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Abstract

This paper investigates periodic boundary value problem for first order nonlinear impulsive
integro-differential equations of mixed type in a Banach space. By establishing a comparison
result, criteria on the existence of maximal and minimal solutions are obtained.
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¢1. Introduction

In this paper, we investigate the periodic boundary value problem (PBVP) for first order
nonlinear impulsive integro-differential equations of mixed type in a Banach space E:

o = f(t,x,Tx,Sx), VO<t<2m, t#t, (k=1,2,---,m),

AI|t:tk :Ik:(x(tk)) (k: 1527"' am)a (11)
z(0) = z(2m),
where f € C[J x Ex Ex E,E], J=[0,2n], I, € CI[E,E] (k=1,2,---,m),
t 2m
(Tz)(t) = / K(t,s)z(s)ds, (Sz)(t)= H(t,s)x(s)ds, (1.2)
0 0

K € C[D,R4], D ={(t,s) e I x J: t>s},HeC[JxJ R:], Ry denotes the set of all
nonnegative numbers, and 0 < t1 < -+ < ¢, < -+ < £y, < 2m. Az, represents the jump
of (t) at t = tg, i.e., Axls—y, = x(t}) —x(t; ), where z(t]) and z(¢; ) denote the right and
left limits of x(t) at ¢t = t;, respectively. A special case of PBVP (1.1) has been considered
in Euclidean space recently in [2], where by developing a comparison result the monotonicity
condition normally imposed on the right-hand side relative to the integral term is removed
successfully and the existence of extremal solutions is established.

In Section 2 we establish a comparison result, and then we state and prove the main
theorem in Section 3. Finally, to illustrate our result, Section 4 offers two examples in both
finite and infinite dimensional spaces.
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§2. Comparison Result

Let PC[J,E] = {z : xis amap from J into F such that z(t) is continuous at ¢t # ¢, and
left continuous at ¢ = t, and the right limit m(tz) exists for k=1,2,---,m}. Evidently,
PC1J, E] is a Banach space with norm ||z||pc = sup ||z(¢)||. Let J" = J\{t1, - ,tm}. = €

teJ

PC[J,E)NCJ', E] is called a solution of PBVP (1.1) if it satisfies (1.1).

Let E be partially ordered by a cone P of F, i.e., x < y if and only if y —x € P. P
is said to be normal if there exists a positive constant N such that § < z < y implies
[lz]| < N||y||, where 6 denotes the zero element of E, and P is said to be regular if z; <
29 < oo <y < oo < gy implies ||z, — z|] = 0 as n — oo for some x € E. Tt is well
known that the regularity of P implies the normality of P (see [1, Theorem 1.2.1]). Let
Q ={x € PC[J,E] : z(t) > 0 for t € J}. Then Q is a cone in space PC[J, E], and so,
PC|J, E] is partial ordered by @ : v < v if and only if v —u € @, i.e., u(t) < v(t) for t € J.

In the following, let Jo = [0,¢1], J1 = (t1,t2], -, Jm—1 = (tm=1,tm])s Jm = (tm,27], 0 =
max{ty —tx—1: k=1,2,--- ,m+ 1} (where tg = 0, t,,,11 = 27) and ko = max{K(¢,s) :
(t,s) € D}. hg = max{H(t,s): (t,s) € J x J}.

Lemma 2.1 (Comparison result). Assume that p € PC[J, E] N C[J’, E] satisfies

p<—Mp—NTp—N,Sp, Vteld, t#t, (k=1,2,--- m),

Ap|t:tk é _Lkp(tk) (k = 1’27 e 7m)7 (21)
p(0) < p(2),
where constants M >0, N >0, Ny >0, 0< L, <1 (k= -,m), and
{ T (1= Ly) }

M~ (Nko + Nyho)(e?™ —1)5 < —*=

m

1+ 5 [10-Ly

n=1k=n

,_.

—~~
N
[N}

~

Then p(t) <0 forte J .
Proof. For any g € P* (P* denotes the dual cone of P (see [1])), let u(t) = g(p(t)).
Then u € PC[J, RN C'[J’, R] and

u'(t) = g('(1),  g((Tp)(t)) = (Tu)(t), g((Sp)(t)) = (Su)(t),
where R denotes the set of all real numbers. By (2.1), we have
v < —Mu— NTu— NSu, Vted, t#t (k=1,2,---,m),
Auli—y, < —Lpu(te) (k=1,2,--,m), (2.3)
u(0) < u(27).
Let v(t) = u(t)eM?t, vVt € J. Then v € PC[J,R]N C[J', R] and (2.3) implies
V() < =N [o k*(t,s)o(s)ds — Ny [ h*(t,s)v(s)ds,
VteJ t£t, (k=1,2,---,m),

2.4
A=y, < —Lgv(ty) (k=1,2,---,m), (24)
v(0) < w(2m)e 2™,
where k*(t,s) = K(t,5)eMt=%) h*(t,s) = H(t,s)eM*~*). We now prove
o(t) <0, Vel (2.5)

Suppose that (2.5) not true. Then, there are two cases: (a) there exists ¢] € J such that
v(t}) > 0, and v(t) > 0 for t € J ; (b) there exist t5,t5 € J such that v(¢]) > 0 and v(t5) < 0.
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If case (a) holds, then (2.4) implies v'(t) <0, Vt € J, t#t, (k=1,2,---,m), and
o(th) = v(ty) + Avli=y, < (1= Lp)o(ty) <ov(ty) (k=1,2,--- ,m).
This means that v(¢) is nonincreasing in J, and therefore
v(0) > v(t]) > 0, (2.6)
v(0) > v(2m). (2.7)

It follows from (2.7) and the last inequality in (2.4) that v(0) > v(0)e?™ which contradicts
(2.6).
In case (b), let 2n£v(t) = —A. Then XA > 0, and there exists ¢; < t§ < t;41 for some i
€

such that v(t§) = —\ or v(t]) = —\. We may assume that v(tj) = —\ since, in case of
v(t]) = =, the proof is similar. From (2.4), it is easy to see that

t 27
v'(t) < ANk / eME=9)qs + ANy hg / eM(t=9)qg
0 0

< AM,, Vied, t#t, (k=1,2,--,m), (2.8)
where My = M~Y(Nko + N1ho)(e>™ —1). We have
v(2m) — () = V' (En) (2T — t) (tm < &m < 2m),
U<tm) - U(t:;—l) = v/<§m—l)(tm - tm—l) (tm—l <Em-1< tm);
............ (2.9)
O(tiga) —o(tf ) = 0/ (Gig1) (biga — tig1)  (tix1 < &ig1 < tiga),
v(tiv1) — v(t5) = v (&) (tiv1 — £5) (5 <& <ti1),
and so, by (2.4) and (2.8),
0(27) = (1 = Lo )o(bm) < AMod,
U(tm) — (1 — mel)v(tmfl) S )\]\4()67
............ (2.10)
v(tive) — (1= Lip1)v(tip1) < AMoé,
’U(ti_‘_l) —+ A S )\M()(;,
which implies
v(em) <A ] (-Lo)+ AM06{1 + 3 J[a- Lk)}. (2.11)
k=i+1 n=it+1k=n
If v(27) > 0, then (2.11) gives
[T (1=Ly) [T(1—Lg)
Mys > k:nl:rl _ > = ,
1+ > IIT(A—-Le) 1+ > TT(1-Lk)

n=1i1+1 k=n n=
which contradicts (2.2). So, we have v(27) < 0, and by (2.4), v(0) < v(2m)e 2™ < 0.
Hence 0 < 7 < 2m. Let t; < t] < t;41 for some j .
We first assume that ¢ < ti. So, ¢ < j. We have, similar to (2.9),
o(tr) —o(t]) = o' (&)(tF — t5) (tj <& <t)),

o(ty) —o(t] ) =0 (&-1)(t; — ;1) (tji—1 < &1 <tj),
............ (2.12)

O(tive) —v(ti ) = V(&) (tige — tix1)  (fip1 < &ig1 < tiga),
v(tiv1) — v(tg) = v (&) (tiv1 — £5) (15 <& <ti1),
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and so, as in (2.10) and (2.11), we get

J J J
0<u(ty) < - ] (1—Lk)+)\M06{1+ 3 H(I—Lk)}, (2.13)
k=i+1 n=i+1k=n
which implies
J m
k=it+1 k=it1
My > j+ ; =—0 + 5 o~
1+ X H(l_Lk) [T A=Le)+ > TI(1—Lg)
n=i+1 k=n k=j+1 n=i+1k=n
(1— L)
2 k:Ll m ?
14+ > (1— Lg)
n=1k=n

and this contradicts (2.2).
Next assume that t] < ¢§. So j <. Similar to (2.12) and (2.13), we have

0 < v(t) < v(0) [ (1 - Ly) +>\M06{1 +Y JJa- Lk)},
k=1

n=1k=n

which implies

J Jj J
o[- >—AM05{1+Z H(I—Lk)}. (2.14)
k=1 n=1k=n
On the other hand, we have, by (2.4),
v(0) < v(2m)e 2™M, (2.15)

It follows from (2.11), (2.14) and (2.15) that

~ Moo {1+ z]: ﬁu - Li)}
n=1k=n

k=i+1
+AM66_2”MH 1= L{1+ S [0 )},
. n=i+1 k=n
ﬁ 1— L) ﬁ (1— L)
- kSt
< My§ 2”M{1+Zj:]i[(1—Lk)}
n=1k=n
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Hence
(flo-00)
k:l
<| ﬁ (1—LkHﬁ 1— L) ﬁ (1 L)
k=j+1 k=1 k=i+1
m J m
<M0662’TM{ H (1—Ly) +ZH 1—Lk}
k=j+1 n=1k=n
m m m
+ Mos [J (1 — Li) {1+ > 1I¢ I—Lk}
k=1 n=i+1k=n
§M0562“M{ Zm:ﬁ 1— Ly) }+Mo {HZH 1*Lk>}
n=1k=n n=1k=n

= w013 10 - 1},

which contradicts (2.2). The proof is thus complete.

Remark 2.1. Lemma 2.1 develops some ideas in [2] and [3].

Lemma 2.2. Let o, n € PC[J,E] and M, N, Ny, L; (k =1,2,---,m) be constants
with M # 0. Then x € PC[J, E)N C[J', E] is a solution of the PBVP for linear impulsive
integro-differential equation

{J;’+Mx+NTx+Nle=U(t), vied, t#£ty (k=1,2,---,m),

Am‘t:tk = Ik(n(tk)) - Lk[x(tk) - n(tk)] (k =1,2,-- 7m)7 (216)
z(0) = z(27),

if and only if x € PC[J, E] is a solution of the following impulsive integral equation

2(t) = e*Mt{ﬁ [ / " M3 (g (s) — N(Tz)(s) — Ny (S)(s))ds
+ZeMtk L(n(ty)) = Li(a(te) = n(t)))]

N / M3 (o (s) — N(Tx)(s) — Ny (Sx)(s))ds
0
+ Y M (Tu(n(te) — L(a(ts) — U(tk)))}~ (2.17)

0<trp<t

Proof. Assume that € PC[J, E] N C'[J’, E] is a solution of PBVP (2.16). Let z(t) =
z(t)eMt. Then z € PC[J, E]N C'[J', E] and, by (2.16),

J(t) = [o(t) — N(Tz)(t) — Ny (Sz)(t)]eMt, Ve e J, t £tp (k=1,2,-- ,m),

2.18)
Azleme, = {Te(n(tr)) = Lilo(te) — n(te)}e™™  (k=1,2,--- ,m). (2.19)

It is easy to establish the following formula (see [4, Lemma 1])
2(t) = 2(0) + / t)ds+ Y [2(t) — 2(ts)], VteJ. (2.20)

0<trp<t
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Substituting (2.18) and (2.19) into (2.20), we get
£(t)eM / M[y(5) — N(Tz)(s) — N1(Sz)(s)]ds

+ Z MLy (n(tk)) — Li(2(ty) — n(tr))], Vt e J. (2.21)

O<trp<t
Letting ¢t = 27 in (2.21), we find

z(2m)eM?™ = (0) + /0 i eMs[o(s) — N(Tx)(s) — N1(Sx)(s)]ds

+ZeM” Le(n(t)) — Li(a(te) — n(ty))- (2.22)

Since z(0) = z(27), (2.22) 1mphes

z(0) = ﬁ{ / "Moo (s) — N(Ta)(s) — Na(S)(5)]ds

+26M” L(n(te) = Li(a(t) = n(ta)] . (2.23)

Substituting (2.23) into (2.21), we see that z(t) satisfies (2.17).

Conversely, if x € PC[J, E] is a solution of Equation (2.17), then, it is easy to see by
direct differentiations that x € C1[J', E] and z satisfies (2.16).

Lemma 2.3. Let constants M > 0, N >0, Ny >0, Ly >0 (k= 1,2,---,m) and
o, n € PClJ, E). If

2 M~ (Nko + N1ho)(2 — e ™) + > [1 4 (2™ — 1) 1eM™] L, < 1, (2.24)
k=1
then Equation (2.17) has a unique solution in PC[J, E].
Proof. Define operator F' by

(Fa)(t) = -Mf{ﬁ{ | oo - NTa)e) - Mi(sa)s)ds

+Zem I (n(t)) = Le(a(te) = n(t)))]

+ Z M (I (n( k))—Lk(lf(tk)_”(t’“)))}'
0<tp<t

It is easy to see that F' is an operator from PC[J, E| into PC[J, E] and it satisfies
||F’I'*Fy||pc S"YHxiryHP07 vm,yEPO[‘LEL
where
v = 27TM71(N]€0 + N1h0)(2 — 672WM) + Z[l + (627TM — 1)71€Mtk]Lk <1
k=1

on account of (2.24). Thus, the Banach fixed point theorem implies that F' has a unique
fixed point in PC|J, E], and the lemma is proved.
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Lemma 2.4. Let z, € PC[J,E] (n=1,2,3,---). If functions x,(t) (n=1,2,3,---) are
equicontinuous on each Jy (k=0,1,--- ,m) and
lim 2,(t) = 2(t), VteJ, (2.25)
n—oo
then x € PC[J, E] and

|xn — z||pc = 0 (n— 00). (2.26)

Proof. Let V = {x, : n = 1,2,3,---} and V}, = {x,|y, : n = 1,2,3,---} (k =
0,1,---,m). Since mn(tﬁ) exist (n =1,2,3,---), Vi may be regarded as a subset of space
C[Jy, E], where J;, denotes the closure of Ji, i.e., Ji = [tg,tx11]. Hence, by hypotheses and
the Ascoli-Arzela theorem, Vj is relatively compact in C[Ji, E] (k = 0,1,---,m). Conse-
quently, V' is relatively compact in PC[J, EJ.

Assume that (2.26) is not true. Then, there exists an £y > 0 and a subsequence {z,,,} C
{zn} such that

”an —I‘HPC 250 (i:1,273,"~). (2.27)
Since V is relatively compact in PC[J, E], {x,,} contains a subsequence which converges
uniformly on J to some y € PC|J, E]. Without loss of generality, we may assume that {z,, }
itself converges uniformly on J to y, i.e.
|Zn, —yllpc =0 (i = o0). (2.28)
Now, (2.28) and (2.25) imply that y(t) = x(¢) for t € J, i.e. y =z, and (2.28) becomes
@0, —z|lpc =0 (i — c0). (2.29)

Evidently, (2.29) contradicts (2.27), and therefore, (2.26) holds.

¢3. Main Theorem

We shall state and prove our main theorem in this section. For convenience let us list
some conditions for later use.
(H;) There exist ug, vg € PC[J, E]NC[J', E] satisfying uq(t) < vo(t) (Vt € J) and
uy < f(t,ug, Tug, Sug), VteJ, t#t, (k=1,2,---,m),
Augli—t, < Ii(uo(ty)) (b =1,2,---,m),
UO(O) S UO(27T),

vy > f(t,v9, Tvg, Svg), VteJ, t#t, (k=1,2,---,m),
Avgli=t, > Ix(vo(ty)) (k=1,2,---,m),
vo(0) > vo(27),

i.e. up(t) and vo(t) are lower and upper solutions of PBVP (1.1) respectively.
(Hz) There exist constants M > 0, N > 0 and N; > 0 such that

ftxy,2) = f(t,7,5,2) 2 —M(x —7) = N(y —y) — N(z - 2),
whenever t € J, ug(t) <T <z < wv(t) , (Tuo)(t) <7 <y < (Tw)(t), and (Sug)(t) <z <
z < (Swo)(t).
(Hs) There exist constants 0 < Ly <1 (k=1,2,--- ,m) such that

Ii(x) = Ii(T) = —Li(z — ),



524 CHIN. ANN. OF MATH. Vol.19 Ser.B

whenever wug(ty) <ZT <z <wo(ty), (k=1,2,---,m) . As usual, [ug,vo] = {x € PC[J, E] :
ug < x < v} denotes an ordered interval in PC[J, EJ.

Theorem 3.1. Let cone P be reqular, f be bounded on J X B, X B, X B, and I}
be bounded on B, (k =1,2,---,m) for any r > 0, where B, = {x € E : ||z|| < r}. Let
conditions (Hy) — (Hs) be satisfied. Assume that inequlities (2.2) and (2.24) hold. Then there
exist monotone sequences {uy,}, {v,} C PC[J, E)NC[J’, E] which converge uniformly and
monotonically on J to the minimal and mazimal solutions T, z* € PC[J, E] N C[J', E] of
PBVP (1.1) in [ug,vo] respectively. That is, if v € PC[J, E]N C[J’, E] is any solution of
PBVP (1.1) satisfying x € [ug, vol, then

wolt) < wa(t) < -+ < un(t) <T() < alt) < 7 (1)
<op(t) <. <wv(t) <wglt), Ve, Vn>0. (3.1)
Proof. For any n € [ug, vo], consider the linear PBVP (2.16) with
o(t) = f(t,n(t), (Tn) (), (Sn)(t)) + Mn(t) + N(Tn)(t) + N1(Sn)(t). (3.2)

By Lemma 2.2 and Lemma 2.3, PBVP (2.16) has a unique solution € PC[J, E]NC'[.J’, E].
Let x = An. Then A is an operator from [ug, vo] into PC[J, E] N C'[J’, E]. We now show
that (a) up < Aug, Avy < vy and (b) A is nondecreasing in [ug, vg]. To prove (a), we set
uy = Aug and p = up — ug. By (2.16) and (3.2), we have
u’l + Muy + NTuy + N1 Suqp = f(t,uo,Tuo, SUO) + Mug + NTug + Nyug,
vield, t£t (k=1,2,---,m),
=t = Tk (uo(tr)) — Li[ur(tk) — uo(tr)] (b =1,2,---,m),
ul(O) = U1(27T),
and so, by (Hy),
P =uy—u) < —Mp— NTp— N;Sp, VtGJtyétk (k=1,2,---,m),
Apli=t, = Dugli=t, — Duili=t, < —Lip(tr) (k=1,2,---,m),
p(0) = uo(0) — u1(0) < up(2m) — ux(2m) = p(2n),
which implies by virtue of Lemma 1.1 that p(¢t) < 0 for ¢t € J, i.e. up < Aug. Similarly,
we can show that Avg < vg. To prove (b), let 91, 12 € [ug, vg] such that m; < 72 and let
p = x1 — o, where z1 = Any and x5 = Any. It is easy to see from (2.16), (3.2) and (Hz),(Hs)
that

/

Pl =2y —xy = —[f(t, 2, T2, Sn2) — f(t,;m, T, S)
+M(n2 —m) + NT(n2 —m) + N1S(n2 — m)
— Mp—NTp— N1Sp<—Mp— NTp— N1Sp,
Vied, t£t, (k=1,2,---,m),
Ap|t:tk = A961|t:t,c - A96’2|t:tk
= —{Le(2(tr) — Te(m(te)) + Li[n2(tr) — m(te)]} — Lip(tr)
< —Lip(te), (k=1,2,---,m),
p(0) = p(2).

Hence, Lemma 2.1 implies that p(t) < 6 for ¢t € J, i.e. An; < Anq, and (b) is proved.
Let u, = Aup—1 and v, = Av,—1 (R =1,2,3,---). By (a) and (b) just proved, we have

up(t) <ur(t) < - <up(t) < -~ <w,(t) <--- <wi(t) <wo(t), Vted — (3.3)
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So, the regularity of P implies
le un(t) =T(t), Vte (3.4)

Let V.= {u, : n =0,1,2,---}. Since P is also normal, it follows from (3.3) that V is a
bounded set in PC[J, E], and so, by hypotheses, there is a positive constant 8 such that

£t un—1(t); (Tup—1)(#), (Sun—1)(t)) + Muy—1(t) — N(T(un — un—1))(t)

Hi(un—1)®)|) < B, VE€eT (n=1,2,3,---). (3.6)
On account of the definition of u, and (2.16), (2.17), (3.2), we have

) =M g [ [ et (60, T )6, (S11)(0)

+ Muu1(8) = N(T (1t = 1)) (s) = Na(S(utn — 1)) (s))ds
0 M Lo (80)) = Lilun(te) = w1 (1))

k=1
M0 (5), (P (9. (S0) 8)) + Mt ()
= N = n-1))(s) = N(S(ttn = -1))(s))ds
+ D M (o (1)) = Li(un(t) = wnoa(8))) .

O<tr<t

VvteJ (n=1,2,3,---). (3.7)

It follows from (3.5)-(3.7) that V is equicontinuous on each J; (kK = 0,1,---,m), and
consequently, (3.4) and Lemma 2.4 imply that Z € PC[J, E] and {u,} converges to T
uniformly on J. Now, we have

F (bt (5, (Tt 1)(0), (Sttn 1) () + Mt 1 () — N (Tt — 1)1
NS (n — wn1))(8) > (T, (TT)(), (ST)(E) + M(t)
as n— oo, VteJ, (3.8)
and, by (3.5),
Lt 1 (8, (Tt 1)(8), (St 1) (8)) + Mutg1(8) = N(T(tn, — 1)) (2)
NSt — ) () — (T, (TT)(2), (ST)(E) — ME(t)]| < 2,
VteJ (n=1,2,3,-). (3.9)
Observing (3.8) and (3.9) and taking limits as n — oo in (3.7),we get

2w
7)) =M | / M (f(5,3(5), (TT)(s), (57)(5)) + Ma(s))ds

Y M (1 (@ ()]
k=1

+ [ M6, (6) (7)), (57)(0) + M(s))ds
+ Y ML)

0<tr<t
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which implies by virtue of Lemma 2.2 that 7 € PC[J, E] N C'[J’, E] and Z(t) is a solution
of PBVP (1.1).

In the same way, we can show that {v,} converges uniformly on J to some z*, and x*(t)
is a solution of PBVP (1.1) in PC[J, E]NC'[J', E].

Finally, let x € PC[J, E] N C'[J’, E] be any solution of PBVP (1.1) in [ug,vo]. Assume
that u,—1(t) < 2(t) < v,—1(t) for t € J, and let p = u,, —x. Then, as before by (2.16), (3.2)
and (Hs), (Hs), it is easy to verify that p satisfies (2.1), and so, Lemma 2.1 implies that
p(t) <0 forte J, ie u,(t) <x(t) for t € J. Similarly , we can show that x(t) < v,(¢) for
t € J. Consequently , by induction,we have u, (t) < z(t) < v,(t) fort € J (n =0,1,2,---),
and by taking limits, we get T(t) < z(t) < z*(t) for t € J. Hence, (3.1) holds, and the
theorem is proved.

Remark 3.1. The condition that P is regular will be satisfied if FE is weakly complete
(reflexive, in particular) and P is normal (see [5, Theorem 2.2]).

Remark 3.2. In some cases, it is easy to find a lower solution and an upper solution
for PBVP (1.1). For example, let I;(0) = 6 (k = 1,2,---,m). If f(¢,0,0,0) > 0 for
ted t#t (k=1,2---,m), then uo(t) = 6 (t € J) is a lower solution of PBVP
(1.1); if f(t, 20, Txo,Sx0) < 6 for some zg > O and t € J, t # ¢ (k=1,2,---,m) , then
vo(t) = xo (t € J) is an upper solution of PBVP (1.1).

t¢4. Examples

Example 4.1. Consider the PBVP of finite system for scalar nonlinear impulsive integro-
differential equations

oy = fi(t,x, Tz, Sx), VO<t<2m, t#t (k=1,2,---,m),
Azili=ty, = Lin(2(ty)) (k=1,2,---,m), (4.1)
z;(0) = z;(2m) (1=1,2,--- ,n),

where fi = fi(tvx’yaz)’ T = ($1,-~- axTL)v Yy = (y17"' 7yn>7z = (Z17"' 7Zn)a fi € Cl[‘] X
R"x R"x R R], J=[0,21],0<t; <+ <t < - <ty <2m Lx € C'R"R] (k=
1,2,-+- ym;i =1,2,--- ,n), Tz and Sz are defined by (1.2) with K € C[D,R4] and H €
C[JIxJ,Ry]. Let ug = (uo1, -+ ,xon) and vg = (vo1, - ,Von) be lower and upper solutions of
(4.1) respectively with ug(t) < vo(t) for t € J (i.e., ugi(t) < vgi(t) fort € J, i =1,2,--- ,n).
Let Q = {(t,z,y,2) : t € J, up(t) < a < wo(t), (Tup)(t) <y < (Twy)(t), (Sup)(t) < z <
(Svo)(t)} and Q = {z: wo(ty) <z <wo(tx)} (k=1,2,--- ,m).

Conclusion 4.1. If there exist constans M >0, N >0, Ny >0 and 0 < L, <1 (k=

1,2,-+-,m) such that
gwf; E{O’M’ ii inQ (i, j=1,2,---,n),
g;; 2{(}]\,’ zii inQ (i, j=1,2,- ,n),
gﬁ 2{(}1\]1, 27_&; inQ (i, j=1,2,---,n),
gﬁ:>{(ﬂLk’ 27:? in Qe (G, j=1,2,- .0 k=12 ,m),
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and inequalities (2.2) and (2.24) hold, then PBVP (4.1) has a minimal solution and a max-
imal solution in [ug, vg].

Proof. Let E = R" and P = {z = (21, -+ ,2,) € R : 2; >0, i = 1,2,3,--- ,n}.
Then P is a regular cone in E and (4.1) can be regarded as a PBVP of type (1.1) in E. For
(t,z,y,2), (t,Z,7,Z) € Q satisfying T < z, § < y and Z < z, we have, by hypotheses and
the mean value theorem,

n

0 0 0

j=1 J J J
fit, T+ —2), 7+ E(y 7). Z+&(2 — 7))
>—M(x; — 7)) — N(yi —9;) — Ni(2zi — %) (i=1,2,---,n),
and, for z, T € Qy, satisfying T < z,

(05— ) o T + &1 (&~ )

=1 !
> —Lg(x; —T) (1=1,2,--- ,m;k=1,2,--- ;m),

M=

Iik(;v) — Iik(f) =

where 0 < ¢ <1 and 0 < & < 1. So, (Hz) and (Hs) are satisfied, and our conclusion follows
from the main theorem.

Example 4.2. Consider the PBVP of infinite system for scalar nonlinear impulsive
integro-differential equations

/ 4 1 i ! —ts
tho= (g o o) + 5 L€ ens1(s)ds)

2 ¢ 2
- - —ts
0572 (n £ 1)2 (/0 e :cn(s)ds)

1 T a(s)ds \3
B YO <t<2m t
() Trers) WSzt

(4.2)

Ay ltmn = ——xp () + Tpia(7),

2n
2,(0) =2,(27) (n=1,2,3,---).

Conclusion 4.2. PBVP (4.2) admits minimal and mazimal solutions which continuously
differentiable on [0,7) U (, 27| and satisfy
: VOo<t<m

< < n? —1.2.3....).

O—x”(t)—{nlz(?)—jr), v7r<t§27r(" 2:3,0+)

Proof. Let E=/(' ={z = (21, -+ &y, --): > |zs] < 00} with norm
n=1

lzl| = > lwal and P={x= (1, @p,---) €L : 2, >0, n=1,2,3,---}.

n=1
Then P is a normal cone in E. Since ¢! is weakly complete, we know from Remark 3.1 that
P is regular. (4.2) can be regarded as a PBVP of type (1.1) in E, where

K(t,s) =e", H(t,s):(l—i—tz-l—sz)*l, x= (21, T, ),
y:(yl’.-.7yn’--.)’ Z:(Zl,..-7zn,..-), f:(fl7.'.)fn7...)‘
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in which
4/, 1 t
In(t 2y, 2) = ;(m —Tp + $2n) =+ Smsp2 Yntl
2 1 3
— z
10872(n+1) 10873 (n+42)3™"
andmzl, tl =T, Il = (Illa"' ,Iln,"') with

2
2Yn —

1
Ly(z) = —%mn + Tpao.

Let

and
(17"'7%7"')7 v OStSﬂ-v
t) = n
vo(®) {(3—;,--- ,2(B—1),-1), V m<t<2m
It is not difficult to verify that ug and vg satisfy condition (Hy).
On the other hand, it is easy to see that conditions (Hz) and (Hjz) are satisfied for
4
M = ) N = ia = TR
™ 1087 1087
Evidently , kg = hp = 1, and it is easy to check that inequalities (2.2) and (2.24) hold.
Thus , our conclusion follows from the main theorem.

1 and L, = —.

DN =
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