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ON THE NON-EXISTENCE OF LIMIT CYCLES
OF CERTAIN QUADRATIC SYSTEMS**

YE WEIYIN*
Abstract

In §1 and §3, two conjectures mentioned by Ye Yangian are studied. In §2, by use of
elementary methods the author proves some non-existence theorems of limit cycles (LC, for
abbreviation) for quadratic differential systems obtained recently by H. Giacomini, J. Llibre
and M. Viano.
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§1.

For the system

&= —y+ 0z + la* +ny? = P(z,y), (L)
y=az(l+ax—y)=Q(y), '

we can find in [1] the following:

Conjecture I. Assume!

a<0,n>1, n+1>0, na> +1<0, na®> < (n—1)(1 +n)% (1.2)
Then around the anti-saddle Sy (z1,y1) (x1 > 0,91 < 1) lying on 14 ax —y = 0, there exists
no LC for any 4.
From Theorem 1 in [1], we know that a® < 4(n — 1)(1 — [) under condition (1.2). This
means that S; can never be on the line of divergence
div=3+(2—1)z=0
for any d, so S7 is always a stable node or focus. The non-existence of LC around S; when
§ < 0 can be proved by using the Dulac function B(x,y) = (1 —y)?~!, because
2BP) | A(BQ)
or y
and the function in [ ] is of constant sign (< 0) below the line y = 1. The phase-portraits

= (1—y)*?[0(1 — y) + a(1l — 21)2?]

of (1)s<o in the neighbourhood of S; is shown in Fig.1, where [; is the separatrix entering

the saddle N (0, ) from below, and L its tangent at N. S; lies always above L, since on L

1
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there can be no finite critical point other than N, although y; may become negative. This
is the reason why Conjecture I was made.

Fig.1
Now, if we try to prove this conjecture for § > 0 by using the Dulac function
s 1 i
Blr,y) = (1—y) & (y Tn kl””) i
where k1 < 0 is a negative root of
nk>+ndk+1—-n=0

and y — % = kqx is the equation of L, then we have

8(;113) + 5(5;2) _ (y _ % _ klx)%*l(l B y)fﬁmlfz{ [ _ %(1 _ ny)?
- 5(l +1- %)mﬂ (1-y)+ a(k% +1- QZ)xQ(y — % — k:lsc) } (1.3)

Notice that in the {} of (1.3), since
—né — \/n262 +4n(n — 1)

k =
1 2” )
we have k% > —% = —1 and %+1—2l>0. If we assume
I+1- -2 >0, (1.4)
ky

then the polynomial in {} of (1.3) is negative everywhere in the region x > 0, y < 1, y —
% — k12 > 0 containing S7. This ensures the non-existence of LC around S;.

Unfortunately, condition (1.4) is too strong; it is equivalent to
I >—1and a’*n < (n—1)(1+1)? — nad(1+1). (1.5)

When 0 < § << 1, (1.5) is stronger than the last inequality in (1.2).

In the following, we retain the conditions in (1.2), and try to use other methods to study
Conjecture I.

Fix § =61 > 0in (1.1):
i =—y+ 0z + 2% + ny?,
y=2z(14ax —y).
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Let us study the system:
&= —y+ 0z +12® + ny® + Sx(1 + ax — y), 7)
y=2z(l+ax—y), '

when 02 decreases from zero. Notice that the finite critical points of (1.6) and (1.7) are the
same. The line of divergence for (1.7) is
((51 + (52) + (2l + 2ad9 — 1)1‘ — oy =0. (18)
In order that S; lies on (8), i.e.,
(51 + (52) + (2l + 2(1(52 — 1)(E1 - 52(1 + axl) = (51 + (2l + a52 - ].).’El = 0,
we must take
(1 — 2[).231 - 61

o at (1.9)

Transform the origin to Sy, (1.6) becomes

& =mxax+ 2nyr — 1 — dox1)y + (1 + ado)x? — doxy + ny?, (1.10)
y:axlx—z1y+a:v2 —Ty. .
Then make the following change of variables:
dt 1 1 1 1
_— = = = — — el — = — = — :_b 1.11
5T T e SV = Ty o §= anwtay) 19, (1.11)
where
b, = \/—.Tl[(QZ + 2na2)x1 + 61 + (2n - 1)0,] (1.12)
and +ib; are characteristic roots of the linear part of (1.10) at (0,0).
Since x is a root of
(14 na®)x? + (61 +a(2n — 1))z +n—1=0, (1.13)
we have by = /0121 +a(2n — 1)z1 + 2(n — 1). Under (1.11), the system (1.10) becomes
dg 1—[—(1522 1—21—&52 X1 2\ 2
—= = - + — l+na
dr K ab1$1 5 ab12 677 ab13( )7]
= -+ L& + Mén+ No?, (1.14)
dn 1 1
e - =¢(1+A Bn).
dr 3 aa:12£ abiz, n 5( + Ary + 77)

The first focal quantity of the weak focus O(0,0) of (1.14) (namely, the critical point
Si(x1,71) of (1.7) ) is Wy = M(L + N) — A(B + 2L). Numerical examples show that
W1 may be positive as well as negative. In case Wi < 0, we can prove Conjecture I by
reductio ad absurdum.

Example 1.1. Take in (1.7) a = —%, n=3, 1= —%, 01 = 5. Then

lJrnaQ:f§<O7 n+l:§>0, naz—(n—l)(l+n)2:%<0.

So by (1.13), (1.9), (1.12) and (1.14) we have 71 =3, y; =0, dy = —8, by = /14,
-5 —6 1 1
LZO? Mziv NZ*? AZ*a Bziv
14 V14 3 V14
and finally,
— 15 1 —4

W, = — - <0.
YT 4914 314 14714
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This shows that

5
i = —y+ 5z — —a + 3y,
. 3 (1.15)
y=x(1- 3%~ Y)
has no LC around 57 (3, 0). For otherwise, if there exists I'y D I'; D S, where I'y is unstable,
'y is stable ( may be I'y = I'; = T’ a semi-stable LC ). When &, decreases from zero in the

system
) 9 o 2 1
T=—-y+5x— -z + 3y +dz(l— -z —y),
3 3
. (1.16)
j=o(- 32—y,
I's will expand, but I'y will contract to S7 at o = —8, and then S; becomes an unstable weak

focus, which contradicts W; < 0. It is easy to see that (1.16) will have a stable LC around
S1 when d2 < —8. Notice that this cannot be proved by (1.3), since now [ +1 — = <0.
Example 1.2. Take in (1.7)

1 ) 1
=2, =2, l=—>, & =0.65.
a 37 n 47 37 1
Then
, 175 , .
I+ na :_T<O’ n+1>0, na®—(n—1{1+n) <0,

x1 satisfies the quadratic equation 1.752% — 0.45z — 0.75 = 0, so
x1 =0.796, y; =0.735, 3 = —2.55, by =0.787,

L= -23165, M=—3955 N =_-28576, A=4.735, B = 0.2088
and A(B+2L) <0, L(M+ N) > 0. We get
Wi > 0. (1.17)

Since now for the system
1 5
i =—y+0.65z — §x2 + Zy?,
1 (1.18)
y=x(1- gac—y)7

we have
k1 = —0.878 (1.19)

and (1.4) is valid, so we can prove the non-existence of LC of (1.18) around S; by (1.3).
Conjecture I is true in both examples.

§2.

In paper [2], the authors got two new criteria for the study of non-existence, existence and
uniqueness of limit cycles of planar vector fields, and applied these criteria to some families
of quadratic and cubic polynomial vector fields. We find that by using more elementary
methods we also can get the same results for all the families of quadratic vector fields in [2].
The following are our proofs.



No.3 Ye, W. Y. ON THE NON-EXISTENCE OF LIMIT CYCLES 363

(1) For the system
i =0x —y+ 2 + mxy +ny? = P(z,y),
{y:$+b$y=Q(l“ay)
under condition
(m +mn +nd)d + (1 +n)?
nd?

and dm(1+n) # 0, it is easy to prove that y = % + 1;1"—5”96 is an invariant straight line. Since

b:

1 + by = 0 is also an invariant straight line, so this system has no limit cycle.?
(2) For the system

. 1+4¢2 a 5 b
e (2.2)
§ = x + ax® + by,
since y = cz is an invariant straight line, and the only two critical points O(0,0) and
( #})C, +75c) are on this line, this system has no LC.
(3) For the system
14+
T = z —y+ 2zy — cy?, (2.3)
j=u,

lJrz:2
c

since, for any ¢ # 0, ‘ > 2, the unique anti-saddle O(0,0) is a node, this system has no
LC.
(4) For the system

2
l":Cl'—y_l'Q“_*my:P(xay))
5 ¢ (2.4)
j=v— =0 +ay=Qlz,y),
without loss of generality, we can assume ¢ > 0. When 0 < ¢ < 2, there exists only one
critical point O(0,0); when ¢ > 2, there exist another two critical points
cd—ct) -2+ Ve2—4 +e/e2 -4
Nl,Z ( 2 ) 2 ) .
4—c 4—c
It is easy to prove that N; and Ny are saddles. When ¢ < 2, by using the Dulac function

B(z,y) = —5-, we can get

c—2x°
O(BP) n A(BQ)  *(c—ux)
oz Ay (c—2z)%
Notice that ¢ — 2z = 0 is a straight line without contact. Therefore
O(BP) | 0(BQ)
or y

and so no LC can appear around O(0,0). Moreover, O(0,0) is a

>0

on the left side of x = %,

node when ¢ > 2. Hence, this system has no LC for any c.

2Tt is well-known that for fixed m,n and b, when dm(1+n) < 0 and 0 < |§| << 1, (2.1) has a unique LC
around O(0,0). The above result shows that if we fix 6 = §1 in Q(x,y) and let ¢ in P(x,y) vary from zero to
41, the LC will expand and become finally an infinite separatrix cycle which has two finite parts, L;: a part

ofy:%—&—%xandLg:apartofy:—%.
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(5) For the system
o1+
xTr =

, 2
T—y+z - —ay,
. c (2.5)
g=a+ -a® —ay,

2
since ‘# > 2, no LC can appear around O(0,0), and the other critical point N(CZ?EQ,
25_—22) is a saddle, so this system has no LC.

(6) For the system

14
&= z —y,
2.6
. 2+, 2.6)
y=1x- 2 + zy,
2c
the proof is similar to (5).
(7) For the system
{j::&z:—y—i—(n—l)xQ—n&cy—l—nyz:P(x,y), 27)

since y = 1 is an integral line, no LC can appear around the critical points on this line.

The two critical points on y-axis are O(0,0) and N(0, --). Now, we need to study two cases.

1
(a) When n < 0 or n > 1, N is a saddle or a high-order critical point. We know already
that, when § = 0, this system has O(0,0) as a center. When § changes, denoting
P Q
Ps Qs
we can get A = 22(1 — ny)(y — 1). It is easy to see that the sign of A is fixed in the region
% <y<l(n<0)ory< % (n > 1). Hence, by the theory of rotated vector fields, there is
no LC around O(0,0) for ¢ # 0.

(b) When 0 < n < 1, N is a focus. Notice that, at N(0,1),
P.4+Qy=64+2n—-3)r—ndy=56—-6=0.

A:

)

So N is a weak focus. It is well-known that a quadratic polynomial vector field with an
invariant straight line and a weak focus has no LC. Therefore, for any n and ¢, this system
has no LC.

Similarly, we can get the same result for the system

{ab =0z —y+ (n+ 1)z? — ndzy + ny?, (2.8)
y=az(l+y).
In fact, for the system
{a'c =dx —y + lz* — ndzy + ny?, (2.9)
y=a(lty),

the above proof remains valid for any d, n and .
In conclusion, in order to show the power of the new criteria got in [2], other examples
should be suggested.
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§3.

In [3] or [4] a conjecture was given as follows:
Conjecture II. For the system
&= —y+12* + may +ny® = P(x,y),
{z} =z(l+az —y) = Qz,y),
let
Wi =m(l+n)—a(-1+2]),
Wy = ma(5a —m)[(1 +n)?(n — 1) — a®(=1 4 21 + n)], (3.2)
W3 = ma?[2a® +n(l + 2n)][(I +n)*(n — 1) — a®(—1 + 21 +n)].
If Wy =0 and WoWs3 > 0, then (3.1) has no LC.

It is easily seen that Conjecture II cannot be proved in general by the Dulac function
method, because from W7 = 0 we see that the curve div(BP, BQ) = 0 will pass through
0(0,0) for many Dulac functions B(x,y) (see [5, §16. (16.29)] and [6]). This is the reason
why in [6, Theorem 6] the author only proved the absence of LC around S; # 0 under
condition W; = 0.3 Also, by this theorem, concerning the truth of conjecture II, we need
only to examine the existence of LC around O(0,0) case by case with the help of the
techniques recently developed in [1], [6] and [7]. We limit our investigation of Conjecture IT
only under the conditions n > 1, [ < 0.

Case 1. Assume?

a<0, I<0, n>1, n+1>0, Wy =0 (3.3)
and
C :=na*+am(l+n)— (n—1)(I+n)*<0. (3.4)
Then
—142i
mzmlza(i—i_)>0, 5a —mq < 0, (3.5)
n+1
and hence

Wi=mn-1)(1+n)?—-a*(n+20—1)=-C>0,

—(=1+20)°W
i
D:=(1-0)m?+am(l—2l)+ (n—1)(1-20)? = -G > 0.

G:=m?’n+20—1)—(n—-1)(1-20)*= <0,

For the meaning of C, W, G and D, and the relations between them, see [6]. From (3.4) we
can get a — (n+1)k; >0, a— (n+1)ks <0, where
—m — /mZ + dn(n — 1 - 2+ dn(n — 1
by — m m? + 4n(n )<0’ hy — m+ y/m? +4n(n — 1)
2n 2n
are roots of the equation nk? +mk+1—n = 0. Moreover, we have, for the second and third

focal quantities of (3.1) at O, Wa > 0 and W3 > 0. So from [6, Theorem 3], we have Fig.2,

>0

351 (x1,y1) is an anti-saddle of (3.1) on 1+ az —y = 0 with 1 > 0,31 < 0.
4The first three inequalities in (3.3) are the same as in [6].
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where l; and [y are separatrices passing through the saddle point N (0, %), and
1 1
L:y=—+kz, L :y=—k
n n

are tangents of [ and Iy at N, respectively.

Fig.2 Fig.3

Now, if M; is above My, then there is no or an even number of LC around O. Assume
there are two LC I'y D I's D O. Then by perturbing first m from m;, and next adding a
term dx to the right side of the first equation in (3.1) such that 0 < § << m; —m << 1 and
0 < << =Wy << Ws, we can get another two LC I's D T'y, while I'; and I's still exist.
Hence there are four LC: 0 C T'y C I's C I's C I'y, where O, I's,I'; are unstable, I'y, 'y
are stable. As § increases, I'1 and I's,I'3 and I'y will come closer and closer, and finally
coincide, becoming semi-stable LC and disappearing. But this shows that as § decreases
from a certain positive value to zero, semi-stable LC appear two times, which contradicts a
proposition in [8]. So there is no LC around O in Fig.2.

If on the contrary, Ms is above M; in Fig.2, then surely a stable LC must exist around O.
We can get a contradiction as before if we notice that div|y = " > 0. Also this contradiction
ensures that M, must be below M;.

Case II. Assume (3.3) and C' > 0in (3.4). Then (3.5) still holds, but now W = —C < 0,
so Wy < 0,W3 < 0, and

G>0,a—(n+Dk <0, a—(n+1)ks <0.

By [6, Theorem 3], we have Fig.3. The non-existence of LC around O can be proved as in
Case 1.

Case III. Assume (3.3) and C = 0 in (3.4), then a — (I +n)k1 = ;* +1—20 = 0. By [6,
(44)], the Dulac function

1 _m — —_n
B(x,y) = (y = — — ko) ™5 (1 - y) R

becomes an integrating factor of (1.1), so O and S; are both centers.
Case IV. Assume’

a<0, n>1, n+l<0, Wiy =0. (3.6)
Then we have
—-1+2
n—+1

5When a < 0,1 < 0 and W = 0, we cannot have n41=0.
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It is easy to see that W > 0, so C < 0, and a — (I + n)ks > 0,ly lies above L'; also
a—(l+n)k; <0,l; lies above L.

(i) Assume 5a—mg > 0. Then 5n+314+1 > 0, s0 3({+2n) > n—1 > 0and Wy > 0, W3 < 0,
which contradicts the assumption of Conjecture II. In this case, O is unstable, a small
amplitude stable LC appears around O when Wy << |Wj|.

(i) Assume 5a — mgy < 0 and 2a + n(l + 2n) < 0. Then WoW3 < 0, which contradicts
Conjecture II, too. In this case, O is stable, a small amplitude unstable LC appears around
O when |Ws| << Ws.

(iii) Assume 5a — mg < 0 (i.e., 5n + 3l +1 < 0), 2a®> + n(l + 2n) > 0. Then Wy <
0,W3 < 0, O is stable, and we have Fig.4 when na? + ams +1 < 0, ( S; and Sy are both
anti-saddles) but Fig.5 when na? + amg + 1 > 0 ( Sy becomes a saddle ). In Fig.4, I5
and lg are separatrices passing through the critical points at infinity A}(—z1,—1,0) and
Al (—z9,—1,0), respectively, where 21 < 0 and 25 > 0 are roots of the cubic equation

F(z) = az® — (1 +1)2* —mx —n = 0. (3.7
We can prove easily by (3.6) and the relations between coefficients and roots of (3.7) that
in our case F(1t) > 0, so

141 141
— <3, T1+axo=——23<0.
a a

But we cannot even compare the absolute values of the slopes of I5 and lg at A} and Aj,
although we know at this moment ks > |k1| > 0.

Fig.4 Fig.5
Let us now calculate the inner stability of the infinite separatrix I'* formed by l5, Lg and
A} A}, when the former two coincide. By the formula given in [9], we have at A} (—z1,—1,0)

pgl) _ —3Baxi+2(1+Day +m

pr=—"ty = >0 (3.8)
1

z1(axy — 1)
and at AL (—x2,—1,0)

_ ) —wsfems 1) >0 (3.9)
P2 p§2) 3az3 —2(1+ l)za —m ' '

If we can prove
zo(axe — 1)(3ax? — 2(1 + 1)y — m)

o1 (azy — 1) (Bazd —2(1+ Dag —m) (3.10)

p1p2 =
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or equivalently
xo(axy — 1)(3ax? — 2(1 + D)xy — m) — a1 (azy — 1)(3ax3 — 2(1 + )ag — m)

(3.11)
= (1 — ®2)[a(2l — 1)z122 + ma(z1 + x2) — m] > 0,
then I'* will be inner stable (see [5, §3, p.73] ).
Now,
20— 1 1+1
a(2l — 1)x129 + ma(zy + x2) —m = n ) + ma( o xg) -m
T3
21 —1 lxg — 2 1 l
BRICEETT T U WA\ VAR . SR
I3 T3 a a
when W1 =0, i.e., m =mgy = a(ili;ll) < 0. Since 5n + 31 + 1 < 0, we have
1+1
2> s I (3.13)
a a
Moreover,
_ 2
F(””) _ 1)(2””) 2l 4+1-n>0,
a a
o
l
23> " (3.14)
a

(3.12), (3.13) and (3.14) ensure (3.10) as desired.

Now, we return to Fig.4.

(1) If I5 goes to the right of I as shown in the figure, then no LC or an even number of
LC appear around O(0,0); we can get a contradiction as in Case 1, if the later occurs.

(2) If I5 = g or 5 goes to the left of lg, then between O and I'* (separatrix cycle of (3.1)
or separatrix cycle of the system after m has been changed and dx has been added in the
first equation of (3.1) suitably, similar to Case 1), there must be an unstable LC, so we
can still get a contradiction as in Case 1. Also this contradiction ensures that the relative
position of l5 and lg must be that shown in Fig.4. The proof of the non-existence of LC in
Fig.5 is the same as in Case II.

Conclusion: Conjecture II in [3] is true under condition n > 1, [ < 0.
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