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Abstract

Bifurcation problems equivariant under the standard action of the orthogonal group O(n)
up to O(n)-codimension 4 are classified into 19 classes. For each class the normal form and one
universal unfolding are calculated and the recognition problem is solved.

Keywords O(n)-equivariant bifurcation, Normal form, Universal unfolding, Recognition
problem

1991 MR Subject Classification 55M10, 58E09

Chinese Library Classification 0189.2, 019

§1. Introduction

In this paper we investigate local bifurcations equivariant under the standard action of
the orthogonal group O(n) on R™. One of the motivations to study such problems is that
many physical systems possess the spherical symmetry, for example, in the study of buckling
of a planar disk of a spherical shell. Another motivation comes from some mathematical
requirement, for example, the study of degenerate Hopf bifurcations (see [2, 6]). Most
of these problems can be reduced to the study of the local bifurcation diagrams of O(n)-
equivariant bifurcation problems. A fundamental approach to the study of O(n)-equivariant
bifurcation problems is the equivariant singularity theory which was developed in [3, 4]. One
of the goals of singularity theory is to classify and characterize equivalent classes. The other
one is to study perturbation problems, which is related to universal unfoldings and then
induces the notion of O(n)-codimension.

There are some previous results for the special case n = 1 due to several authors. Gol-
ubitsky and Langford in [2] studied the Zs-equivariant bifurcation up to Zs-codimension
three. They gave a complete discussion of classification, unfoldings and recognition. Shi in
[6] generalized their result to the case of Zy-codimension four. In the present paper we show
that for any positive integer n every O(n)-equivariant bifurcation of O(n)-codimension less
than five is equivalent to one of the 19 normal forms listed in Table 3.1. For each class the
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normal form and one universal unfolding ard calculated, and by using the method proposed
by Melbourne in [5] the recognition problem is solved.

The remainder of the paper is organized as follows. In Section 2 some notations and con-
cepts are introduced. Then in Section 3 the classification and unfolding theorem (Theorem
3.1) are established. Finally in Section 4 the recognition conditions are derived (Theorem
4.1).

§2. Preliminaries

Let the n-dimensional orthogonal group O(n) act on R™ in the standard way. We first
introduce some invariants related to O(n)-equivariant bifurcation problems. Let (z,\) €
R™ x R. Denote by &, x((n)) the set of all O(n)-invariant C*° germs, i.e., germs f: (R™ x
R,0) — R satifying

flyz,A) = f(z,N), ¥Vy€O(n), zeR" AeR; (2.1)

—
by €..(0(n)) the set of all O(n)-equivariant C*° germs, i.e., germs g : (R™ x R,0) — R”
satisfying

g(vz, \) =vg(xz, ), Vy€O(n), R AeR; (2.2)

<~
by £, x(0(n)) the set of all matrix-valued O(n)-equivariant C*° germs, i.e., germs g :
(R™ x R,0) — L(R™) satisfying

S(yx,A) =~vS(z, ), ¥Vy€O0O(n), xR AeR; (2.3)

and finally, by £y the set of all C*° germs (R,0) — R.
The following proposition gives the O(n)-invatriant theory.
Proposition 2.1. Let u = |z|?. Then
(a) Every f € E,A(0(n)) can be expressed as

flz,A) =r(u, ), re&ynx. (2.4)
(b) Every g € zm,\(O(n)) can be expressed as

gz, N) =r(u, Nz, 7€ &y (2.5)
(c) Every S € <gw,\(O(n)) can be expressed as

S(z,N\) = p(u, I, + q(u, NzzT, p,qe Eun- (2.6)

(3]

Proof. For the special case n = 1, 0(n) = Za, the theorem is well-known!®). We consider

general case n > 1. Set the group

)

that acts on the space V := {(x1,0,---,0) € R"|z; € R}. Since O(n) acts transitively on
the sphere 8”1, it follows that for any 2 € R” there exists an orthogonal transformation
vz € O(n) such that v,z = (|z|, 0,---,0) € V.

(a) For f € &, 1(0(n)), obviously, f | V : (V xR,0) — R is a C* Zy-invariant germ.
One has an r € &, such that f(y,\) = r(|y|*,\) for all (y,\) € (V x R,0). So for
(.Z’, >‘) € (Rn x R,0), f(x’)‘) = f(fYac_l(‘xl’ 0,--- 70)’)‘) = f((|x|’07 T ’0)’ )‘) = T(|$|27)‘)'
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—

(b) For g € £,1(0(n)) it is easy to see that g(VxR) C Vandg |V : (V xR,0) » Visa
C™ Zs-equivariant germ. Hence there exists a germ r € &, » such that g(y,\) = r(|y|*, \)y
for all (y,)) € (V x R,0). So for (z,)) € (R" x R,0),

g(z,\) = 9(71_1“1"70’ ,0),A) = 7;19((|$|7 0,--+,0),A)
= ’)/;17"((|1'|, /\)(|‘T|a Oa e 70) = 7‘(|JC|2a )\)J?
(c) can be proved by arguments similar to those for (b).
Remark 2.1. (i) We introduce an equivalence ~ on &, x:

r1 ~ 1o if and only if 71 (u, \) = r2(u, A) for all w > 0 and X € (R,0).

N
Then (2.5) defines a 1-1 correspondence between germs in €, 5 (O(n)) and equivalence classes

in &5/ ~. For this reasom we identify g € Ez A(O(n)) with the corresponding equivalent
class [r] € €0/ ~. It is easy to that r; — 7y is a flat germ whenever 11 ~ ro. As we will
see below, for germs of finite O(n)-codimension the classfication and recognition problems
depend only on their low order derivatives at the origin and then the solution of these
problems do not depend on the particular choice of the representative in an equivalent class.

(ii) &, x and &y are local rings whose maximal ideals are respectively
My ={r€&,r(0,0) =0} and My = {r € &A|r(0) = 0}.
— <«
By (b) and (c), £;2(0(n)) and €,1(0(n)) are &, »-modules generated by {z} and {I,,

xxT} respectively. Let R be a ring and Z be R or an ideal of R. Let M be an R-module
and S a subset of M. We denote by

1§ := {rlgl—""'—'—rkgk‘ri €I7 9i 687 1= 1a 7k}
the submodule of M generated by elements all like rg, where r € Z and g € S. Hence
N “—
Exn(0(n)) = Eup{z} and E,(0(n)) = Eun{l,, z2'}.
Now we condider bifurcation problems. An O(n)-equivariant bifurcation problem g is a

_
germ g € &£, (0(n)) satisfying ¢(0,0) = 0 and det(dg)o,0 = 0, where dg is the derivative of
g with respect to z. The (local) bifurcation diagram of g is the set

{(z,\) e R" x R,0)|g(z,\) = 0}.
A triple (S, X, A) € gwA(O(n)) X Egg,\(O(n)) x & is called an O(n)-equivalence if it datisfies
X(0,0)=0, A(0)=0, detS(0,0)>0, det(dX)oo >0, A'(0)> 0; (2.7)
and it is called a strong O(n)-equivalence if furthermore A(A) = A. Two germs g,h €

—
E4A(0O(n)) are said to be (strongly) equivalent if there is a (respectively, strong) O(n)-
equivalence (S, X, A) such that

h(z,A) = S(z, \)g(X (z,X),A(N)), V(z,)) € (R" x R,0), (2.8)
Hence equivalent germs have diffeomorphic bifurcation diagrams. Let a € R¥. The nota-
tions 5>\7a,5z7,\)a(0(n)),gw}\,a(O(n)) and <5907,\,,1(0(71)) have the similar meaning as their
counterparts with a single paramter A\. A k-parameter O(n)-unfolding of g € Eg;,\(O(n)) is
a germ G € EL,\,Q(O(TL)) satisfying G(z, A,0) = g(x, A) for all (x,A) € (R™ x R,0), where
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a = (ag, -+ ,ax) € R* are called unfolding parameters. Equivalences on gx)\a(O(n)) can
be defined similarly as those on EQCA(O(n)) (see [4]). An O(n)-unfolding G € EmAa(O(n))
of g € gx A(O(n)) is said to be versal if any O(n)-unfolding of g is equivalent to an un-
folding induced from G. Universal O(n)-unfoldings of g are the versal ones with the least
number of unfolding parameters, which is called the O(n)-codimension of g and denoted by
codimp ) g-

Let D(O(n)) (D?*(0(n))) be set of all (respectively, strong) O(n)-equivalences. Then
D(O(n)) is a group with a suitably defined binary operation and D*(O(n)) is a subgroup
of D(O(n)) and their actions on Em,\(O(n)) are defined as the right-hand side in (2.8) (see
[5]). For g € EIA(O(n)) denote by TD®)(g,O(n)) the tangent space to the group orbit
D(O(n)) - g (respectively, D*(O(n)) - g). It is easy to see that

TD*([r], O(n)) = Eunilr], fural}, (2.9)
TD([r],0(n)) = Eun{lr], [ura]} + Ex{[M]}. (2.10)

They are respectively an &, y-submodule and an £y-submodule of 21;,\(0(71))

Remark 2.2. Since (2.5), (2.9), and (2.10) have the same expressions as those in Zs
case, it is not surprising that some discussions in this paper parallel to that in [2].

A submodule M of EIA(O(n)) is said to be intrinsic if it consists of entire D*(O(n))-

orbits. For a subset S C ZIA(O(n)) containing zero we denote by ItrpsS the maximal
intrinsic submodule contained in S.

The following theorems are our main tools to classity O(n)-equivariant germs and to
calculate the normal forms and universal unfoldings for each class.

Theorem 2.1. Let M be a submodule of zw,\(O(n)) of finite codimension. Then M
is intrisic if and only if M = (WM X wk2 )Nz oo gk XV} for some intrgers ki, l; (i =
1,---,5) such that ky > ko > -+ >k, =0=1; <ly < --- <. Here (uF1 A\ ub2 )z ...
uks \s) is the ideal of £, x generated by uFi N,

Proof. This theorem can be proved as [3, Proposition VI1.2.8].

Theorem 2.2. Let g,p € EIA(O(n))

(a) (Homotopy, [1, Theorem 2.2], [4, Theorem XIV.1.3]) If TD®)(g,0(n)) = TD®) (g +
tp, O(n)), for allt € [0,1], then g + tp is (strongly) O(n)-equivalent to g for all t € [0,1].

(b) ([4, Theorem XIV.7.2]) If p € Itrps My, AT D?(g,0(n)), then g+ p is strongly O(n)-
equivalent to g.

Theorem 2.3 (Versal Unfolding Theorem, [4,Theorem XV.2.1]). Suppose G € ZL)\’a

-
(O(n)) be a k-parameter O(n)-unfolding of g € €5 (0(n)). Then G is versal if and only if

Eoa(Om) = T(g.00) +R{ 5| o 22| L, (2.11)

where
T(g,0(n)) = Euxfg dg - =} + Ex{or} (2.12)
is the tangent space. Moreover, if {%(-,0),~-- ,%(~,O)} is a basis of a subspace of

EI,\(O(n)) complement to T(g,0(n)), then G is a universal O(n)-unfolding of g.
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§3. Classification and Unfoldings

Throughout this paper we assume ¢,§,0 = £1 and denote
ity
i = G
The following classsification and unfolding theorem is one of the two main results of this
paper.
Theorem 3.1. Let g = [r] € gl,\(O(n)), where r € &, satisfying ro0 = 0. If
codimgnyg < 4, then g is O(n)-equivalent to one of the normal forms listed in Table 3.1

0,0).

where the O(n)-codimension and a universal unfolding for each normal form are also given.

Table 3.1 Normal forms, O(n)-Codimensions and Universal Unfoldings

No. Normal Form h codimg(,)h  Universal Unfolding of h
(1) (Ou +eX)z 0 h
(2) (bu +eX?)x 1 h+ oz
(3) (6u? + el 1 h+ cqjux
4) (du+eX®)x 2 h+ (a1 + ag)x
(5) (6u® + ez 2 + (a1u + agu?)z
(6) (6u? +eX?)x 3 h+ (a1 + asu + asul)z
(7) (Su + etz 3 + (a1 + @A + az\?)z
(8) (0u? + 2bul + eX?)x,

b#0,b%# e + (a1 + agA + agu)x

Su? 4 20u(X 4+ A\?) + 6A?)z
du? + oul + eX®)z

oud + oul + ed?)x

Sut + ez

Su +eXd)x

E + (a1 + @A + az )z
(

E

(6u? + ouX + etz

(

(

(

(

(

(
(
+ (a1 + @A + az\?)z
+ (a1 + @) + azu?)x
+ (aqu + azu? + azud)z
+ (a1 + @ + azA? + az\3)x
h+ (a1 + ag ) + azA? + aqu)x
+ (a1 + agA + azu + agu)z
+ (a1 + @ + az\? + ayu?)z
+ (a1 + ag A + azu + aqu)x
—+ (041 —+ Q22U + a3u2 —+ OL4U3).’E
+ (au + agu? + azu® + agut)r

du? + oud? + eX¥)w
ud + oul + ez
dud + ou?\ + ed?)z
Sut + oul + ez
oud + ez

N O S N SO N O SU I JU R SURI U It

Note. In this table u = |z|? and all the «;s are unfolding parameters.

The proof of Theorem 3.1 needs several lemmas.

Lemma 3.1. Let r € &, 5, r(0,0) = 0. Suppose that [r] has finite O(n)-codimension.
Then

(a) k =min{i|r;, 0 # 0} < 00 and | = min{j|r ; # 0} < oo.

(b) T([r],0(n)) C Eupn{vfz, urz, Nz} + R{[r\]} and hence codimgy)[r] >k +1 — 2.

(¢) [r] is O(n)-equivalent to

(N +ar(Nu+ -+ ap_1 (Vb + 6ub + apyo(u, N2, (3.1

where a;j(0) =0, 1 <j < k.

Proof. Since [r] is of finite O(n)-codimension, it follows obviously that k£ < oo and
[ < 00, s0 (a) holds. We may assume that

(1w, A) = bo (M)A by (M) ut- - +bp— 1 (NP~ Hbp (NP b1 (N uF T b0 (u, NuF T2, (3.2)
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where by(0) # 0,bx(0) # 0 and b1(0) = --- = br_1(0) = 0. It is easy to check that [r], [ury]
and [ry] are in &, \{u*z, ulz, \'z} + R{[r\]} and hence by (2.12), (b) is valid. Note that
for and p,q, A € R
k+1
pr(u+uA, q\) = co(A,p, ¢, VA + D ¢i(A,p, g, ' + cya(A, p, g u, b2,
i=1
where

co(A,p,q,\) = pqg'bo(q)),

/2] .
¢j(A,p.q, ) pZ( )AZJ (g, j=1,2,--- k+1.

By the Implicit Function Theorem there exist smooth germs A, p,q : (R,0) — R such
that

co(A(N),p(A);q(A), A) =&, cr(A(N),p(A),q(A), A) =6, crs1(A(A), p(A),q(A), A) =0,
where € = sgnbg(0) and ¢ = sgnbi(0). Denote a;(A) = ¢;(A(N),p(N),q(A),\) for 1 <i < k
and agyo(u, ) = cpr2(AN),p(A), g(N),u, A). Hence

pN)7(u+u2A(N), ¢ =X+ Z a;(Nut + 0uF + agpo(u, \ub2, (3.3)

Lemma 3.2. Letr € &, .

(a) Ifroo="--Thk—10=0 and ryo - 101 # 0 for some k > 1, then [r] is O(n)-equivalent
to (eX + du® )x where € =sgnry 1 and § =sgnry .

(b) If roo = ---104—1 =0 and r1,0 - 7oy # 0 for some l > 1, then [r] is O(n)-equivalent
to (el + 5u)x, where € =sgnrp; and § =sgnry .

(c) If r = el + 6u” where €,6 = £1, then codimg)[r] = kl — 1 and [r] has a universal

O(n)-unfolding in one of the following forms
k=11
(c.1) (eA! + dur + ZaAwr > Zﬁ”uw) (k>1,1>1),

=1 7=0

(c.2) (eX 4 du+ Z Mz (k=1,1>1),
170

(c.3) (eA+duf + Zau)x (k>1,1=1),

(c.4) (eA+ du)x (k =1=1),
where oy, B; ; are unfolding parameters.
Proof. By (2.9) and (2.10), (a) and (b) can be proved with an argument similar to that
for Zs cases in [2]. By (2.12) a simple calculation shows that

T((eX + 6ub)z, 0(n)) = Eun{Na, ubz} + R{N "1z}
If k> 1and > 1, then {u'Mz|l <i<k, 0<j<I}U{Nz|0<j<I[-—1} form a basis for
subspace complement to T'((eA\! +du*)z, O(n)), By the Versal Unfolding Theorem (Theorem
2.3), (eAl +6uF)x is of O(n)-codimension kIl — 1 and (c.1) gives a universal unfolding. Other
cases can be similarly proved.
Lemma 3.3. Ifr € £, satisfies ro9 =110 =701 = - =7101-1 =0 and rag -ro; # 0
for some | > 2 and codimg,)[r] < 4, then [r] is O(n)-equivalent to one of normal forms
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(6),(8),(9),(10),(14),(15) in Table 3.1

Proof. This lemma follows by an argument similar to that for Z, cases in [2].

Lemma 3.4. Ifr € &, satisfies 700 = 71,0 = T2,0 = 70,1 = -+ = roy—1 = 0 and
73,0 - 0, # 0 for some | > 2 and codimgy[r] < 4, then [r] is O(n)-equivalent to one of
normal forms (11),(16),(17) in Table 3.1

Proof. By Lemma 3.1, r can be written as
r=eA + ar(MNMNu + ag( M)A u? + 6u® + as(u, \)u®,

where p,q > 1, and £,0 = 1. By the assumption that codimg,)[r] < 4 we have | < 3. If
p,q > 1, then

Nuz, NPz, ubz € My \TD*((eX + §u?)z, O(n))

and hence by Theorem 2.1 and Theorem 2.2 (b), [r] is equivalent to (e\! +du?)z. By Lemma
3.2, codimgpy[r] = 31 — 1 > 5, which contradicts the assumption that codimg,)[r] < 4.
Therefore we have p <l or ¢ < I.

If ] =2,p=1,q > 1, it can be proved similarly as its counterpart in [2] that [r] is
equivalent to (eA? + oAu + 6u?)x, which is of O(n)-codimension three and has a universal
unfolding of the form

(eX? 4+ o u 4 6u® + a1 + ag) + azu?)x.
Ifl=2,p>1,q=1,let h = (eA\? + az(0)\u? + du3)x. Then
TD*(h,0(n)) = Eun{(6u® — 2eA?)x, (3eA? + a2(0) \u)z}

and

2 2 4 2
gqum =ulz = - a;éO) udhe = %u%ﬁm, mod M, \TD?(h, O(n)).
It follows that u\?z € M, \TD*(h,0(n)) and hence u*\?z,u'x € M, \TD*(h,O(n)).
Therefore [r] — h € Itrps M, \TD*(h,O(n)) and by Theorem 2.2 [r] is equivalent to h. Since
TD?(h,0(n)) = Eua{uvdz, u?\z, A2z} is independent of as(0) which is nonzero, by Theorem

2.2 (a), h is equivalent to (eA?+sgnag(0) u? + du)z. An easy calculation shows that

x,ur, \r, ulx span a complementary space to T'(h, O(n)) and this shows that codimg,)h =
4.

If I = 3,p=1,q > 1, it can be proved similarly that [r] is equivalent to (e\*>+cul+d6u?)x,
which is of O(n)-codimension four and has a universal unfolding of the form
(s)\3 +odu+ 6ud 4+ ag + as) + asA? + a4u2)z.
Ifi=3,p>1,q > 1, similar argument as in the proof of Lemma 3.1(b) shows
T([r],0(n)) C Eunfuds, vz, ul’z, N3z} + R{ryz}

and hence codimg ) [r] > 5.

Lemma 3.5. Ifr € &, satifies ro0 = r1,0 = 12,0 = 73,0 = 70,1 = -+ = To,—1 = 0 and
r4,0-10, 7 0 for some | > 2 and codimg,)[r] < 4, then [r] is of O(n)-codimension four and
O(n)-equivalent to (eA? + odu + dut)x which has a universal unfolding as

(eX? 4+ odu + 6u' + a1 + azu + azu® + agu®)z.
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Proof. As in Lemma 3.1 r can be written as
=X+ ar(MMNu + ag(MAu? + as( M)A 4 du® + as(u, \)u®,

where £,0 = £1 and p, ¢, > 1. By the restriction on the O(n)-codimension of [r] it follows
that [ =2. If p > 2, then

T([r],0(n)) C Eun{utz, v’ z, N2z} + R{r\z}

and hence codimgy,)[r] > 5, which is a contradiction to the assumption that codimey,)[r] <
4. Therefore p = 1 and a similar argument as in the proof of Lemma 3.4 shows that [r]
is equivalent to (eA? + sgnaj (0)\u + du*)z, which is of O(n)-codimension four and has a
universal unfolding of the form h + (a1 + aou + azu? + aqu®)z.

Proof of Theorem 3.1. By Lemma 3.1, [r] can be assumed to take the form

r=eXN+ar(Nu+ -+ ap 1 (N)uF 1+ ouF + apyo(u, Nubt

where a1(0) = -+- =a,-1(0) =0, e, =+1 and kK +1 <6.

If k =1 or [ =1, then [r] satisfies the condition in Lemma 3.2 and hence is equivalent to
one of the normal forms (1),(2),(3),(4),(5),(7),(12),(13),(19).

If k=2 and 1 <! <4, then [r] satisfies the condition in Lemma 3.3 and hence [r] is
equivalent to one of the normal forms (6),(8),(9),(10),(14),(15).

If k=3 and 1 < < 3, then [r] satisfies the condition Lemma 3.4 and [r] is equivalent to
one of the normal forms (11),(16),(17).

If k =4 and | = 2, then [r] satisfies the condition in Lemma 3.5 and [r] is equivalent to
nomal form (18).

§4. Recognition Problem

In this section we focus on characterizing the group orbit D(O(n)) - g for a given O(n)-
equivariant germ g, i.e., solving the recognition problem for g. We prove

Theorem 4.1. Let g =[r] € Em,,\(o(n)), where r € &, x satisfies 7(0,0) = 0. Then g is
O(n)-equivalent to one of the normal forms listed in Theorem 3.1 if and only if r satisfies
the corresponding conditions in Table 4.1

According to [5], D(O(n)) can be expressed as a product of the unipotent subgroup
U(O(n)) and the scaling subgroup S(O(n)) (see [5] for their exact definitions):

D(O(n)) =U(0(n)) - S(O(n)).
8(0(n)) consists of O(n)-equivalences (S, X, A), where S, X, A are scalar maps and hence
S(0(n))-orbits can be easily characterized and hence recognition problem concentrates on
discribing U(O(n))-orbits. Let
M(g,U) = {h € E,7(O(n))|g + h € UO(M)) - g}.
Then U(O(n)) - g = g+ M(g,U). Then main result in [5] can be stated as

—

Theorem 4.2.° Let g € £, ,(0(n)) be of finite O(n)-codimension. Then
(a) Itry M (g,U) = Itry TU(g, O(n));

(b) M(g,U) is U-intrinsic if and only if TU(g, O(n)) is.
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Table 4.1. Defining Conditions and Non-Degeneracy Conditions

No. Defining Conditions Non-Degeneracy Conditions
(1) 70,0 =0 sgnry o =9, sgnro; =¢€
(2) r0,0 =701 =0 sgnr10 =9, sgnros =€
(3) 70,0 =T1,0 = 0 sgnro o = (5, sgnro1 =€
(4) 70,0 =T0,1 = 70,2 = 0 sgnriyo = 6, 5gnro3 =&
(5) T0,0 =T1,0 = T2,0 =0 Sgnr370 :(5, SgIlTLO =£
(6) ro,0 =710 =701 =711 =0 sgnrao =0, sgnros =€
(7) 70,0 = 70,1 = T0,2 =703 =10 sgnrio =9, sgnro4 =€
(8) 70,0 =7T1,0 = 70,1 =0 sgnra g =90, sgnro = €,
ria[rf = r20m0,2] # 0.

(9) ro,0 =T1,0="01=0 sgnrao =9, sgnros =9

- 2 3

2 _ 3r2.17m1,1 3r1,271 4 70,3711
11— 20702 = 0 sen (’I“370 T roe 02 Too )
=do '

(10) r0,0 =7T1,0 = T0,1 =T0,2 =0 sgnreo =0, 8gNry 1 = 0, SgNT3 = €
(11) 70,0 =T1,0 =T2,0 = 70,1 =0 sgnrs o =0, SgNry,] = 0, SgNTo2 =€
(12) 0,0 =T1,0 = 72,0 = 73,0 = 0 sgnryo = (5, sgnro1 =€
(13) T0,0 =T0,1 =T0,2 =703 =704 =0 sgnrio=209,sgnros =¢€
(14) 70,0 =T1,0 =T0,1 = 70,2 = 70,3 = 0 Sgnrlo = (5, SgIlTLl =0 sgnr0,4 =£
(15) 70,0 =T1,0 =701 =7T02="11=0 sgnroo=04,sgnr12 =0 sgnros =¢€
(16) T00 =T1,0 =720 =701 =702=0 sgnrso=27,sgnr 1 =0 Sgnro3 =¢
(17) T0,0 =T1,0 =T2,0 =70,1 =71,1 =0 sgnrs3 o =0, SgNre ] = 0 SENTo2 =€
(18) 70,0 =T1,0 = 72,0 = 73,0 =T7T0,1 = 0 sgnryo = (5, Sgnriy1 = o0 sgnrp2 =&
(19) 70,0 =T1,0 =720 =730 ="40=0 sgNr50=20,58N701 =€

Here TU(g,0(n)) is the tangent space to the group orbit U(O(n)) - g and a subspace V'
of ETA(O(n)) is said to be U-intrinsic if it coincides with Itr;/V' by which we denote the
maximal subsqace of V' cousisting of entire U (O(n))-orbits. By Theorem 4.2 the key steps
in solving the recognition problem are to calculate the tangent space TU(g,O(n)) and to
check whether it is U-intrinsic.

Proof of Theorem 4.1. Let U*(O(n)) = D*(0O(n)) NU(O(n)) and let TU*(g,O0(n)) be

the tangent spaces to the group orbits U*(O(n)) - g. By the results in [5] we have
TuU([r], O(n)) = Eun{lurl, W], [urd], [udra]},
TU([r), 0(n)) = Eun{lur], W], [urd], [udra]} + Ex{\ra},
Table 4.2. Tangent Spaces to U(O(n))-Orbits

TU(h,O(n)) No. in Table 3.1

and Table 4.1
Eu{uFHa, uF Az, u Nz, X2} (1-7), (12), (13), (19)
M, =} (8)

(4.1)

[u
[u (4.2)

Normal Form A

(6uF + ez

(0u? + 2bul + eX?)x
b+#0,b% # &6

(0u? 4 20u(X + X*) + 0Nz M, \{z} + R{uw?*(du + o)z,
uA(6u + o Nz, A2 (du + oN)x}  (
Eun{uFta, Ao, ullz, Xz} (
Mi)\{x} + R{uA?z, N3z} (
M, {x) + R{udz, udx} (

(0uF + oul + +eXD)w, k1 > 2
(6u® + ou?\ + +eX?)x
(6u? + oud? + +eX®)x
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We list in Table 4.2 the tangent spaces to the U (O(n))-orbits of the normal forms as
the main data for solving recognition problems and prove two cases as examples. By [5,
Theorem 5.5] it can be checked that all these tangent spaces are U-intrinsic.

(i) (6uF + ez

f€8(0(n)) - (dur +eXz iff f(x,\) = (A2 1ur + e AB'\)z for some A, B > 0. Then
from (4.1) and (4.2)

TU(f,O(n)) = TU(f,0(n)) = En{u" o, uf Az, uz, X2}
By Theorem 2.1 it is U-intrinsic and hence
M(f,0(n)) = TU(f,O(n)),
g €UO(n)) - fiff ge f+ Eur{u" o, uP e, ullz, N}
The necessary and sufficient condition for g = [r] being equivalent to (Ju* + e\!)x is
ri; =0, 0<i<k, 0<j<I; sgnrpo=20; sgnrg; =ce. (4.3)

(ii) (0u* 4+ oul + ez, k,1>2

f €8(0(n))- (0uF +our+eX)x iff f(z,\) = (A% T ut + 0 A2 Bul + e AB'\?)x for some
A, B > 0. Then

TU(f,O(n)) = Eupn{Pr, P2, P3, Pu},

where
P ko A%k cA®B 0 0 uktly
P | 0 k6 AZk+1y k=2 cA3B 0 u?z
Py | | (k—1)5A%+1 0 —eAB'\I=2 0 ulx
Py 0 (k — 1)§ AZF+1yk—2 0 —eAB! Nty

Since the matrix in the above equation is invertible, we get
TU(f,O(n)) = TU(f,0(n)) = Eua{u o, u? Ao, uN2z, N T2}
By Theorem 2.1 it is U-intrinsic. Hence M (f, O(n)) = TU(f,O(n)) and
g eUOM)) - fiff g f+Eun{u’ e, vz, urz, Nz},

The necessary and sufficient condition for g = [r] being equivalent to (6u* + ouX +
ez, k1> 2 s

T0,0 =T1,0="""=Tk-1,0=70,1="""="101-1=0;
sgnryo =0; sSgnrip =o0; SgNry 1 = €. (4.4)
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