, we can assume 3 4, j, k such
that e; —e; € Agp and e; — e, € Ay for some a # b # c. Since (e; +e;) = (e; —ej) € A,
by Theorem 3.2, we have e; +¢; € AE) U Ay U Dpg. But (e; + ;) — (e; — ex) € A implies
ei +ej € AE) U Agp. Thus 2e; = (e; +¢5) + (e; —e;) € Agy. Symmetrically we have
eiter € AjUANe, 50 2e; = (e;+e€x) + (e, —ex) € Nge. But AgpNAge = 0, a contradiction!

Theorem 3.6. For type D; (I >4), g =s0(21,C), A= {&(e; £e;) |1 <i<j<I} up
to an isomorphism of I\, Every semisimple decomposition is given by:

App={ei+e[2<i<j<Il}, Agz={e1—e;|2<i<I},
Ap={er+e|2<i<ly, Do={ei—e;[2<i#j<1},
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specially, m = 3.

Proof. First assume the semisimple decomposition is reduced. Find a root. Without
loss of generality, suppose e¢;_1 + ¢; € Ag (if does not exist such root, let A” = A). Since
A {ei—ej) |1 <i<j<l}ande_;+e generate A, by Theorem 3.2, A" has a reduced
semisimple decomposition by restriction. Because A’ is of type A;_1, by Theorem 3.3, there

m
exists a partition of N = {1,2,--- |i} = |J N,. For each a, choose an element i, € N,, to
a=1

generate a type Dy, root system A’ < {x(e;, £e;,) |1 <a<b<m}. Then A” has also
a semisimple decomposition (with the same m). If m > 4, by Theorem 3.2

€i; — €i; € Alllgeh — € € A/2/3 =€ t €, € Ag U Ag ) ) "

€iy — €iy € A/1/461’2 — €iy € A/2/4 = €iy + €iy € Ag U AZ  Cis * Cis © AO.
By the same reason, e;, + e;; € Aj). Now e;, —e;, = (e;, +€i5) — (ei5 +€5,) € Ay, but in
fact (e;, —e;,) € ALy, a contradiction!

Hence m = 3. Now come back to A’. By Theorem 3.3, we can suppose the partition
of N = N, UN, UN, since I > 4. Without loss of generality, suppose |N.| > 2, choose
k, k' € N..

Case 1. if |Ny| > 2, and |N,| > 2, choose 4,7’ € N,; 7,5 € Np. Now

(ek + ek/) + (ei - ek) ISAN
(ex+ew)+(ej —ew) €N
(e; —er)+ (e +ep) +(ej —ex) €A

— ek—i—ek/) € Neg Uy,

(ex +ex)+ (e; —er) €A o 32
(ex +ew )+ (ej —ew) € A CEE T (ep Few) € Do U Ay,
(ej/ — ek) + (ek + ek’) + (63 - €k/ eN

(€k+6k/)+(ei7€k)€A ™ 32
(ek + €k/) + (ej — ek/) ISIAN = ek + €k/) € No U DNeq.
(eir —ex) + (ex +ew) + (€ —ex)

Now, (ex + ex) € (Do U Do) N (Do UAG) N (Ao UAp) =0, a contradiction!

Case 2. Without loss of generality, assume |N,| = 1. If |Ny| > 2, above calculation
shows ex + epr € Agp; if [Np| = 1, we get e + epr € Ay U Ay Since a,b are symmetric in
this case, without loss of generality, assume ey + e € Ay, and N, = {1}. Tt is easy to get:

er1t+er € Agp, V€ Ne; ej+ep €Ly, VjeN, ke Ng;

e1+e; € DNae, VjENy; ej+ej €Ly, Vj#j €Ny
plus what we have already known for the roots of A':

e1—e; € Ngp, VJENy;, e —ep € Dpey, VjEN, k€N

e1—ep € Dae, Yk E No; ej—ejr €Ny, Vj#j € Ny

er —ew € Ng, Yk #K € Ny.

Now take an isomorphism A — A by

e1 — —ey; e — e, Vi€Ny,, e — —ep, VEkEN..
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Let b=1, ¢ =2, a = 3. Rewrite the result as
Npp={ei+ej|2<i<j<I}; DAoz={e1—e;|2<i <1}
Ag={er+e |2<i<l}; Do ={ei—e;|2<i#j <1}
For general case, since Ay = {e; —e; | 2 < i # j <1}, A2, Doz, A3 are given above.
Hence, V o € A, a+ A1z # 0, we get Agg = 0; for the same reason, Agy = A =0, ie.,
the semisimple decomposition is automatically reduced.

Corollary 3.2. For type A;, as a complex semisimple space, every mazimal semisimple
space is 1-1 corresponding to the reduced semisimple decomposition of g©, which is given by
Theorem 3.3. For type Dy, every semisimple decomposition is automatically mazimal.

Theorem 3.7. For types Go,Fy, there are no semisimple decompositions.

Proof. Since the Dykin diagram for Gs is

the only possible case (m > 3) is ay € Agp, ag € Ape for some a # b # c. But ag+ag € Age,
ay + 209 = (a1 + ag) + az € Nge + Dpe = 0, a condiction!
For type Fj, the Dykin diagram is

which contains two subsystems

One is of type Bs, and the other is of type C3. By Theorems 3.4, 3.5, both of them have
m < 2, so the possible case might be: a3 € Ay, as € Ng, ag € Ny, ag € Ny for some
a # b # c. Consider the subroot system C3, which has the restricted semisimple

decomposition with m = 3, a contradiction to Theorem 3.5!

Theorem 3.8. For types E7 and Eg, there are no semisimple decompositions with m > 3.
But for type Eg, up to an isomorphism, there is a unique semisimple decomposition, given
by: consider the Dykin diagram of Eg:

with oy € Ngp g, 3,04, 0, € Ng a5 € Ny, then
Aap = {all positive roots containing «y, not containing o},
Ape = {all positive roots containing as, not containing o },
A = {all positive roots containing both as and o},
Ao = {all roots generated by o, as, ay, ag,}.

Proof. Since g€ contains a subalgebra of type Ds, by Theorem 3.6, 3 o € Ay. Find
a subalgebra [ of type D5, Dg or D7 which does not contain «. Then [ has a semisimple
decomposition from that of g©. By Theorem 3.6 and the fact that [ and o generate g€, if g©
has such a decomposition, then m = 3. We list in the left the possible cases that the simple
roots belong to. By Theorem 3.2, it is possible to give some limit to all roots. Write the
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roots which make this case impossible in the right. For E7:

For Eg, there are also three possible cases:

Two possible cases for Eg:

The only remainding case is the last case for Eg, which can be conjugated to:

By Theorem 3.2, we can write down all roots of Ay, Ape ANge and Ag as the theorem gives.

§¢4. Real Homogeneous Semisimple Space G/C(W),

By Theorem 2.2, there are two classes of semisimple pairs (g, u), each pair of which arises
to a real semisimple homogeneous space G/C(W)y. For the first class, every semisimple
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decomposition (here we allow m = 2) g Z go induces the semisimple decomposition
a=1
m m
Zga+u Ng)+Y @ +ung"),
a=1 a=1

and f(x), the minimal polynomial of I, has 2m imaginary roots. Conversely, by Theorem
2.2, every semisimple decomposition of g* arises in above way.

Theorem 4.1 (see [1, Chapter 3]). Every reduced semisimple decomposition with m = 2
is given by g© = g1 + g2 where g1 , go are the opposited parabolic subalgebra with Levi
subalgebra uC.

Corollary 4.1. Given a fized prime root system ', up to an isomorphism of root system,
every semisimple decomposition of /N with m = 2 is given by N = Ng U A1 U DNog U Aqo
U9y, where

(1) A is generated by the subset Ty of T', A} is generated by the subset 'y, Ty C Ty C T,

(2) A1 UlDge = AG\ Do, Aq1 + Doy =10,

(3) A C AT, App=—=Ny1, An=-An, Doy =—Nogy.

Theorem 4.2. All the semisimple homogeneous spaces (g,u) of first class whose f(x)
has 4 imaginary roots are determined by Theorem 2.2, Corollary 4.1 (too many, including all
the complezifocation of complexr homogeneous spaces and paracompler homogeneous spaces
G/C(W)o, we do not list here). Other case (f(x) has 2s imaginary roots and s > 3) is given
by

(1) (sl(n,C),s( Z gl(n,,C))), with 2s = 2m, s > 3. The semismiple decomposition is

determined by Theorem 3.3.

(2) (so(2n,C), C+ gl(n —1,C)), where C+ gl(n — 1,C) < gl(n,C) < so(2n,C), with
2s = 6. The semisimple decomposition is determined by Theorem 3.6.

(3) (eg,C? + s0(8,C)) with 2s = 6, where the semisimple decomposition is determined by
Theorem 3.8.

For the second type, g€ is simple, and the semisimple decompositions of g€ are given
by Theorems 3.3-3.8. We only need to find all real forms g, such that the associated
conjugation ¢ respects above decomposition, i.e V a, 3 b such that o(g,) = g5. Choose
Cartan subalgebra h C u as we did in Section 3. Now the action of o on roots satisfies:
(Do) = Ao and 0(Aap) = Do(a)e(v), Where o(a) is defined by o(A,) = Aya)-

Lemma 4.1. All o which respects the semisimple decomposition (in Theorems 3.3, 3.4
and 3.8) arise in the following way:

(1) For type Ay, let o be an involutive permutation of N = {1,2,--- ,n}, such thatV a 3 b
such that 0(Nq) = Ny, define o(e; —€;j) = o) — €o(j), V1 <i#j <n.

(2) For type Dy, let o be an involutive permutation of N' = {2,--- ,n}, define o(ey) =
€5(1)s O'(Ei) = ied(i), VieN'.

(3) For type Eg, given a member w of Wyel Group of Ao, viewed as the element of the
Wyle Group of A\, then o0 = w or 0 = —wp , where p is the reqular outer isomorphism (see
[2]) of A (i.e the Graph isomorphism of Dykin diagram Eg).

We omit the proof, it is a corollary of Theorems 3.3, 3.4 and 3.8.
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Theorem 4.3. The semisimple homogeneous spaces (g, u) of the second class are given
by following table: Table 1. Here we suppose I has a minimal polynomial f(x), denote the
number of real roots of f(x) by r and the number of complex roots of f(x) by 2s.

Table 1. Real Homogeneous Semisimple Space

Proof. As [2] or [4] did, we start from a compact real form g¢, choose some isomorphism
0 of go, and give the real form g. For type A;, since o is determined by above Lemma, it
forces 6 to be an outer isomorphism, so g must be si(n,R) or su*(2n). Find all W, calculate
directly. For type Dy, if o(e;) = —e,(;) and [ is odd, 6 is inner; if o(e;) = —e,(;) and [ is
even, or if o(e;) = e,(;), then 6 is outer. For every case, find all W such that the root system
admits such decomposition (Theorem 3.6) and o (above Lemma). For type Fg, 6 is always
outer, so g must be eg(6) or eg(—26). Find all W such that the root system admits such
decomposition (Theorem 3.8) and o (above Lemma).

First, although on G/C(W)g there is a natural symplectic form, it is difficult to define a
metric on the semisimple homogeneous space such that the symplectic form, metric and the
semisimple structure fit nicely like the Kahler manifold or para-Ké&haler manifold. Second,
the semisimple manifold seems more “rigid” than the complex manifold, so the semisimple
homogeneous space is much less than the complex homogeneous space.
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