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ON THE APPROXIMATELY SIMILARITY OF OPERATORS**

WEI GUOQIANG*

Abstract

The author shows that a rank-preserving #-isomorphism between separable C*-algebras with
unity is approximately equivalent to the identity representation. Some applications are made
for approximately similarity of n-tuples of operators.
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§1. Introduction

In what follows, all of Hilbert spaces appeared in this paper are infinite-dimensional
separable complex Hilbert space. If H is a Hilbert space, then £(#) denotes the C*-algebra
of all bounded linear operators on H and IC(H) denotes the set of compact operators on H.

Two operators S and T are called approximately equivalent if there is a sequenc {U,,} of
unitary operators such that |USU, — T|| = 0 (n — o).

Similarly two operatos S and T are approximately similar if there is a sequence {V;,} of
invertible operators with sup (||V,]|, ||V,;||) < oo (such a sequence will be called invertibly
bounded) and ||V, 1SV,, — T|| = 0 (n — o).

D. W. Hadwinl®! initiated a study of an asymptotic version of unitary equivalence of
operators. All of the questions raised in [5] were answered in a paper of D. Voiculescul®!
which contains a complete characterization of approximately equivalent representions of
a separable C*-algebra. D. W. Hadwin has shown that two operators are approximately
equivalent if and only if there is a rank-preserving *-isomorphism between the C*-algebras
they generate that sends one of the operators onto the other. Although, in general, there
seems to be no analogous result for approximately similarity, but there is one in the case
when one of the operators is normal (see [7, Proposition 3.6]). It is the purpose of this
paper to prove a rank-preserving s-isomorphism between separable C*-algebras with unity
is approximately equivalent to the identity representation. Some applications are made for
approximately similarity of n-tuples of operators.
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Following [9], let A be a separable C*- algebra in £(H); (71, H1) and (mo, Hs) are two
separable representations of A. (m1,H1) and (w2, Ho) are called approximately equivalent,
if there is a sequence of unitary operators {U, }, satisfying : for any A € A,

(1) Upm (AU} — ma(A) is a compact operator, n =1,2,---;

(2) lim_ (Ui (A)U; — ma(A)]| = 0.

In fact, it was shown by D. Voiculescul®! that (2) contains (1).

Definition 1.1. Let A be a subspace in L(H). A linear mapping 7 : A — L(H") is called
rank-preserving if rank w(A) = rank A for any A € A.

Evidently, a rank-preserving mapping must be injective and its inverse 7= : 7(A) — A
is rank-preserving too.

Let A be a C*-algebra in £(#). A s-homomorphism 7 : A — L(H') is called a rank-
preserving *-isomorphism if 7 is rank-preserving.

§2. Representation of Rank-preserving s-isomorphism

Proposition 2.1. If 7 is a continuous rank-preserving mapping from C*-algebra A in
L(H) to LIH"), then 7(ANK(H)) C K(H").

Proof. Since ANK(H) is a closed idea in A, it suffices to prove 7(K) € K(H') for any
self -adjoint operator K in ANK(H) .

Let K be a self-adjoint in A N K(H) with spectrum o(K) = {\,}. P, is the projection
from H onto ker(K — A, I3). According to the spectral decomposition theorem, the series
> An Py, is convergent uniformly to K, where A, # 0 and A\, — 0 (n — ), P, € A,
n=1,2,---.

Since 7 is a rank-preserving mapping, thus 7(P,) € K (7—[1), it follows from the continuity
of 7 that m(K) € K(H").

Corollary 2.1. Let A and B be separately C*-subalgebras in L(H) and L(H'). If 7
A — B is a rank-preserving x-isomorphism, then

T(ANKH) =BNK®HY), 7' BnKHY)=ANKH).

In what follows, we assume A and B are two separable C*- subalgebras in L(H).

Let A (resp. B) denote the C*-subalgebra AN K(H) (resp. BNK(H) ).

A projection P in A is called minimal if P # 0 and the only subprojections of P in A are
0 and P.

Lemma 2.1. Let P be a nonzero projection in A. Then P is a minimal projection if and
only if PAP = {AP, X € C }. Every nonzero projection in A s finite-dimensional, and is a
finite sum of orthogonal minimal projections.

Proof. If PAP consists of scalar multiples of P, then P is minimal. Conversely, assume
P is minimal. It suffices to show that PT P is a scalar multiple of P, for every self-adjoint
operator T € A. Considering the spectral formula for PTP, we have PTP = Y A\, P,,

where the P,, are mutually orthogonal spectral projections of PT P. Since PT P anﬁihilates
P, so does each P,, and hence P, < P. Thus each nonzero P, must be P, and hence
PTP = AP has the required form. It is plain that every projection in A is finite-dimensional,
by compactness, and the last phrase follows from the usual sort of finite induction.
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Corollary 2.2. Let A be a C*-subalgebra in L(H) and ANK(H) # 0. Then there is a
minimal projection P € A. If }"(A) denotes the set of all minimal projections in A, then
m]—‘(fl) = A, where mf(fl) denotes the uniformly closure of all linear combinations
of F(A).

Proof. Since AN K(H) # 0, choosing a nonzero self-adjoint operator T' € A, by the
spectral theorem about the compact operators, we see that there is a nonzero spectral
projection P of T. From the proof of Lemma 2.1, we easily know that P is a minimal
projection in A. The last assertion now follows from Proposition 2.1 and the spectral
theorem of compact operators again.

Lemma 2.2. If 7 : A — B is a rank-preserving x-isomorphism, and ANK(H) # 0, then
there is a unitary map U : [AM] — [BH] such that UT = w(T)U, for any T € A, where
[/l?-l] denotes the closed linear span of all vectors of the form TE, T € A, & € H (similarly
[BH]). A )

Proof. By Corollary 2.2, F(A) # ¢. For any P € F(A), by Lemma 2.1, there is a linear
functional f such that PTP = f(T)P, for any T € A.

Since 7 is a rank-preserving #-isomorphism, PH and 7(P)H have the same finite dimen-
sion.

Choose arbitrarily a unit vector ) (resp. € ) in m(P)H (vesp. in PH ). Then Ho = [x(A)n]
defines a rank-preserving *-subisomorphism 7y of 7. For any T € /i, we have

[ (T)nl|* = ||=(T)m(P)yl|* = (T P)||?
= (n(PT*TP)n,n) = f(T*T)(x(P)n,n)
= f(I"T) = (PT"TP¢,¢€) = || T¢|*.

This shows that map U : T¢ — 7(T)n extends uniquely to a untary map of [A¢] onto
[7(A)n], and the formula UT = 7o(T)U is immediate from the definition of 7 and U.

Since H is separable, by the Zorn lemma, we can choose a maximal sequence {m;} of
orthogonal rank-preserving #-subisomorphisms of 7 and a sequence {U;} of unitary maps
such that 7 = &m; and U;T = m;(T)U;, for any T € A.

It follows that there is a unitary map U : [A#] — [x(A)H], such that UT = n(T)U for
all T € A

By Corollary 2.1, W(A) = B, the proof of the Lemma now is completed .

Theorem 2.1. If 7 : A — B is a rank-preserving x-isomorphism, where A and B are
separable C*-algebras with unity in L(H), then m is approximately equivalent to the identity
representation id.

Proof. First, if ANK(H) = 0, then by Collorary of Theorem 5 in [2], 7 is approximately
equivalent to id.

If ANK(H) # 0, following the notation in [2], let

He = x;(ke”}) = spﬁ{ ZW(Ai)l‘”Ai ckerm, z; € 7—[},
i=1

where

keri = {A € Al m(A) € K(H)} = {A € A| n(A) € BAK(H)}.
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Evidently, ker m = ker (id). On the other hand, since
ker = {A € Al n(A) e BNK(H)} =7 H(BNK(H)),
it follows from Colloray 2.1 that

ker it = ANK(H) = ker (id),

hence H, = Xf[mC(H)' Similarly,

Hl— X;‘j(ker (id)) _ Xﬁmc(n).
Let P. (resp. P! ) be the projection on H. (resp. H! ). From the definition of U in
Lemma 2.2, we have UP! = P.U. Since H, and H! are invariable separably with respect

to m(A) and id(A), we see that corresponding to the space decomposition
H=H.oH- =H' @H!",
7 and id have separablly decomposition : 7 = 7, @ 7',id = (id). @ (id)’, where 7, =
7'('|7.[67 (id)e = Zd|7-te
By [2, Theorem 5], we need only to show that 7. is unitarily equvalent to (id)..

Let W = PeUP61|H(13. Then W is a unitary operator from H! onto H.. Thus for any
K e ANK(H), we have

me(K) = m(K)|y, = UKU |y, = UKP;U |y,
=UP.KP!U |3, = PUP!KP!U!
= W (Kly) = W(id)e(K)W ™.

He

Because ANK(H) is an ideal in A and the restrictions of 7, and (id). are non-degenerate,
we have for any A € A and K € ANK(H), 7(AK) = W (id).(AK)W 1. Tt follows that
7o (A) e (K) = W (id) o (A)W " 7o (K).

Since x;i(A)ﬂK (") — 9., we have

7o (A) = W(id) (AW,

that is, 7 is unitarily equivalent to (id)e.

Corollary 2.3. Let (7, H,) be a non-degenerate representation of a separable C*-algebra
A, where Hr is a separable Hilbert space. If | anc() = 0, then id®m approzimatly equvalent
to id.

Proof. Since ‘H and H, both are separable, there exists a unitary operator U from H
onto H & Hy. Let p: T +— UX(T @ n(T))U. We can easily justify that p : A +—— p(A)
is a rank-preserving x-isomorphism. Theorem 2.1 guarantees that id ® 7 is approximatly
equivalent to id.

We obtain again the result of [3, Corollary 2].

Corollary 2.4. Let A = (A1, As,---,Ay,) and B = (B1,Bs, -+, By,) be two n-tuples of
operators in L(H). Then A and B are approzimatly equivalent if and only if there is a rank-
preserving x- ismorphism p : C*(Ay, Ag, -+ , Ay) — C*(By, B, -+, By) such that p(I) =1
and p(A;) = B;,i = 1,2,-+- ,n, where C*(Ay, Aa, -+, A,) (similarly C*(By1, Ba, -+, Bp))
is the C*-algebra generated by I and Ay, As,--- | A,.

Evidently, Corollary 2.4 is the generalization of [6, Corollary 3.7].
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Theorem 2.2. Let My and Ms be two Von-Neumann algbras in L(H). m : My — My
is a rank-preserving x-isomorphism. If My NIC(H) # 0, then there is a unitary operator U
in L(H), such that m(A) = UAU* for any A € M;.

Proof. Since H is separable, the unit ball is second numerable by strong topology, so is
the unit ball of My NIC(H) too. It follows that My NI (H) is strongly separable. Let {A,}
be a strongly dense sequece of operators in M; N K(H), and A is the C*-algebra which is
generated by I and {A,}. Since

MiNKH)) = M 0K®H)] =M,
we have [M1 N IC(’H)]N = My. Write N = M; N K(H) . Then by [3, Theorem 2],
My :{)\IH+T| /\E(C,TEN},

and it follows that A is strongly dense in M;j. The fact that an isomorphism between two
Von-Neumann algebras must be strongly continuous guarantees that 7(A) is strongly dense
in Ms.

Since AN K(H) # 0, by Lemma 2.2 there exists a unitary map U from [AH] onto [BH],
such that 7(A) = UAU™?, for any A € A.

Let P and @ be separably the projections on [A’H] and [l’;”H] Since Mj and My are
Von-Neumann algebras, we have P € My, @) € Ms. Because n(P) = @, we have

rank 7w(I — P) = rank(/ — P) = rank( — Q),

and therefore U can be extented to the unitary operator (still be denoted by U) on H.
Since

{[ANKH)}Y = A" =M,
and 7 is strongly continuous, we have 7w(A) = UAU* for any A € M;.

§3. Some Applications

In this section, we discuss some applications of Theorem 2.1 for n-tuples of operators.

Let S = (S1,+-+,Sn) and T = (T, -+ ,T},) be two n-tuples of operators. S and T are
called approxinately equivalent or approximately similar if there is a sequence of unitary
operators {U,} or invertibly bounded operators {V,,} such that |USyU, — Tk|| — 0 or
WV tSkV =Tl = 0 (n — 00), k=1,2,--- ,n.

First we discuss the approximately similar problem of n-tuples of operators.

Let T = (T1,Ts, -+ ,T,,) be an n-tuple of operators in L(H). For any =z € H, write
col(T)x = (Tha,Tex, -+ ,Tpx). Then col(T) : H — H@---®H is a linear continuous

n

operator. Let ker T = (] ker T;. Then ker col(T) = ker T.
i=1
It is easily known that col(T") has closed range if and only if there is an r > 0 such that

T>T; > r(I — P), where P is the projection from H onto kerT.
=1

K3
Lemma 3.1. Suppose T = (T1,--- ,T,) is an n-tuple of operators and V' is an invertible

operator in L(H). Write
VTV = (vinyv,.- VTV,



470 CHIN. ANN. OF MATH. Vol.19 Ser.B

If there is an € > 0 such that Y. | Tiz||> > €||lz||*> for any z € (ker T)*, then for any
i=1

€ (ker VITV)"

VTV’ > el
Z IVIZIV=12

Proof. Let P be the projection from #H onto (ker T) and Q@ = V!PV. Then Q is an
. _ i (1 O (1 O
idempotent operator. If H = (ker Q)™ @ ker @, then Q = (A O) . Let Q1 = (O O>'
Then
ker Q) =kerQ = ker V1PV = ker VITV.

It follows that Q! is the projection from H onto (ker V‘lTV)J'. Since @1z = x for any
x € (ker V‘lTV)J‘ and ;P =T;,i=1,2,--- ,n, QQ1 = Q,VQ = PV, hence we have
D_IVITVal® =3 VTV Qual® = Y IV TITPY Qual?

i=1 i=1

i=1
n B 1 n
=Y V'LV Q| > WZ 1T,V Qa|>.
i=1 i=1
Since VQ = PV, thus VQz € (ker T')*, we have

volTy VQz|? > s Q2 > s
Z” ol 2 R IVesl® 2 e eel® > el

where the last inequality is due to z = Q1.

Proposition 3.1. Let S = (S1,--+,S,) and T = (T1,--- ,T,) be two n-tuples of opera-
tors in L(H). If S is approzimately similar to T and col(S) has closed range, then col(T)
has closed range too and dimker S = dimker T'.

Proof. Because S is approximately similar to 7', there is an inversely bounded sequence

of oprators {V,,} such that
|V, 'SV —Ti|| = 0 (n = 00), i=1,2,---,n
Write Si(k) = V,;lsin. Since col(S) has closed range, by Lemma 3.1

n

2
STISH | > el
=1

for any x € (ker S®))L, where S®) = (%) ... S(k)), that is

[(355"580) o] 2 et

n

On the other hand , since ker ( Z SR S(k))% = ker (S®)), and

n(k)*;c)% "
(;S S ) —>(2_;TT> (k — 0),

n
by [1, Lemma 1.9], it follows that (3 Ti*TZ-)% has closed range, and therefore col(T") has

closed range too.
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Let P, and P be the projections from H onto ker S**) and ker T respectively. Since both
of col(S®)) and col(T) have closed range, there is r > 0 such that

n
ST > (1 - Py
=1
and

> 1T > r(I-P).
i=1
It follows that ||P, — P|| = 0 (k — o0), and therefore

dimker T' = dimran P < liminf dimran P,, = dimker S.
n—oo

By symmetry, we also have dimker T' < dimker S, therefore dimker T = dimker S.

Corollary 3.1. Suppose S is approximately similar to T, where S and T are two double
commuting n-tuples of operators in L(H). If S is a Fredholm n-tupl of operators, then T is
a Fredholm n-tuple of operators too, and 0;4(S) = 0;a(T).

We follow the notation of [7]. If @ C L(H), then the approximately double commutant of
Q, denoted by appr(Q), is the set of those operators T for which ||A,T—TA,| — 0 (n = c0)
whenever {A,,} is a bounded sequence such that ||A,S—SA,| — 0 (n — oo) for every S € Q.

Theorem 3.1. Let T = (T1,---,T,) be an n-tuple of operators in L(H) and Q =
{T1,---,T,}. Suppose appr(Q)” = C*(Q). If n-tuples of operators S = (S1,---,Sy) is
approximately similar to T, then there is an n-tuple of operators R = (Ry, -+, Ry), such
that R is approximately equivalent to T and S is similar to R.

Proof. Since S is approximately similar to 7', there is an invertibly bounded sequence
of {V,,} € L(H) such that

||Vn_1TiVn -Sil—=0(mn—=00), i=1,2,---.

By [7, Theorem 3.4], for any T € appr(Q)" = C*(Q), {V,;;1TV,,} is a convergent sequence
in norm. Let 7(A) = lim V, 1AV, for any A € C*(Q). It is known easily that 7 is a rank-
n— oo

preserving isomorphism and

]l < sup([[Vy 1, 1V ),

that is, 7 is a representation of C*(Q).
We claim that 7 is completely bounded, indeed, for any matrix of operators (A;;)kxk;
where A;; € C*(Q), 4,7 =1,2,-- -, define

(i i = (((Aig) ik = Lim (V.7 Ai Vi i
It is easily justified that
el < Slrllp(HV{lH, IVall),
and
sup [l ]| < slip(HV;lH, [Vall) < +o0.

Therefore 7 is completely bounded. It follows from [4, Theorem 1.10] that there is an
invertible operator V' € L(#), such that V=17 (-)V is a representation of C*(Q).
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Write p(-) = V=ix(-)V. It is known easily that p is a rank-preserving *-isomorphism.
Hence by Theorem 2.1, p is approximately equivalent to id, that is, there is a sequence of
unitary operators {U, }, such that for any positive integer n and T' € C*(Q), p(T)—-U;TU, €
K(#H) and

|lp(T) = U TU| =0 (n— o0).
It follows that S; = 7(T;) = Vp(T;)V ! and
lp(T) = Ui TUk|| = 0 (k — o0), i=1,2,--- n,

that is, S is approximately equivalent to (p(T1),- -, p(T},)) which is unitarily equvalent to
T. Let R = (p(T1),---,p(Ty)). The theorem is completed finally.

Corollary 3.2. Suppose N = (Ny,---,N,,) is an n-tuple of normal operators in L(H).
If an n-tuple of operators S in L(H), S = (S1,---,Sn), is approzimately similar to N, then
there is an n-tuple of operators R = (Ry,--- , Ry), which is unitarily equivalent to N, is
approximately equivalent to S.

Proof. Write @ = {Ny,---, N, }. Then appr(Q)N € C*(Q). On the other hand, for any
T € C*(Q), if {Vi} is a bounded sequence such that

IN;Vi — ViN;|| = 0 (k= <), i=1,2,---n,
according to the asymptotic Fuglede’s theorem, it follows that
IN; Vi, = Vi NJ|| = 0 (k = 00), i=1,2,--,

and T € appr(Q)” by [7, Theorem 2.2], that is, appr(Q)” = C*(Q). The corollary is
completed by Theorem 3.1.
The Corollary 3.2 generate partially the result of [7, Theorem 3.5].
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