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REMARKS ON THE EXISTENCE OF WEAK SOLUTIONS TO
2-D INCOMPRESSIBLE NAVIER-STOKES EQUATIONS
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Abstract

The authors prove the global existence of weak solutions to 2-D incompressible Navier-Stokes

4
equations (in vorticity-stream formulation) with initial vorticity in L3 .It may be the best result
that can be obtained for initial vorticity in LP form. Moreover,the uniqueness is to be proved
here.
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§1. Introduction

Consider the following homogeneous 2-D incompressible Navier-Stokes equations:

WV + (V- -V)V==VP+vAV,

divV =0, (L.1)

Vl0t=o = Vo, divVy =0,
where V' = (Vi(t,x), Va(t,x)) is the velocity of the fluid, P is the scalar pressure, V -V =
V101 + Va0, and the constant v > 0 is the kinetic viscosity of the fluid (when v = 0, this
system is called Euler equations, and we denote it by (1.1)). By acting the operation of
curl on (1.1), we can obtain the evolution equation for vorticity w = (01Va — 92V1) :

Ow + (V- Vw = vAw,

<—1‘2>
1\ xy (1.2)
V=K x*w, K(x):727r7|x|2 ,

w(t, x)|t=0 = wo.
It is the vorticity-stream form of (1.1) (when v = 0, we denote it by (1.2)). For (1.1), in [4], R.
Diperna and A. Majda proved the global existence of weak solutions for initial velocity with
vorticity wg € LPNLY, 1 < p < 4o0; in [3], D. H. Chae obtained the global existence of weak
solutions for initial velocity with vorticity wy € L(log L)2 (R?), and having compact support
(his proof may be simplified by directly applying div-curl Lemma). Obviously, when V' and
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w are smooth enough, (1.1) and (1.2) are equivalent. However, in the sense of weak solutions,
the vorticity-stream formulation places a more strinent requirement on the regularity of the
velocity field than the primitive-variable weak formulation since the former requires that
the product V - w define a distribution , while w is a first derivative of V. In [9], A. Majda
claimed that (1.2) has a global weak solution for wg € LP with p > %, but its uniqueness is
not known. We have not seen his proof about the above existence.Nevertheless, it can be
obtained easily by constructing approximate solution sequence and a straight-forward use of
Sobolev inequality. Using the same approach, we can also obtain the same result for (1.2).
As for the critical case, i.e., wy € L%, to the author’s knowledge, there is not any result even
for (1.2). We will deal with such a case in this paper. Moreover, inspired by the proof of this
paper, we can also prove that (1.2) has a unique global weak solutions for wy € LP, p > %.
Since it is more cumbersome, we omit it here.

Before we give the main result of this paper, let us recall the definitions of weak solution

o (1.2). By definition the vorticity w(¢,z) and velocity V (¢, x) is a weak solution of (1.2)

with initial vorticity wg, provided that V(t,z) = K xw, K(z)= 5= X2

W s and for

any smooth scalar test function ¢ which is rapidly decreasing in = and vanishing for large ¢,

/OO/ w-qbt—i—wV-qudxdt—i-y/oo A¢~wdmdt+/¢(0,x)wo(m)dx=O, (1.3)
o Jre 0o Jr2

where we must require that wV have meaning as a distribution.
The main result of this paper is as follows.
Theorem 1.1. Letwy € L% (R2). Then, (1.2) has a unique global weak solution (V (t, ), w

(t,x)) in the sense of (1.3). Moreover,
V(t,z) € C(RY, W,o3 (R2)) N C(RY, L) N CL(R*, W 5 (R2)),
w(t,z) € C(RT, L} (R2)) N CH(RY, W% (R?)).

ocC

Remark 1.1. If wo(z) € LP,p < %, then by Riesz potential theory the corresponding
velocity Vp(z) € Lq,% = % - %, but % + % > 1. Thus Vp(x) - wo(z) has no meaning as a
distribution in general, and, in this sense the result in this paper is optimal.

In our following estimate, C' is used as a generic constant and may change from line to

line, C), is also a generic constant depending only on v.

§2. The Existence of Weak Solutions

Let pc(x) be the standard molifier in R, i.e.

1 oo
ple) = 5o(). ple) € CFR). p= 0. swppp < {allel 1), [ pdo=1.

We also define a cutoff function & by & (z) = £(2), where {(z) € C§°(R?),0 < & < 1,
&(z) =1on {|Jz| <1}, and {(z) = 0 on {|z| > 2}.
Then, for the initial vorticity wp(z) given in Theorem 1.1, we construct
wy = &e(x) - (p* wo)(x). (2.1)
Obviously, w§ € Cg° and tends to wo(z) in L3.It should be noted that |VE(z)| < i ﬁ :
w§(y) dy, and V§(z) = VA" wo(z), where V§(z) is the velocity corresponding to w§ by

|z
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Biot-Sarvart law. Hence according to Riesz potential theory and singular integral operator
theory,we can know that Vi € H> (see p. 75 of [11] for more details.)

Following the proof of Theorem 1 in [1] and the results in [13], there exists a smooth
solution sequence {V¢(¢,x)} corresponding to the initial velocity {V },such that

/ |we(t,a:)|% dx < / |w8(m)|% dx < / |w0($)|% dx = M, (2.2)
R2 R2 R2
and by Riesz potential theory,

IVt s < Cllw ()l g < CllwoGl, 4 (2.3)

" ,

Owe(t,x) — vAws(t,z) = =V - Vw(t, x),

Since . .
w(t, @)|t=0 = wi (),

using the foundamental solution F(t,z) = (27vt) *H (t)exp(—%) of two dimensional heat

conductive operator 9, — v/, where H(t) is the Heaviside function, we see that

wé(t, x _ ! ~ [ — s)v) "% (x; — yi)ex 77\x7y|2 ‘W) (s s
=230 [ [0 menn( - T )i s dsdy .

a2
+ / (27rut)_1exp( =yl )wg(y) dy = wh(t,2) + w>c(t, 2).
R2 4vt

In the above equality, we have applied the properties that divVe(¢,-) = 0, F(t, z) is rapidly
decreasing in z, and that V¢(¢, z) - w(t,z) € L (R*, L}(R?)) by (2.2) and (2.3).

Now we will prove that {V¢(¢,z)} and {w*(t, z) }are compact subsets of Cioc(R* , L4(R?))
and Cloc(RT, Lg) respectively. To this end ,we first establish:

Lemma 2.1. For any T > 0, {w*“(t,2)} is convergent in C(R*, L3 (R?)).

Proof. In fact, by Young inequality,

(/]R2 /Rz(%wt)—lexp(— %)(wg() _WO('))dy‘%dx>%
< (emten( = LD - g —wond,)
4uvt /L I

= |lwg(+) — wo(')HL% —0, as €—0.

4
3

(2.5)

Lemma 2.2. For any T >0, and t € [0,T], {|w"(t,2)|3} is a weakly compact subset of
Ll

2
IOC(R )

Proof. By Dunford-Pettis Theorem!S!, we only need to prove that, for any 6 > 0, there
exists some 1 > 0 such that for any measurable subset B of R?, with measB < 7, we have

sup /|w1’6(t,x)|%d:z:§9. (2.6)
t€l0,T] /B

(/B Wb (¢, )| 3 d:c)
2 /Ot /Rz 1p(z)(2(t — s)v) 2 (z; — yi)exp< - M) (2.7)

1
< —
T4 </]R?
N
(VW) (s,y)dsdy| da)

By (2.4),

ES

=1
i
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where 1p(z) is the character function of the set B.
By applying Minkowski inequality for (2.7), we find

} ii/@t/R dsdy’/Rz 13(33)‘(2(15—5)1/)—2(3;1-—%)
exp( M)(Vf )(s.)|| daf

v(t — s

_8 4 $—2 %
1 g | ottt 2

Hence, we only need to prove that for any 6 > 0 there exists some 1 > 0 such that when

ds.

meas B <17,
/t / 15( ))(2(75 3)1/)_%(1‘ y)%exp( v —yl* )‘dm‘ ds < 0 (2.8)
sup B\X —_ i — Yi R < . .
tefo,r] /0 ' JR? 3v(t —s) IM?2
yER?
In fact

|z —yl?

exp(— m)‘dx‘z ds

( Il"*yIQ)d i
—— | dzx
exp 3vs

[| ] 1a] @t - 503w - )
/Mt /w ‘/]Rle )(25v) "

< C,6% 4+ C(v8) " Tmeas B1,

W 29)

wloo
/\
<
=
N2

ol

where we have applied the property that (z )éexp(—xz) < C, and 6 At = min(d,t). Then
(2.6) is satisfied by taking n = (4CMQT) (v9)?, and § = (407:%2 )4, In view of (2.7),(2.8) and
(2.9), we obtain (2.6). Thus Lemma 2.2 is verified.

Remark 2.1. Following the proof of Lemma 2.2 ; we may not take n independent

of v, such that (2.6) holds. Thus the proof of this paper can not be used to prove the
corresponding case for (1.2) by viscosity vanishing method. In addition, we can see this by
the proof of the following lemma, where we may not take a positive number 73 independent
of v, such that (2.14) holds.

Lemma 2.3. For any T > 0, we have

lim sup / |w1’€(t,x)|§ dx = 0.
R—o0 ‘$|>R

proof. Firstly, as the proof of Lemma 2.2, by Minkowski inequality,

x —y|? 2

/MW\/ /RQZ (ViEw) (5, 5) 2wt — 5)) <i—yi>exp(—4'yu_y's)) L)
1 INt .. .
(s yz)% (—%)dm’%dsdy:(ﬂ))+(ﬂi).

(2.10)

By a similar proof of (2.9), we find
(D) < C,6%. (2.11)
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A very simple calculation tells that

2
lim (21/15)*% \x¢|§exp( — ﬁ) dx =0, uniformly for T'> ¢ > 4,
R—o0 |z|>R vt
o (2.12)
/ ‘/ (21/t)_%|xi|%exp< |—) Tds < C,TH.
0 R2 3
Then
om? [T 8 4 |z|?
< -3 .13 LR,
(E) < - /5 ’/mlzg(QVS) 3|901|3exp( 31/t> dx ds
oM R 2 3
+ — sup (/ \wf(s,y)|% dy) * / ‘/ (2y5)%|xi|%exp( - ﬂ) dz|” ds.
T seo,1] N> & o ' Jr vt
(2.13)

lim sup (/ |w5(t,x)|%dx)
Rmee g Mial2R
tef0,T) t€(0,7]

1

Thus, when we take T} = (2C),)~% and let ¢ tend to 04, we find

T
hm sup / / lwe(s,y) 3'dsdy) =0. (2.14)
y|>R

e>0
t€[0,T]

By the induction method, we conclude the proof of Lemma 2.3.
Lemma 2.4. For any T > 0, {w"¢(t,2)} is a compact subset of C([0,T], L3 (R2)).
Proof. First, by Lemma 2.3,

3
lim sup (/ lwe(s,y)|3 dy) =o.
fzoe g Mizl>R

t€[0,T)
We find by Cauchy-Schwartz inequality,
3
lim sup / |[VE(t)we(t, )| de < M lim  sup (/ |w€(s,y)|% dy) f=o.
R=oo 5o Jz|>R B2 Soeo1) “lzl>R
te[0,T

Moreover, following (2.2) and (2.3), we see that V¢(t,z) - we(t,x) is uniformly bounded
in L°(R*, L'(R?)). Hence,there exists some sequence {¢;} such that €; goes to 0 as j
tends to oo,and {(V;” - w)(t,x)} converges tightly in [0, 7] x R? to some Randon measure
wi(t,x),i = 1,2. Thus,when we construct function ¢s(7) € C5°(R) such that ¢s(7) = 0 for
T <96, ¢ps(1) =1for 7 > 24, 0 < ¢ps(7) < 1, and set

=23 [ Lottt e (- ) () dsd
we have

3 |z —y?
P Z/ b5t — s)(2u(t — s))~ 2($z‘ - yi)exp< — m) dpi(s,y) (2.15)

for every (t,z) € [0,T] x R* as j — oo.
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Moreover,

sup 185 — 5, g oy 0 356 = 04 (2.16)
+oT]

In fact, by Minkowski inequality,

3
, s
/ |95 — 9°[3 (¢, @) dw)4

Z sup |V6 V(s y)| dy sup/ /]R2 1 —os( t—s))§(21/(t—s))*%

‘25 s€[0,7) €R?
4 |z —y|? ) 3 2 205t
Ty — Y3 ———)d ds < —M=26% - C,.
|z — yi|® exp( 30— ) x| §< —
Thus, (2.16) holds.
On the other hand, by the definition of g§(¢, 2) and Lemma 2.3, we find that for any § > 0
there exists some positive number R such that

sup/ g5(t,2) [ der <
tef0,7] J|z|>R

OO\%

(2.17)

while by (2.15), Egorov Theorem and Lemma 2.1, for § taken as above, there exist some
n > 0, a positive integer N and some measurable subset B of {z||z|] < R}, such that
meas B < 7 and
¢ 0 .
sup / |g(53(t,x)|% dx < = for j > N, (2.18)
tel0,T] /B 8
and g5’ (t,z) converges uniformly in {z||z| < R}\ B. And then
€k .
teb[up g5’ (t, ) — g5 (t,x)|L%(R2) <@ for j k> N. (2.19)
Thus, for every ¢ € [0,T], g5’ (¢, )is a compact subset of L3 (R2).
On the other hand, by applying Minkowski inequality and a similar calculation as the

proof of Lemma 2.3, we find
1

lo°(t1,) = (12, M 4 gy < 111 — 231, (2.20)
Hence by Ascoli-Arzela Theorem, (2.15) holds strongly in C([0, 7], L3R?). Combining this
and (2.16) and using triangle inquality, we conclude the proof of Lemma 2.4.

In view of, Lemma 2.4, by taking 7' = n, (2.2) and a diagnoal process,there exists some
w(t,z) € C(R*, L3 (R?)), and some subsequence of {w*(¢,z)} (without arousing ambiguity,
we still denote it by {w®(t,)}), such that {w(t, )} tends to {w(t,z)} in Cioc(R*, L3 (R2)).
Thus, there exists some velocity field V(¢,z) in R? corresponding to the vorticity w(t, z).
Moreover, owing to

Ve (t,2) - tw|—]/Kx— W (ty) ~ wlty) dy
< [ ) — et dy,

and Riesz potential theory (Chapter V of [11]), V¢(¢, x) tends to V (¢, z) in Cioe(RT , L*), and
V(t,z) € C(RY, L4(R?)). Rewriting V(¢,2) = VTA  w(t, ), ;V (t,2) = ; VA w(t, x),




No.4  Zhang, P. & Qiu, Q. J. EXISTENCE OF WEAK SOLUTIONS TO 2-D N-S EQUATIONS 535

and noting that ifg is a multiplier which is homogeneous of degree zero and infinitely

differentiable on the unit sphere (see p.75 of [11] for details), we conclude that 9;V (t,z) €
4

C(R*, L3 (R?)), and then V(t,z) € C(RT, VVl '3 (R?)).0n the other hand, for any 7' > 0, by

Cauchy Schwartz inequality,

T
/ / |[VE(t, z)w(t, ) — V (¢, 2)w(t,x)| dt de — 0,as € — 0. (2.21)
R2

Thus
tiy [ [ o(t.0) Vit aot,) dedo = [ [ ot 0)Ve bzt e dn,

for every ¢(t,x) as the correspondence in (1.3).
It implies that (V (¢, x),w(t,x)) is a weak solution of (1.2) in the sense of (1.3).
Thus, in order to finish the proof of the existence part of Theorem 1.1, we only need to
prove that
V(t,r) € C*(RT, WIOC ( %)),and w(t,z) € C*(RT, VVIOC (RQ)). (2.22)

By the result of [1], the first equation of (1.1) can be rewritten as

8tV:—V(V®V)+uAV+VZA (8;0;(ViV;)). (2.23)
=1

Since V;(t,z), V;(t,z) € C(R*, L4(R?)), (V;V;)(t,x) € C(R*, L%(R?)), by a similar intepre-
tation as above (2.21), we find

2
—V(VaV)+ V> ATH3:0;(ViVy)) € C(RT, W12).

i=1

1.4 1,4
Obviously, AV € C(R+7W10c1’3)7 and W12 — Wlocl’?’7 so (2.22) is proved when we note
that w(t, x) is a combination of the first order derivatives of V (¢, x).

§3. The Uniqueness of Weak Solutions

Let {V7(t,x),w’(t,x)}j=1,2 be two weak solutions of (1.2) with the same initial data, and
Vi(t,z) € C(RT, LY), wi(t,z) € C(RT,L%), then, if we set We(t,z) = je(-) * (w(t,-) —
w3(t,-)), We(t, x) must satisfy

OWe(t,x) — vAWE(t, x) ZJE (Vioiwh)(t, ) — (VEoiw?)(t,-)),

We(t, z)|1=0 = 0.
Then, by a similar reason as that in the proof of (2.4)

:ii/t/ﬂgz(z(t—S)y)Q(xi—yi)exp(—M)je(.)

(V! = V2)w!(s,) + V(W' = w?)(s, ) dsdy
= Wi(t,z) + W5(t,x).

(3.1)
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<2 s [ ) (= V) s.0)

i—1 S€[0,T]

g s 4 |z —yl? i
. /0 (/R2 Litss)(2(t = s)v) 73 (2 — yi)dexp( — m) dm) dt dy
C,T

1
< - Lig ) — w?(s, - Nl (s, -
= B sESEéPT] Hw (s,) —w(s, )HL% [ (s, )HL°°(R+,L%)’
(3.2)
where 1;5, is the character function of the set {(¢, s, x,y)|t > s}. Similarly
W5t 4 < CTFVAE 2l Loy - supseporillw’ (s,) —w(s,)ll 4 (3:3)
Thus, by (2.23),(3.1) and (3.2)
¢ 1
Iy 8, S O 0 gy Vi)

sup || (w! —w?)(t,z)

4
s€[0,T]

Hence, when we take T} = AT and let € go to 0, we
Loo

1
ot TV e ) )V7CE

immediately have sup |(w®—w?)(t,z)|| 4 ®) = 0. Then, again by the induction method,

te[0,T4]
we can prove the uniqueness assertion of Theorem 1.1.
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