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THE ZEROS AND ORDER OF MEROMORPHIC
SOLUTIONS OF f® 4 Bf=H(z)***
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Abstract

Suppose that B is a rational function having a pole at co of order n > 0 and that H #0 is a
meromorphic function satisfying o(H) = 3 # (n+k)/k. If the differential equation f(*) + Bf =
H(z) has a meromorphic solution f, then all meromorphic solutions f satisfy

A(f) = Mf) = o(f) = max{B, (n + k)/k},

except at most one exceptional meromorphic solution fo.
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§1. Introduction and Results

Consider non-homogeneous linear differential equations of the form
f®+Bf=H (k>2). (1.1)
I. Laine proved in [7]
Theorem A. Let B(z), Py(z), P1(2) £0 be polynomials such that deg B =n > 1, deg Py =
B < (n+k)/k and H = Py(2)e™*) ] then
(a) If deg Py < n, then all solutions of (1.1) satisfy

A(f) = A(f) = o(f) = (n+k)/k. (1.2)

(b) If deg Py > n, then apart from one possible exception, all solutions satisfy (1.2). The
possible exceptional solution is of the form fo = Q - exp(Py), where Q is a polynomial of
degree deg Q = deg P; — n.

Gao Shian had earlier addressed the case when k = 2 in Theorem A.

In this paper, we use the same notations as in [1], i.e., we use A(f) and A(f) to denote
respectively the exponents of convergence of the zero-sequence and the sequence of distinct
zeros of f(z) and A(1/f) and A(1/f) to denote respectively the exponents of convergence of
the pole-sequence and the sequence of distinct poles of a meromorphic function f(z),o(f)
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to denote the order of growth of f(z). We use the standard notations of the Nevanlinna’s
theory (e. g. see [5]).

In [2], Chen Zongxuan proved

Theorem B. Let B be a rational function having a pole at co of order n > 0, H(z) be
a transcendental meromorphic function satisfying o(H) = 8 < (n+ k)/k. If all solutions
of (1.1) are meromorphic functions, then apart from one possible exception fo, all solutions
satisfy (1.2) and AN(1/f) = M1/H). The possible exceptional solution fy satisfies 5 < o(fo) <
(n+k)/k.

Theorem C. Let B be a rational function having a pole at co of order n > 0, H(z) be
a meromorphic function satisfying (n+k)/k < o(H) = 8 < oo. If all solutions of (1.1) are
meromorphic functions, then

(a) o(f) = B, A(L/f) = A(1/H);

(b) If 8 = A(H) > A(1/H), then A(f) = 5

(c) If B > max{A(H), A(1/H)}, then apart from one possible exception fo having A(fo) <
B, all solutions satisfy

ASf)=Af) =o(f) =8B (1.3)

By the fundamental theory of the differential equation with complex coefficients, we know
that all solutions of linear differential equation with entire coefficients are entire functions.
But a solution of linear differential equation with meromorphic coefficients is not perhaps a
meromorphic function. For example, f = exp{%} is a solution of

1 2
r=(F+z)r=o

but exp{%} is not a meromorphic function. Therefore in Theorems B and C, the condition
that all solutions of (1.1) are meromorphic functions is very rigorous. In this paper, we shall
subtract this condition in Theorems B and C, generalize Theorems B and C, and obtain
the precise estimate of the order of exceptional solution fy. We shall prove the following
theorems.

Theorem 1.1. Suppose that B is a rational function having a pole at oo of order n >
0, H = 0 is a meromorphic function satisfying o(H) = (. If (1.1) has a meromorphic
solution f, then

(a) If B < (n+ k)/k, then all meromorphic solutions f of (1.1) satisfy (1.2) with at
most one possible exceptional meromorphic solution fy. The possible exceptional solution fy
satisfies o(fo) = .

(b) If B = (n+ k)/k, then all meromorphic solutions f of (1.1) satisfy o(f) = (n+k)/k
and

max{A(f), \(1/f)} > max{\(H), A(1/H)}. (1.4)

Theorem 1.2. Suppose that B is a rational function having a pole at oo of ordern > 0, H

is a meromorphic function satisfying (n+k)/k < o(H) = 8 < oo. If (1.1) has a meromorphic
solution f, then

(a) o(f) = B;
(b) If B = \(H) > \(1/H), then A(f) = .
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(¢) If B > max{\(H),\(1/H)}, then all meromorphic solutions f of (1.1) satisfy (1.3)
with at most one possible exceptional meromorphic solution fy. The possible exceptional
solution fo satisfies (1.4).

§2. Lemmas and Preliminaries

Theorem D (Borel, see Theorem 5.13 in [8]). Suppose that Q(z) is canonical product
formed by {zn;n = 1,2,---} (2, # 0) and AN(Q) = 8 < o0. Set Oy, = {z : |z — 2z»| <
|zn|*a} (a(> B) is a constant), then for any given € > 0, |Q(z)| > exp{—|z|**¢} holds for
z ¢ U O,.

Theorem E (See [6, p.19]). Suppose that w(z) is a finite order entire function, u(r) is
the mazimum term of the power series of w(z), then TILIEO log M (r,w)/log u(r) = 1.

Lemma 2.1. Suppose that H(z) is a meromorphic function, c(H) = 8 < oo. Then
for any given € > 0, there is a set By C (1,00) that has finite linear measure and finite
logarithmic measure such that |H(z)| < exp{r®*€} holds for |z| = r ¢ [0,1] U Ey, and
r — 0.

Proof. If H has only finitely many poles, then Lemma 2.1 holds obviously. Now assume
that H(z) has infinitely many poles. Set H(z) = h(z)/[z** - Q(z)], where k; is nonnegative
integer, h(z) is an entire function, Q(z) is a canonical product formed by the nonzero poles
{zj:§=1,2,---3]z5l=7r;, 0<ry <ro <---} of H(z). Hence o(h) < o(H) =8, 0(Q) =
AQ) < 8.

For any given € > 0, set O; = {z : |z — 2| < 7; (ﬁ+6/2)} (j=1,2,---) and O = G 0;.

j=1
Set
E, = U (Tj _ T;(ﬂ+€/2), ri+ Tj*(ﬁJrﬁ/z)).
=1

Since

o]

STt =d < o, (2.1)

j=1

we see that the linear measure of Ey, mE; = 2d < co. For |z| = r ¢ E; U0, 1], we have by
Theorem D, |Q(2)| > exp{—r?*¢/2}. Hence

[H(2)| < exp{2rPT/2} /rit < exp{r”*e}

holds for |z| =r ¢ E; U[0,1], 7 — oc.
Now we prove logarithmic measure of £, Im F; < co. From
N ~(B+e/2) e/ g =(5+e/2
+e —(B+te
i By = 3 llos(ry 154 o, Zlog (1+- e
J "
and for sufficiently large r;
—(B+¢/2) —(B+¢/2)
log (1+ s B ) < & < 27y ¥/,

ry D) = e =

we have ImFy < oo by (2.1).
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Lemma 2.2. Suppose that g(2) is a transcendental entire function, o(g) = a < oo. Then
there is a set Ea C (1,00) that has infinite logarithmic measure such that

loglog M 1
lim 08108 M(rg) _  losve(r) _
r—00 log r r—oo  logrT
reEsy reE>

where vy4(r) denotes the centralindex of g(z).
Proof. By o(g) = «, there exists {r,} (r, — 00), such that
loglog M
i 08log M(rag) _ (2.2)
T —00 log r,
Set s C (1,400). Es has the following properties: (a) If the sequence {r,} satisfies (2.2),
then {r,} C Es. (b) If a sequence {r,} C Es (r, — c0), then (2.2) holds for {r,}. Now we
affirm that the logarithmic measure of Es, Im E5 = oco. In fact, if Im F5 = § < oo, then by
the definition of Fs, we have
— log log M
o leMng) o 23)
r—00 log r
re(l,00)—E;

Now for a given {r],} C (1,00), 7, = o0, there exists a point 7!/ € [r],,(§ + 1)r}] — Es.

From
loglog M(ry,g) _ loglog M(r},,g) _ loglog M(ry,, g)
logr! = log[(6+1)r,]  logrl +log(d+ 1)’
we have
— loglog M(r;,9)  +— loglog M(ry,,g)
lim —————2"22 = |lim
i oo log 7!, 1, oo logr! + log(d + 1)
. 1 1
< Tm o8 log M (ry,, g)
! o0 log r!
— log log M
P oglog M(r,g)

r—00 logr
re(1l,+o0)—E>

Since {r},} is arbitrary, we have o < ;. This is a contradiction, hence ImFEs = co.
By 0(g9) = a < 0o and Theorem E, we have
log M(r.g) _ (2.4)
M2 Tog a(r)
where f1(r) is the maximum term of the power series of g(z), pu(r) = |a,,|r"("). By (2.4),
for sufficiently large r,

log M(r, g) < 2log pu(r) < 2log™ |a,,| + 2vy(r) - logr.

From
loglog M(r, g) < log v4(r) N log* log™ |ay,| +2log2 + loglogr
logr ~— logr log r ’
we have
o= Tim loglog M (r, g) ~ lim loglog M(r, g) < lim log vg4(r) < Tm log vg4(r) .,
roge log r i log r rope log r ré(_(i%oo) log r
ie.,



No.4 Chen, Z. X. & Yu, J. R. ZEROS AND ORDER OF MEROMORPHIC SOLUTIONS 437

Lemma 2.3. Suppose that g(z) is an entire function with o(g) = oo. Then there is a set
E; C (1,00) that has infinite logarithmic measure such that

o logr(r)

r—oo logr
reEs

Proof. Using the same proof as in the proof of the upper half part of Lemma 2.2, we
can prove Lemma 2.3.

Lemma 2.4.1% Suppose that B is a rational function having a pole at oo of order n > 0.
If f £0 is a meromorphic solution of the homogeneous equation

f® 4+ Bf =0, (2.5)

then o(f) = (n+ k) /k.

Lemma 2.5.14 Suppose that u(z) is a meromorphic function with o(u) = § < oo, € > 0
is a given constant. Then there exists a set E3 C (1,00) that has finite logarithmic measure
such that

u9) ()
hold for all z satisfying |z| = r ¢ [0,1] U Es.
Lemma 2.6. Suppose that u(z) is a meromorphic function with o(u) = 8 < oo, m

‘ <piB=149) (j=1,... k) (2.6)

is integer, € > 0 is a given constant. Then there exists a set E3 C (1,00) that has finite
logarithmic measure, such that for all z satisfying |z| =r ¢ [0,1] U E3, we have

[u(z) - (u= (2)) "] < P71, (2.7)
Proof. Firstly we use induction to prove
1\ (m) w N\ Ji u(m) Jm
u(w) = X ewen(G) - (50) 28
(Jo e sdm
where ay;,...;,.) is a constant, j1,- -, jn, satisfying 1-j1 +2-jo+---+m-jp, = m. Forn =1,
(2.8) holds obviously. For n = m, assume that (2.8) holds. So, we have for n =m + 1,

(m+1) (m) NI (M) \ jm
B =GB E a5
/

u u J1 u(m) Jm
BT ) ()

(jl"'j'm)

S S () (e

(J1-+dm) i=1

ru @ da—1 pqdtD) ru DN da w(@tD N Gat1 w(M)N Gm
o) () =) GO () ()
u u u u u u
1 w \ g1+l u(m) Jm 1
T Z a(jr"jm)(;) (T) T3 Z)a(jmm)

(.71.77?1) (jl'jm,

m I\ G141 s g2 (M) \ Jm
(S [y () (5
() () (S ()

!
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where the indexs satisfy 1-(j1 +1)+2-jo+---+m-jm=m+1,or 1 -j1+---+d- (ja—
D+ d+1): (Jas1+1)+---+m- jy = m+ 1. Therefore (2.8) holds.

Now by (2.8) and Lemma 2.5, it is easy to see that Lemma 2.6 holds.

Lemma 2.7. Suppose that by, --bx_1, H £0 are meromorphic functions, c(H) = 5 <
00, and that there are a set E5 C (1,400) that has finite logarithmic measure and a constant
number Cy > 0 such that for |z| =r ¢ [0,1] U Ej,

()] <7 (=0, k1) (2.9)
hold. If an entire function g(z) is a solution of the equation
g™ 4+ b_1g® Y - 4 bog = H, (2.10)

then o(g) < oo.

Proof. Assume that o(g) = oo, p(r) denotes the maximum term of the power series of
g(2), and v4(r) denotes the centralindex of g(z). By Lemma 2.3, we know that there is a
set Fy C (1,00) that has infinite logarithmic measure such that

lim W = . (2.11)
reksy
Since v4(r) is a step function to 7, we can assume that t; (j =0,1--- ,0 =ty <t; <ty <---)
are discontinuous points of v,(r). As t € (t;,t;41), we have p(t) = |a,, 1| - Y9 where the

centralindex v, (t) = m is a fixed constant. Hence
() = mlap [t = p- ve(t)/t

holds for ¢ € (t;,t;41). Since u(t) is a continuous function, we have for r > 2

T

logu(r) oz (1) = [ () (1))t = / Ww/ar> [ /= vir/2) og2.

r

By Cauchy’s inequality, it is easy to see that u(r) < M(r,g). So,

v(r/2)-log2 < log M(r.g) — log u(1). (2.12)
For a given large o such that
a > max{Cy, 8} + k, (2.13)
by (2.11) and (2.12), we obtain
vir)=(r/2) > (r/2)" = Cor®, (2.14)
M(r,g) > Csexp{Cyr} (2.15)

for r € Ey, r — 00, where Cs, C3, Cy4 are positive constants.
By the Wiman-Valiron theory (see [6, 9, 10]) we have basic formulas

(9) j
g9(z) _ (rg(r)N7 ,
= = 1 1 =1,--- 2.1
S (Y o) =10 ) (2.16)
where |z| =7,|g(2)] = M(r,g),r ¢ Ey4, fE4 % < o0.

By Lemma 2.1, we have

|H(2)| < exp{r®*7} (2.17)

for [z =7 € [1,4+00] = E1, [5, & < oo.

r



No.4 Chen, Z. X. & Yu, J. R. ZEROS AND ORDER OF MEROMORPHIC SOLUTIONS 439

Now, we take sufficiently large |z| = r € Es — (E1 U E3 U Ey), |g(2)] = M(r,g), and
logarithmic measure lm [E2 — (E; U E5 U E4) = co. By (2.10) and (2.16), we have

(”97(7"))’“(1 +o(1)) + be_s (”97“))'“1(1 Fo(1)) 4+ by = I;((j)),
20 (14 o)
_ H(z) b o(1)) — D=2 o(1)) — ... _bo
B I 700 L R T R
By (2.13)(2.15), (2.17), we have
[HE _ HE 1 csed o
o]~ Mirg) = G =0 (219)
ijﬂ_(f_)]w S0 (=0, k—2) (2.20)
for |z| =r € By — (E1 UEsUEy), r — co. And (2.14) (2.19) and (2.20) give
H(z) _ br o b o b
‘g(z) cvk=l(z) 2kl (1+0(1)) 2k=2p(r) (1+0(1)) vE=1(r)
_ o(i”;j) — O(rCr1—k+1y, (2.21)
On the other hand, by (2.14), we have
\%’;)(1 +o(1))| > Cprok > 1O (2.22)

for r € Ea, 7 — 00. (2.21) contradicts (2.22) by (2.18). Therefore o(g) < .

Lemma 2.8. Suppose that B is a rational function having a pole at oo of order n > 0,
and H #0 is a meromorphic function with o(H) = 5. If (1.1) has a meromorphic solution
f, then

(a) If B < (n+k)/k, then all meromorthic solutions f of (1.1) satisfy o(f) = (n + k) /k,
with at most one exceptional meromorthic solution fo with o(fo) = 5.

(b) If (n+k)/k < B < oo, then o(f) = 5.

Proof. By (1.1), we have o(f) > 8. By (1.1) and the fact that B has only finitely many
poles, we know that if |z| (< co) is sufficiently large, then either f and H are both analytic
at z, or f has a pole at z of order m; if and only if H has a pole at z of order m; + k.
So, A(1/f) = A(1/H). By n(r.f) < n(r,H) +O(1) and n(r,H) < (k+ Dn(r, f) + O(1), it
follows that

A(1/f) = A(1/H). (2.23)

Set f(z) = g(2)/(#™u(z)) = g(z)/ui(z), where mg is nonnegative integer, g(z) is an
entire function, u(z) is a canonical product (or polynomial) formed by the nonzero poles
{zj+ =012}z =75 0<r <ryg <---)of f, ui(z) = 2™2u(z), then A(u1) =
o(ur) = A1/f) = A1/H) < B.

(a) First we prove that if o(f) = a > 8, then o(f) = (n + k)/k. By o(f) > 3, we have
o(g) = o(f) = a. For any given € (0 < 2¢ < min{a— 3, ((n+k)/k) — 5}), by Lemma 2.1, it
follows that there is a set Fy C (1,400) that has finite logarithmic measure, such that

11/u1(2)] < exp{rﬂ+€} (2.24)
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holds for |z| = r ¢ [0,1] U E1, r — oco. By (2.23) and the fact that the poles of f can only
occur at poles of H except at most finitely many poles, it follows that

|H(z2)| < exp{rPT<} (2.25)
holds for |z| =r ¢ [0,1] U Ey, r — oo. Substituting f(z) = g(z)/u1(z) into (1.1), we have
*) (k=1) / .
97 + Clug (u )2 +~-~+C,’§*1m(u;1)<k*”% Fur(upHY® + B =2 (2.96)
where Ci (j =1,---,k—1) are the usual notation of the binomial coefficients. By o(u1) < 8

and Lemma 2.6, there is a set E5 C (1,400) that has finite logarithmic measure, such that
for |z2| =r ¢ EsU|0,1], for j =1,--- , k, we have

Jur () (g (2))9] < 77 1H9), (2.27)
By 0 < 2e < [(n+k)/k] — B, we have k(8 —1+¢€) < n. So
jur (2) (ur ' (2)) ) + B| = O(r™). (2.28)

By Lemma 2.7 and (2.26)—(2.28), we have o(g) = a < o0.
By Lemma 2.2 and o(g) < oo, there is a set Ey C (1,4+00) that has infinite logarithmic
measure such that

loglog M 1
iy loglogM(rg) _ . logre(r) _ (2.29)
r—00 logr 7—00 lOgT
reks reks

By the Wiman-Valiron theory, there is a set Ey C (1,00) that has finite logarithmic
measure, such that for |z| = r ¢ Ey4, |g(2)] = M(r,g), (2.16) holds. By (2.29), we have
M(r,g) > exp{r®=°} (2.30)

for |z| = r € Ey — (E1 U E5 U Ey) and sufficiently large r. By (2.25),(2.30), |ui(z)| <
exp{r?T¢} (r = o) and B+ ¢ < a — €, we have for r — oo
EIER OO P S
9(2) M(r, g)
Now we take |z| = r € Ey — (E1 U E3 U Ey), |g(2)] = M(r,g). Since the logarithmic
measure of Ey — (E1UEsUEy), Im [Es — (E1 U E3 U Ey)] = o0, by (2.16), (2.26)—(2.28) and
(2.31), we obtain for |z| =1 — 0o

k—1

(%W)k(1 +o(1)) + 0(r6—1+6)(”97(7")) (140(1)) +---

+ O(rk—D(B=1+e) (”97(”) (1+0(1)) + O@r™) = o(1). (2.32)
For r € E; — (E1 U E3U Ey), r — 0o, we have by (2.29)
vy(r) = roto), (2.33)

By (2.33), and since € is arbitrarily small, it is easy to see that the degrees of all terms of
the left of (2.32) are respectively

By 8 < « and the Wiman-Valiron theory, we get a = (n+k)/k, i.e., o(f) = o(g9) = (n+k)/k.

Now if fo and f1(f1 £ fo) are both meromorphic solutions of (1.1), with o(fy) = o(f1) = 8,
then o(fo— f1) < (n+k)/k. But fy— f1 £0 is a meromorphic solution of the corresponding
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homogeneous equation (2.5) of (1.1). This contradicts Lemma 2.4. Therefore, the equation
(1.1) has at most one exceptional meromorphic solution fo with o(fy) = 5.

(b) Since o(f) > S > (n+ k)/k, we need only to prove that o(f) = a > 3 fails.

Assume that « > . Using the same reasoning as in (a), for any given € (0 < € < o — f3),
we easily see that (2.24)—(2.27) hold. By 8 > (n+ k)/k and (2.27), it follows that

Jur (2)(uy H(2)) ) + Bl = {rHP 719} (2.28)’

holds for |z] = r € (1,400) — E3, r — oo. And (2.26), (2.27), (2.28)’ and Lemma 2.7 give
o(g9) = a < oo. Continually using the same proof as in (a), we easily know that (2.29)-
(2.33) hold. For |z| =r € E5 — (E1 U E3 U Ey), it is easy to see that there is only one term
(@)k(l + o(1)) with the degree k(a — 1) being the highest one among all terms of (2.32).
This is impossible. Therefore, o(f) = S.

Lemma 2.9. Suppose that 8 is a positive integer and § > 1, Ay_; (j =1,--- ,k) are
rational functions having a pole at 0o of order ni—; = j(8—1), and U £0 is a meromorphic
function with o(U) < . If the equation

%) 4 A h*D 4y Ah =T (2.34)

has a meromorphic solution h, then all meromorphic solutions of (2.34) satisfy o(h) = 3
except at most one possible exceptional solution. The possible meromorphic one hy satisfies
o(ho) = o(U).

If h £0 is a meromorphic solution of the equation
AR 4 A h*D 4 4 Agh =0 (2.35)

that is the corresponding homogeneous differential equation of (2.34), then o(h) = f.
Proof. Set o(U) = d. Then d < . By (2.34), o(h) = a > d holds. Now assume that

o(h) > d. Set h(z) = g(z)/u1(z), where g(z) and u;(z) are defined in the same way as in

the proof of Lemma 2.8. Using the same reasoning as in Lemma 2.8, we have o(u1) < d and

lui(2)] < exp{r?*c} (r — oo). (2.36)
And there is a set Ey C (1,+00) that has finite logarithmic measure, such that (2.16) holds

for |z| = r ¢ E4[0, 1]. For any given €(0 < 2¢ < min{a—d, 8—d}), thereisaset £y C (1,400)
that has finite logarithmic measure such that for |z| =r ¢ E; U [0, 1], r — oo,

\U(2)] < exp{rit<} (2.37)
holds. By (2.34) and the fact that form =1,--- |k,
(m) m L g(m—1i (m—j)
an e <>><>QT —+ch w () )V, (239)
where CJ, (m =1,---,k; j=0,---,m) are the binomial coefficients, we obtain
g<k> k .
+ Z HO) 4+ 4 1Ck 1u1( HE=D 4 ...
k=3 Un
+Ak—j+10é_j+1u1(u1_1)’JrAk_j]g ; = —gl. (2.39)

By Lemma 2.6 and the hypotheses, there is a set E3 C (1,400) that has finite logarithmic
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measure such that for |z| =r ¢ [0,1] U E5 we have
|Clur(2)(ug (2) V)] < 70719,

|Ak_1(z)ngul(z)(ufl(z))(jfl)| < plU=Dd=1+a+1(5-1)

|Ak—j+1(2)cé_j+1u1(Z)(Ul_l(z))/| < Tl-(dflJrE)Jr(j*l)(B*l).
Since Ag_;(2) = ap_;27 V(1 + o(1)) (ar—_; # 0, is a constant) and 3 > d + ¢, we have

Clua(2)(uy ()P + -+ A1 (2)Chjqun (2) (g (2)) + Aryi(2)
= ap_;22 PV (1 4 o(1)) (2.40)

for |2| = r € (1,+00) — E3, 7 — oo. By (2.39), (2.40) and Lemma 2.7, we know that

0(g) = o < co. By Lemma 2.2, there is a set Ey C (1,+00) that has infinite logarithmic
measure, such that

log log M 1
iy loglog M(r,g) _ . logy(r) _ (2.41)
r—00 logr r—oo  logr
reks reFs

By (2.36), (2.37), (2.41), we have
M(r,g) > exp{r®~°},
’ul(z) -U(z) _ ’ul(z)U(
9(2) M(r.g
for |z] =r € By — (E1 U E3 U Ey), |g(2)] = M(r,g), r — oo. By (2.39), (2.40), (2.42) and
(2.16), we have

)Z) ’ < exp{2rte — r} 50 (2.42)

() (14 1))+ a2 () (1 o)) -

+ ay 2= DB-D (”97“)) (1+ 0(1)) + apz*B=D (1 + o(1)) = o(1) (2.43)

for |z| =r € B3 — (E1 U E3 U Ey), |g(2)| = M(r,g), r = oo. For |z] =r € E5 — (E1 UE3 U
E,), r — oo, we have by (2.41)

vy (r) = rote), (2.44)

By (2.44), and since € is arbitrarily small, we know that the degrees of all terms of the
left of (2.43) are respectively

k(a_ 1)’(k_j)(a_ 1)+(ﬂ_1)j (.7 =1 ak)'

By the Wiman-Valiron theory, we get a = 8, i.e., o(h) = o(g) = .

Using the same manner as above, we can prove that if h(z) # 0 is a meromorphic solution
of the corresponding homogeneous equation (2.35) of (2.34), then o(h) = 5.

If hg and hy (hy # hg) are both meromorphic solutions of (2.34) with o(hg) = o(h1) =
o(U) =d < B, then a(hy — hg) < . But hy — hg # 0 is a meromorphic solution of
the corresponding homogeneous equation (2.35) of (2.34). By the above proof, we have
o(h1 — ho) = B. This is a contradiction. Therefore (2.34) has at most one exceptional
meromorphic solution hg with o(hg) = o(U).

Lemma 2.10. Suppose that B is a rational function and H = 0 is a meromorphic
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function with o(H) = 8 < oo. If f(2) is a meromorphic solution of (1.1), then
max{A(f),A(1/f)} > max{\(H),\(1/H)}. (2.45)
Proof. Set f = u%, where g and u; are defined in the same way as in the proof of
Lemma 2.8. Using the same proof as in Lemma 2.8, we can prove that (2.26)—(2.28) hold.
By Lemma 2.7, we know that o(g) < oo. hence o(f) < 0.
Now f and H can be written as
f(z) = zmlmepl(z), H(z) = zmQMepz(z), (2.46)
uy(2) uz(2)
where my, mg are integers, hy(z) and ho(z) are canonical products (or polynomials) formed
respectively by the nonzero zeros of f and H, w; and ug are canonical products (or poly-

nomials) formed respectively by the nonzero poles of f and H, P, and P, are polynomials
with deg P; < o(f), deg P> < o(H). Substituting (2.46) into (1.1), we obtain

h
F(hy,uy) = 22221 (2.47)
U2
where F' is a rational function in hi,u;. and hgj)7u§j) (j = 1,---,k), with polynomial

coefficients. (2.47) gives

max{o(h1),0(u1)} > o(F) = a(zm%eprpl) > max{o(hs), o(u2)}.

So (2.45) holds.
Lemma 2.11.2) Suppose that By, - - - , By_1 are rational functions and H =0 is a mero-
morphic function. If f(2) is a meromorphic solution of the equation

fO 4By f* Y+ 4+ Bof = H,
and o(H) < o(f) < o0, then M(f) = A(f) = o(f).

§3. Proof of Theorems

Proof of Theorem 1.1. (a) By Lemma 2.8, we know that all meromorphic solutions
f of (1.1) satisty o(f) = (n + k)/k, with at most one possible exceptional meromorphic
solution fy with o(fy) = 8. By Lemma 2.11, the meromorphic solutions f satisfying o(f) =
(n+k)/k > j satisfy

M) =Mf) =a(f) = (n+k)/k

(b) By Lemma 2.8 and Lemma 2.10, it follows that (b) holds.

Proof of Theorem 1.2. (a) From Lemma 2.8, o(f) = 3 holds.

(b) If 8 =X(H) > A(1/H), by Lemma 2.10 and (2.23) in proof of Lemma 2.8, it is easy
to see that A(f) = S.

(c) It B > max{\(H),\(1/H)}, then set H = UeP, where U = zs%(s is an integer, V}
and V4 are canonical products (or polynomials) formed respectively by the nonzero zeros
and nonzero poles of H,

o(U) = max{A(H), A(1/H)} < B,
and P is a polynomial with degP = 8. Now set f = h-eP. Then f(z) and h(z) have the
same zeros and poles. Substituting f = he?, H = UeP into (1.1), we have

Bk 4 Ak_lh(k—l) +-- -+ Ah =T, (3.1)
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where Ai_; (j = 1,--- ,k) are rational functions. To work out the order of pole at oo of
Ay, by induction, we have for m > 2 (see [7]),
m
£ = {0 4+ mP' R 1y [CF (P + Hya (PR e, (3.2)
j=2
where H;_q1(P’) are differential polynomials in P’ and its derivatives of total degree j — 1
with constant coefficients. It is easy to see that the derivatives of H;_;(P’) with respect to
z are of the same form as H;_1(P’). CJ, are binomial coefficients. (3.2) and (1.1) give

Ay 1 =kP', Ay =CLPY +H; (P) (j=2,---,k—1),
Ag = CF(P* + Hy_1(P') + B.

Obviously, Ax—; (j = 1,--- ,k — 1) are polynomials and deg Ay_; = j(8 —1). By g >
(n + k)/k, the rational function Ay has a pole at oo of order k(8 — 1). By Lemma 2.9,
all meromorphic solutions of (3.1) satisfy o(h) = 5 > o(U), except at most one possible
exceptional one. The possible meromorphic one hg satisfies o(hg) = o(U). By Lemma
2.11, it follows that A(h) = A(h) = o(h) = B. Therefore, (1,1) has at most one possible
exceptional solution fo = hoeP, fy satisfies (1.4) by Lemma 2.10. All other meromorphic
solutions f = heP of (1.1) satisfy (1.3).

¢4. Examples for the Exceptional Solution

Example 4.1. The equation
"4+ (22 +1/22) f = (222 + cos® 2) /(2% cos® 2)
satisfies the hypotheses of Theorem 1.1(a), and has solution fo(z) = sec z, such that o(fy) =
o H)=1<(n+2)/2.
Example 4.2. The equation

"= 4z +2/23)f = (422 =2 = 2/2 — 2/2%)exp(2?)
satisfies the hypotheses of Theorem 1.2(c), and has solution fy = ((1/z) + 1)exp(z?), such
that )\(fo) = )\(l/fo) = 0, O'(fo) =2.
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