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Abstract

This paper constructs from the record values an estimator of the extreme-value index. It is
proved that the estimator is consistent in the domain of attraction of extreme-value distribu-
tions, and that under very mild conditions the estimator is asymptotically normal.
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§1. Introduction

Let {X,,,n > 1} be a sequence of iid rv’s with a nondegenerate distribution function
F(zx). Suppose there exist some constants a,, > 0, b, € R and some v € R such that
max X; — b,
lim p(=="

n—r oo

< x) =G,(z), x€R, (1.1)

an
where G, stands for one of the extreme value distributions:

G (x) = exp{—(1 +~z)"/7} for z satisfying 1 +~yz > 0.

Here the index v € R is a real parameter (interpret (1 + fygc)_l/”Y as e~ ® for v = 0).

The estimation of the extreme-value index -y is very important both in the extreme value
theory and in practice. Many statistics, such as Hill estimator (for case v > 0), Pickands
estimator and Dekkers-Einmahl-de Haan’s moment estimator which are based on a finite
sample, have been proposed to estimate 7. The studies of asymptotic behavior of these
estimators have also attracted much attention, e.g., [2-7, 10, 11], and [13-15].

Recently, Berred™ constructed from record values two estimators of 7 in case v > 0.
From now on we always assume that F' is continuous. Define the sequences of record times
and record values, 7(n) and X (n), by

(1) =1, 7(n+1) =min{j : X; > X;,y}, n>1
and
X(n) =X, n>1
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Then Berred’s estimators can be written as

1
Ry, = 7 (log X(n) — log X (n — k)),
1 k
R = log X (n — 1
k= ok — k(k — 1 /2Z og X(n—i+1),

where the integers k = k(n) involved in Ry, , satisfy k(n) — oo and ) 5 0 as n — oo and
in Rz)n, 1 < k < n is fixed. Berred! proved that both R k. and R i are consistent and
under very mild conditions they are asymtotically normal.

Berred’s estimators are convenient for dealing with censored data containing only record
values. The purpose of this paper is to consider the problem of estimation in the general
case (1.1) with v € R. We use the statistic

1 X(n)—X(n—k)
k,n)= -1
Qb m) = 218 e = X = 28)

as an estimator of . Here k = k(n) satisfy

k 1
k(n) - oo asn — oo and limsup k) < -. (1.2)
n—o00 n 2

The paper is organized as follows. Section 2 gives out its main results, including the
consistency and the asymptotic normality of Q(k,n), and the proofs appear in Section 3.
Finally, some examples and numerical results are given in Section 4.

§2. Main Results

Theorem 2.1. Assume that (1.1) and (1.2) hold. Then Q(k,n) converges in probability
to . If, additionally, 5 k(")
Denote wr as the endpomt of F by wrp = sup{z : F(z) < 1} and define the inverse
function of F by F~(u) = inf{z: F(z) > u}, 0 <u < 1. Andset U(z) = F (1- 1),z > 1.
It is well known from extreme value theory (c.f., [8]) that (1.1) holds if and only if one of

— 00, then Q(k,n) converges to v almost surely.

the following conditions holds:

1—F(x):af%L1(x), ~v >0, (2.1)
1
wr < oo and 1—F(wF—;):m%L2(x), v <0, (2.2)
t t
im U( x) U( ) =logx, for x > 0. (2.3)
t—o0 U fl
Here Ly(z), Ly(z) and U(z) — L [FU ds are slowly varying functions.

A slowly varying functlon h( ) is sald to be (SRi) (i=1,2, or 3) with remainder term g if
one of the following conditions holds:

(SR1) VA > 1, hh(();t)) —1=0(g(t)), as t — 00,
(SR2) VA > 1, ’;f@;;) — 1~ KN\)g(t), as t — 0o,
(SR3) VA > 1, h}f(’\tt)) —1=o0(g(t), as t — oo,

where g(z) L 0 as z — oo.
Assume that {E,,n > 1} is a sequence of iid rv’s with unit exponential distribution. Set

ZE for each n > 1.
i=
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Theorem 2.2. Assume that (1.1) holds with v > 0 and (1.2) holds, and L1(x) is defined
in (2.1). Then

VR
—-(QUkm) = 1) S N, 1) (24)
provided that one of the following conditions holds:

|log ZLEY |
(a) lim sup T\/f(;) =0 for some c > 0.

Y= z>c
(b) Li(x) is (SRi) (i = 1,2, or 3) with a remainder term g such that
Vkg(U(exp(Ty_1))) — di in probability,
where, if i =1 or 2 then d; =0 and if i = 3 then d; € [0,00).

(¢) Li(z) = Lgl)(sc)L?) (x) for large x with Lgl)(m) satisfying (a) and L§2)(m) satisfying
(b).
Theorem 2.3. Assume that (1.1) holds with v < 0 and (1.2) holds, and La(x) is defined
in (2.2). Then

Vk

d
provided that one of the following conditions holds:
|log 22|

(d) Him sup —72s=

(e) La(x) is (SRi)(i = 1,2, or 3) with a remainder term g such that
Vkg(U(exp(Tp_ox))) — d; in probability,
where, if i =1 or 2 then d; =0 and if i = 3 then d; € [0,00).
(f) Lao(z) = Lél)(x)Lg)(x) for large © with Lgl)(m) satisfying (d) and Léz)(x) satisfying
().

In the case v = 0, the estimator Q(k,n) converges in probability to v at a very fast rate

=0 for some ¢ > 0.

under a mild condition.
Theorem 2.4. Assume that (1.1) holds with v =0 and (1.2) holds, and

L(z) = Uz) - i/lx U (s)ds.
(g) If xlgglo L(z) = c € (0,00), then
E(Q(k,n) —~) — 0 in probability as n — oo. (2.6)

1 L(zy)
(h) If lim sup logT\/LT(Z)‘ =0 for some c > 0, then

Y—=X g>c

VE(Q(k,n) —) = 0 in probability as n — co. (2.7)
(i) If L(z) is (SRi)(i = 1,2, or 3) with a remainder term g such that
\/Eg(exp(Fn_k)) — d; in probability,

where d; =0 fori=1 or2 and d; € [0,00) fori =3, then (2.7) holds.

(G) If L(z) = LW (2) L) (z) for large z with L™ (z) satisfying (h) and L3 (x) satisfying
(1), then (2.7) remains true.

Remark 2.1. In Theorems 2.2 and 2.3 we have used the condition

Vkg(U(exp(Tp_2x))) — d; in probability,
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which, in case that g(U(e®)) is regularly varying, is implied by
lim Vg(U(e"%))) = d;.
Similarly, if we assume g(e”) is regularly varying, then we can use the condition
nlgr;o Vkg(e" ™) = d;

to replace the condition of Theorem 2.4: vkg(exp(T',,_x)) — d; in probability.

Under somewhat stronger constraint, we show that Q(k,n) is also asymptotically normal.
To this end, set G(z) = U(e”*) for x > 0. Assume that G is a regularly varying function
at infinity with index § € R, and G satisfies a condition of second order variation, i.e., for
some function a(t) > 0 and g(t) > 0 with tlg(r)lo g(t) =0,

_ B _
G(mi(t)G(t) _z . L_0w)  ast— o (2.8)
holds locally uniformly on = > 0.
Theorem 2.5. Assume that (2.8) holds, and

kn — 00 asn — 0o and nlgl;o % =0. (2.9)
If
%g(rn_k) -0 in probability, (2.10)
then
k3/2 d
—Q(k,n) = N(0,1). (2.11)

V2
Remark 2.2. The properties of second order variationial functions like G in (2.8) can be
found in [9]. An equivalence to (2.8) can be expressed in terms of F. If g in (2.8) is assumed

to be regularly varying, then (2.10) can be replaced by lim "f/(g) = 0, which is satisfied if
n—oo
limsupng(n) < oco.
n—oo

Remark 2.3. In order to construct a confidence interval for 7, we write (2.4), (2.5) and
(2.11) into a unified form

\/E(l _ e—klvl/\/i)

d
where # for v = 0 is defined as lirr%) # = % Furthermore, we use
Y
- )|/ V2 —k|v|/V2
\/E(l_TQIZLQ:;‘ ) o replace W in the left-hand side of (2.12). Note that

P(Q(k,n) = 0) = 0 because of the continuity of F. In case v # 0, it is obvious that
(1 — e~ HQEMI/V2) /|Q(k, n)|
(1 —ekh1/V2) /||
For v = 0, (2.11) implies kQ(k,n) = o(1) in probability, which yields (2.13). Thus, from
(2.12) we see

— 1 in probability. (2.13)

VE(1 — e~ klQUEm)|/V2)
|Q(k, n)|

Via this result one can construct a confidence interval for ~.

(Q(k,n) —7) % N(0,1).
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§3. Proofs

Keep in mind that {E,,n > 1} is a sequence of i.i.d. random variables with unit expo-
n

nential distribution and I',, = )" E; for each n > 1. Then from [1] or [10], {X(n), n > 1} is
j=1

distributed the same as {U(exp(T'y,)), n > 1}. For simplicity write X (n) = U(exp(T',,)) for
all n > 1. Thus, Q(k,n) can be rewritten as

1 U r,)-U |

Q(k:,n) = —log (exp( )) (exp( k)) )
k U(exp(rn—k)) - U(exp(Fn—Qk))
Lemma 3.1. Suppose that (1.1) holds with v > 0. If (1.2) holds, then

1 U(exp(Ty)) 1, . .
k,n) = —-log ——————~~ 4+ o0(=) in probability, 3.1
Qi) = 1o g R o) i probabitity (3.1)
and additionally, if lim lk" = o0, then
n—oo ogn
1 U(exp(T'n)) 1
k,n)=—-log—————"—+0(=) almost surely. 3.2
Q(k,n) = - log U (exp(To1)) (%) y (3.2)
Proof. From [8], U(z) is regularly varying at infinity with index v > 0. From properties
of regular variation we see that if li_>m @ = 00,
U(h
[(]((Im)>)—>oo as n — oo (3.3)
By the law of large numbers, if (1.2) holds, then
r,—-T,_ Ty — T
”T”f — 1 and w —1 in probability. (3.4)
Additionally, if 1:£n — 00 as n — oo, then by [12],
Fn - an an - ]-—\nf
Tk — 1 and # — 1 almost surely. (3.5)

In view of (3.3) and (3.4), if (1.1) and (1.2) hold, then
Ulexp(l'n—#)) U(exp(I'n—2t))

Ulexp(Ty) — 0 and 0 (exp(Ty 1) — 0 in probability.
Since
1 U(exp(T'y)) 1 U(exp(T'y—x)) 1 U(exp(T'rn—2k))
QW) = 518 ety * 8% (1 Towtt) ) 5% (U D))

(3.1) follows from the Taylor’s expansion. Likewise, if Ifg"n — 00 as m — 00, one can

conclude (3.2) from (3.3) and (3.5). That completes the proof of the lemma.
Lemma 3.2. If (1.1) holds with v < 0 and (1.2) holds, then

1, U(o0) = Ulexp(I'n_t)) 1y . "
kyn)= -1 — bability.
Q(k,n) ; log 0 (00) — U{exp(Tan) —I—O(k> in probability
Furthermore, if lim lk" = o0, then
n—oo 08N
1, U(oo) = Ulexp(Tn—)) 1
k,n)= -1 - Imost ly.
Q(k,n) ; log T(00) — Ulexp(Tan) + O(k) almost surely

Proof. Tt is easily seen that U(oo) = wp < 0o. Set
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Note that (2.2) holds in the case. Thus 17(x) is regularly varying with index —vy > 0.
According to the proof of Lemma 3.1 we see under (1.2) that

~ ~

Ulexp(T'n—r)) Ulexp(l'n—2k))

— — 0 and — — 0 in probability,
U(exp(T'y,)) Ulexp(T'y—k))
and under the additional condition lim ; (fg"n = oo the wording “in probability” can be
n—oo

replaced by the wording “almost surely”.
Rewrite

~

U(exp(T'p—2k))

~

Q(kan)—llogN+1log(1&£e>q)(rnk))>lilog(1U(eXp(F’l%))).

B Ulep(Tuo)) U(exp(T'))
The lemma immediately follows from the Taylor’s expansion.

~

U(exp(Trn-k))

Lemma 3.3. Assume that (1.1) holds with v = 0. Let x,,y, and z, be positive constants
such that

lim xz, =00, lim =— =1, liminf— > 0.

Set L(z) =U(z) — % [ U(s)ds. Then

min L(efTyntan)

t€[0,25] U(el'n'*‘yn'*'zn) _ U(eyn+zn)
t+2z (1 + 0(1)) S +z _ z
max L(ett?n) U(eyntzn) — U(e*n)
t€[0,yx]
%ax | L(et+yn+zn)
tel0,zy,
- 1 1 3.7
ey (o) (3.7
tE[O,yn]

holds for all large n.

Proof. Note that (2.3) holds under (1.1) with v = 0 and the convergence in (2.3) is
locally uniform, i.e., for any 7' > 1 and the sequence {t,} with nh~>rrolo t, = oo, there exists a
sequence {e,}, €, J 0 such that, for all large n

U(xt) —U(t)
‘ L(t)

Set t,, = e*~. By choosing x = el and z = elnl in (3.8) respectively, where [x] denotes

- logx‘ <e, forallz € [T, T], t>t,. (3.8)

the integer part of =, we get

(yi _ gn>L(e(i_1)[5ﬁ+z") < U<ei[Z—Z]+zn) _ U(e(z‘—l)[z—gﬁm)

[yn]
Yn (i—1) 22 4z,
< (2 4+ sn)L(e AR
[yn]
fori=1,2,--- ,[y,] and
([xn} _ En)L(e(j—l)[i—:ﬁynJrzn) < U(SBmtyntany _g(eUDimtonten)
Tn,
< (xin + En)L(e(j—l)[ﬁ—’;]—i—yn-i-zn)
[2n]
for j = 1,2, -+, [z,]. By taking simply summations on each side of the above inequalities

one can easily get the lemma.
Proof of Theorem 2.1 If v > 0, then the conclusions of Theorem 2.1 immediately follow
from Lemma 3.1 and Theorem 4 of [1].
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Assume v < 0 and define U as in (3.6). As we have known, U (x) is regularly varying with

index —y > 0. Hence U(z) can be written as U(z) = 2~ 7h(z), where h is slowly varying.
From [17, p.18],

lim log h(x) _
z—oo  logx

Therefore, it is easily proved from (3.4) and (3.5) that

~

U |
log M — — in probability

~

Uexp(T'y—2k))
and under the additional condition

1' — 00 as n — 00
ogn

~

U |
log N(exp(—k)) — = almost surely,

U(exp(T'n—2x))
which, coupled with Lemma 3.2, yields the theorem.
Assume now v = 0. Note that L(x) is a slowly varying function. By Karamata’s repre-
sentation theorem (see e.g. [8] or [17])
L(z) = ¢(z) exp { /w Mdu} with lim ¢(z) =¢ >0 and lim b(z) =0,
1 u T—> 00 r—00

from which one can easily show that

Then under the conditions of Lemma 3.3 we conclude from (3.7) that
U(exm—yn+zn) — U(eyn+zn>

= o(zy). 3.9
Now set , =1, = 'k, Yo = g — I'n—or and 2, = ';;_ox. Then

1 U(e¥ntyntan) — [ (e¥nt?n)
k,n)=—1
Qk,n) = 7 log U(evnton) — Ulen)

The conclusions of Theorem 2.1 immediately follow from (3.4), (3.5) and (3.9). That com-
pletes the proof of Theorem 2.1.

log

(3.10)

Proof of Theorem 2.2 According to Lemma 3.1, to prove Theorem 2.2 it suffices to
show

VE 1 Ul(exp(T',))) d

— (- log ——— — — N(0,1). 3.11
5 (k ©8 U(exp(Th—&)) 7) 0,1) (3.11)
Note that U(x) is a regularly varying function with index v. Write U(x) = 27 J(x), where

J(x) is slowly varying. Since

U@ =int {y: s 2 o} = (1=F) @,

~ T asx — 0o, Le.,
J(x) ~ Li(x) as T — 00. (3.12)

Assume that (a) holds. It is obvious that for some ¢; > 0,

1
we have m

lim sup
Y= g>cq

Ll(U ‘

V1ogU(z
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Thus from (3.12) and the fact

lim Ulx) =7
z—oo log x
we have
J(zy)
. g J(y
1 ‘ - 3.13
0% P | g (3.13)
It is clear from the central limit theorem that
1 d
— (T, —T,_r— k) — N(0,1), 3.14
\/E( K — k) (0,1) (3.14)
and from (3.13) and (3.4) that
1 J(exp(Ty)) , s
log — 0 in probability.
k8 Texp(Tamr))
Then (3.11) follows from the identity
k/1 U T, I, —T,._r—k 1 J T,
k7 Ulexp(T'n—r)) VEk Wk J(exp(Tn-k))

If (b) holds, (3.11) can be proved along the lines of the proof of Theorem 5 of [1]. The
detail is omitted.
Suppose now (c) holds. Then from (3.12)
S ()
1 2
147 (@)L ()

~1 as x — o0.

Then

1 Jen()

Vk 7 J(exp(Tn—r))

L (exp(T 1 L (exp(T

R —— (exp(Tn)) 1 og (exp(Tn)) Op(i).

VE L epCy))  VE T L (exp(Tag) VR
The first term on the right-hand side of (3.16) is obviously of the same order as o,(1), and
by Lemma 6 of [1], the second term is also of the order 0,(1). Consequently, (3.11) follows
from (3.14)—(3.16).

Proof of Theorem 2.3. In view of Lemma 3.2 it suffices to show

VR (1, Ulep(Cn))

TN Uexp(Taoi))

which can be proved along the the lines of the proof of Theorem 2.2.
Proof of Theorem 2.4. Like the proof of Theorem 2.1, set

(3.16)

- 7) 4 N(0,1),

Tp =Dn =Tnp, Yn=Tnp —Thok, 2n =Tn_ak.
Then (3.10) holds. If (g) holds, then by applying Lemma 3.3, (2.6) is valid; and if (h) holds,
then (2.7) holds.
Suppose now that (i) holds. Due to Theorem 2.2.2 of [7],
(1) L is SR1 if and only if

L(x) = exp { €+ O(g(a /0 it} (3.17)
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(2) L is SR2 if and only if
L) = exp{C +ofg(w) + [ (C+o(D)gl)eat);
(3) L is SR3 if and only if
L(x) = exp{C + o(g(x)) + /lx o(g(t))t~tdt}.

We only prove (2.7) under (3.17). From (3.7) and (3.10), for some D > 0,

F(om-n [ T o) < Qo < 2o, 4

k xp(C'n—2k)
Since

exp(Ty)

exp(Tn—2k)

exp(T'y)
/ g(t)tildt < g(eXP(Fn—Qk))(Fn - Fn—Qk) = Op(k)g(eXp(Fn—Qk))

Xp(Cr—2k)

and from (2.6),
VEg(exp(Tp_ar)) — 0 in probability,
we get
VEQ(k,n) = 0,(1),

which proves (2.7).

If (j) holds, then one can show (2.7) in a similar way. The dertail is omitted here.

The proof of Theorem 2.4 is completed.

Proof of Theorem 2.5. Note that

Q) = 7 log

G(Fn) - G(Fn—k)
G(Tp—p) — G(Tn—or)

Setting t = I',_j in (2.8) and mentioning that 1;"%]5 — 1 in probability, we have

Ip—Th & o (ink )IB —1

+ O:D(g(rnfk))a

aCpo) B
Fn—?k - Fn—k o (I;T;;—Q:)ﬂ —1
a(Fn,k) - /6 + Op(g(rn—k))'

Using Taylor’s expansion one can easily show
Fn—Tnw—k Thix—Tno—Fk d
kK2Q(k,n) = 2—= —-n +0,(1) 5 N(0,2),

yielding (2.11).

¢4. Examples and Numerical Results

First of all we give some examples satisfying the conditions of Theorems 2.2 and 2.3.

Example 4.1. Assume that
1— F(z) = ()2~ 7 (log z)?

g(t)fldt).

for large z, where v > 0, f € R and lim c¢(z) = ¢ > 0. Then the condition (a) holds. Thus,

Tr—00

if {k,} satisfy (1.2), then

B

=~ (QUbnym) =) 4 N(0,1).
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Example 4.2. Set
1—F(x)= cx 7 exp{(log z)"}
for all large x, where v > 0, ¢ > 0, 8 € (0,1). In this case,
Li(x) = cexp{(log2)®}.
It is easily seen that L;(x) is (SR2) with g(t) = (logt)~(*=#) and K(\) = Blog A (see also
[1]). If (1.2) holds and
kn =o(n?A=) as n — oo,

then the condition (b) is satisfied. Hence, we have

\/;?”(Q(kmn) ) 4 N0, ).

Example 4.3. Take
1—F(z)= c(x)x_%(log x) 7P exp{(log z)?}
for all large =, where v > 0, 81 € R, 82 € (0,1) and li_>m c(x) =c¢>0. Put
x (oo}

Lgl)(ac) = ¢(z)(logz)?* and L§2) (z) = exp{(log z)"2}.
Then Lq(x) = Lgl)(x)Lgm () satisfies the condition (c) of Theorem 2.2 if k,, = o(n?(1=52)).
Therefore, if (1.2) holds and
kn = o(n?1F2)) as n — oo,

then

=

(Qknyn) —7) 3 N(0,1),

Y
Example 4.4. Assume

1— F(xo — %) = c(x)x%(log )P exp{(log )%}
for all large x, where v < 0, g € R, 1 € R, 82 € (0,1) and zlggo c¢(z) = ¢ > 0. Then,
according to Theorem 2.3, if (1.2) holds and
kp = o(n*=)) as n — oo,

then
Vkn
Y

d
(Q(kn,n) =) = N(0,1).
Example 4.5. Assume
1—F(x)=e"" for z>0.

Then it is obvious that the condition (g) is satisfied. Hence, if (1.2) holds, then &, Q(k,,n) —
0 in probability. Note that U(z) = log for z > 0. Thus, it is easily seen fron Section 3 that
K2 Q(kn, ) 5 N(0,2).

Some numerical results for the estimator Q(k,n) and the Berred’s estimator R}c’n are
listed below. The distribution functions utilized here can also be found in [1]. In the tables,
Q(k,n) and R}Cn are the averages of 500 estimates of Q(k,n) and R}CW; V(Q) and V(R) are

the corresponding standard errors, o is the asymptotic standard deviation for Q(k,n) (also
for R}C’n in Table 1).
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Table 1

T

1

2

- F(z) v

0.5
1.0
1.0
1.5
1.5

2=

Tx~ 0.5
0.5
1.0
1.0
1.5

1.5

(1+2272) 05
0.5
1.0
1.0
1.5
1.5

10
20
10
20
10
20

N W W aWw

10
20
10
20
10
20

N W W Ww

10
20
10
20
10
20

N W W w

Q(k,n)

0.4924
0.5057
1.0283
0.9740
1.5195
1.4959

0.4894
0.4895
1.0375
1.0071
1.5190
1.5122

0.5334
0.5092
1.0382
1.0082
1.5189
1.4930

V(Q)

0.4094
0.2046
0.6357
0.3733
0.8878
0.5974

0.3974
0.1911
0.5986
0.3908
0.9187
0.5626

0.4227
0.1963
0.6431
0.3776
0.9175
0.5565

0.2903 0.2886
0.1963 0.1889
0.5765 0.5773
0.3714 0.3779
0.8577 0.8660
0.5969 0.5669

0.2885 0.2886
0.1811 0.1889
0.5503 0.5773
0.3890 0.3779
0.8910 0.8660
0.5623 0.5669

0.3142 0.2886
0.1883 0.1889
0.5905 0.5773
0.3769 0.3779
0.8818 0.8660
0.5562 0.5669

Table 2

1—F(wF—l)

x

8
2

1
Tx~

27 (14 2272)

-0.5
-0.5
-1.0
-1.0
-1.5
-1.5

—0.5
—0.5
-1.0
—1.0
—1.5
—-1.5

—0.5
-0.5
—1.0
-1.0
—1.5
—-1.5

10
20
10
20
10
20

N W W Ww

10
20
10
20
10
20

N W W Ww

10
20
10
20
10
20

N W W Ww

Q(k,n)

—0.49073
—0.50420
—1.01256
—0.99525
—1.48508
—1.50848

—0.48963
—0.49981
—1.03351
—0.99875
—1.53061
—1.51652

—0.49609
—0.49274
—1.02106
—0.99861
—1.53080
—1.51161

V(Q)

0.39665
0.20005
0.67874
0.38733
0.85813
0.54982

0.38434
0.19443
0.60076
0.35944
0.88645
0.58206

0.37922
0.20316
0.66302
0.39331
0.88346
0.55880

ag

0.28867
0.18898
0.57735
0.37796
0.86602
0.56694

0.28867
0.18898
0.57735
0.37796
0.86602
0.56694

0.28867
0.18898
0.57735
0.37796
0.86602
0.56694
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Table 3 (v =0)
1-F@) B n k Qkn) V(Q o
exp(ac_ﬁ) 0.5 10 3 0.15068 0.31420 0.27216
10 3 +40.13306 0.32554 0.27216
20 7 +0.07977 0.08233 0.07636
20 7 +0.07815 0.08295 0.07636
1 10 3 +0.00916 0.28984 0.27216
10 3 —0.00677 0.29122 0.27216
20 7 —0.00056 0.08052 0.07636
20 7 +0.00015 0.08055 0.07636
2 10 3 —-0.07387 0.29031 0.27216
10 3 —0.09409 0.28928 0.27216
20 7 —0.04312 0.07727 0.07636
20 7 —0.04115 0.08016 0.07636
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