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SOME INTRINSIC INVARIANTS
OF A PARAMETRIC CURVE IN AFFINE
HYPERSPACE
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(Fudan University)

§1 Introduction

In a previous paper™ the author has determihed ocertain invariants of a paramefrio
curve in affiné plaﬁe The purpose of the present paper is to generalize - the method to
affine hyperspace o™ of m (>2) dimensions. ’

"Let the parametrlo equatlons of a curve of degree n in ™ be

(E) - ] - . X= E)—@"- ai', :
| | &= (mp) pzl"fz, s, M,
a_(api>’ ,é~0 1)' ) I'n'

and o 2<m<n,
In what follows, we denote the determmant of order n by

where

det |@, @, -, @i, | = Disyia,

rém

and assume that ‘
Z’n M, nem 2, ,n—1,n#0

and, furthermore, that in the 1ast determinant all the d1agona1 cofactors from below
of the orders 1, 2, .-+, n—1 are different from zero. Then thers exists a unique regular
affine transformation, called the canondcal affinity: '

A*, ' xr—>x _
. with J*=det | 4*| 0, so also a canonical parameter transformation:

™, . 4=t*—R,
where we have put '

(1 . 1) R = Dn—m, n—m+2,", n/_'pn—-m+1, N—1--2, oy 1y

such that the equations in —(E)’ are Teduced to the canonical form:
* * _. YI m+p 1 * e

(E> : - B Z‘{ —M“%zt ’

where

(1 '2) a;.n~m+p: (’"J"'m+P) [

. a;.n—mzo (P=17 2:-"') m)-‘
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This new system (£*) will be called the asso_cfz}ate system of (F), and is characterized
by two facts: , |

(1) The highest degrees in t* of the ls’ﬁ 2nd, .-+, mth coordinates of &* are equal
to n—m-+1, n—m4-2,
" second 10 the highest degree is equal to zero.

..., n respectively, (2) The coefficient of the term in a7 of

We shall demonstrate the following
Theorem A parametric curve of degree n in m~dimensional affine space
™ with n>m>2 possesses, in general, m(n—m) —2 intrinsic affine invariants.

§ 2 The Pan-Infexion Equatlon

As an extension of the 1nﬂex1on equation of a plane curve, we now conS1der in
&/™ the equation

_a.lde dPx  d'x]|_,
(2.1) D(t) --det —d—t—', dt2 y T 0

and call it the pan—éﬁﬂe_m}on equation of the curve defined by the system (H),
Obviously, the equation (2.1) is covariantly connected with respect to any non-
singular affinity 4: ‘

2.2) =D Oys+ 0y, T=1, 2, +er, m,
where ' o :

(2.9 - | J=det |a,| #0,

and any linear transformation 7' of parameter #:
(2.4) t=ct+f (c#0),

Accordingly, the equation (2.1) can be rewritten in the form:

o | daet dPat drat |

Ag the latter is of N m (n—m) degrees we obtain

Y1
(2.5) S g0,

" where we have in particular
. -
a?{pl d;,1 et a’m,l
* * *
(2.6) gi=| @2 G2t Gn

alm “21ﬁ “* Gpm |
Suppose that go+#0, then the equatlon (2.5) takes the canonical form as follows:
. L g i= ‘
(277) , _ 1+,§1k1 Gyt =0
with the coefficients
(28> Gﬁ:g;/gg, k=1, 2, «-, N,
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In the 4’011 section we shall demonstrate that

o o nl [m(n—m)]1 &
(29> ) gm(n—m)‘“ ('Ib m)' p_ (m p)'

gm(n-m) 1=0,
so that Gy_4=0, and therefore we have N —1 Gk s only It is ev1dent from (2.1) that
these Giys are affine invariants with respect to A. In the next section we are going to

show that they are relative invariants with respect to. 7',

§3 ‘ Prodf of the Theorem

In order to show ‘bhlS we have J50 oaloula’se certam ooefﬁclents in the transformed ‘
equatmns '

(3.1)

I!I

23

when the orlgmal ones (K) are subjected A and 7' mmultaneously
A simple calculation gives \

(3.2) PR e Eir', cI 2057,32 ( — ) I s, zf‘ J+80:"ar7
' g= O 1, n,
r=1, 2,

’

where do;=1 or 0 accordmg as =0 01‘#0 , o
In the followmg we need merely to evaluate ar, for y 1 2 -+, m, and therefore
assume that

%, 3, =1, 2 ,'
g, T=1,2,
- Putting
' | R SR
(3.3) | A, 2; G as, i 7,
.we are led to the relations :
(3 4) . ' &r, j=; ¢’ % arsA's, 1
or in matrix form | o
_ (3 b) . ’ ' (ar. H=c (ars} (As, 1),

the left side belng an m X n matrix.

From (3.4) and the deﬁmtlon of Dis dus oy §18 Wé easily conclude that
(3.6) | P o tn=6" Py sy, by
whers §= é Grs and ‘_ _ ,

(3.7)  Pupese=det |4y Ay Ayl

We have now to compute $wo of them, namely, ‘
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» §n~m+1, N==M+2, wiy 0 a'nd Z"n—-m,n—m%—?, wy N
To this end, (3.8) is utilized to derive the following A’s:
As, n = s, ny

As, n—1 = Bg, n~1 +as, nf,

L1
As, 19 == g, n—9+ g, n.—-:lf'l"z—" s, nfz:

As, n-ms1=0s, n—m+1+ s, nmsaf - —Gn—_j:-m s, nfm—l,

1
As, n—m = Og, n—m s, n~—fn+1f+ S

. m! as»”fm-

Hence we arrive at the relations
Pr—m+1, n—m+2, v, 5= ce J -P n—mtly n—m+2, ey 0o
- , _ o1
z)n—m, n—m+2, «,n P e '] * {Pn—-m, N2, oy n+fP'n—m+1, n—M+2, o n}

with | p=%:m(2n—'m+_1)_

Let R be the corresponding expression of R as defined by (1.1). The above two
equations give immediately the important equality

(3.8) R‘:%(}Hf).

Just as we have used #* to denote the canonical parameter of ¢, ¢* is utilized to
denote the corresponding one to %, that is, '

3.9 t=4*—R, t=t*—R,
Substituting these expressions into (2.4) and reducing by ‘means of (3.8), we
obtain finally S

(3.10) e E
There is no difficulty in proving the relative invariant property of each G in
(2.7, In fact, let .
. N . _
(8.11) o 1+ N E =0

be the canonical equation corresponding to (2.7), If (8.10) is substituted into
(8.11), then we get ; -

(3.12) G, =cq,.
In general case G4 %0, ‘We have then N —2 intrinsic affine invariants as given by
(3.18) I,=G,/(Gy)", '

r=2, -, N—2, N,

Thus we have completed the proof of our theorem stated in the introduction.
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§4 .Evailuation of g¥ and g¥f _,

Tt remains for us to demonstrate the validity of (2.9), For this purpose we
express the m rows of the determinant D* in the 1ef13 S1de of (F*) symbohcally as
follows (see figure): ' ' '

Ist row " ' (m~1)th row

.....Oeo -oa-o‘O-lcoon

. . L . . : jm—l
L “ e *« e o ‘71 ! '.; . . . S

e . o 000 +++ 0000

T, s s e 04 000 - 0000 O
i 0+ 000+ 000000
o:..ltll LI O"l'ooo'.'OOOOOOO

o - mth row -
QO e« 000 @®O

L] . . . LI ] °

e e OO0 OO0 ¢ o o
ce OO0OO0OO0OO » + = ©)

+++ O0O0O0O *» * O O
ces 00000+« OO0O0CO0OOO

-

O0O0O0 -
Q0O O
000"
000

" In each row a series of small circles on one and the same column is used to denote
a polynomial in ¢* such that the degree of each A"cerm reaches the highest at the right
end, and becomes 0 at the left. In every top series we have described a black clrcle to
denote a laounary term, since @i ,-n="0, Take, for: example, the mth row. The mth
column of this row is composed of all the terms of d"a,/(dt)™, and the degrees in "
" {rom the right to the left are n—m, n—m—1, - . 0, respectively. Moreover, each
term on the same verticle line of this row is of the same degree in ¢*, We take one
“verticle, the j,th line from the right, say; then each term on it is of degree m—m— g,,,
+1, Here j, runs over the range 1, 2, .., m, In this verticle only the jm terms
counted from the bottom are different from zero, the others (m—34m in total) being
lacunary. The top term is found 0 be |

. (”b”‘jm‘f“l)! #n—m—fm+1
(4'1) Tm im (')’b m—jm+1)' ? .

\Vhen 4, runs over the range 1, 2, -+, m, corresponding non—zero terms form an equi-

lateral triangle of the hypotenuse composed of m small circles, as shown in the above
figure.
This illustration is apphcable to any row of D*, so that we obtain the non-zero top
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term on the y bh verticle, counted from the right, as

. = (n_.?‘u+ 1) ! *n-;pr—j,;+1
(4.2) R jﬁl)’t

. (=1, 2, +-, m), |
It should be noted that under the- assumptlon Gu=17», but p#v, the corresponding
terms of the j,th and the j, verticles on one and the same column of D* must be pro-
portional, and therefore any determinant of order m containing these two verticles
vanishes identically.

. Now we notice that the terms in D* of the hlghest degree appear when and only
when we select those verticles from each corresponding equilateral triangle of the rows
above stated, and have to render Ju#F gy for v, Henoce (J4, 32, -, Jm) must be one
permutation of (1, 2, -+, m), If we use o (j1, Ja, *=*5 Jm)t0 denote +1 or —1 according
as the substitution

Ji Ja T Jmea im
(m+1—j1 mA1—jy vov MmAL1—fmg mAl—in >
is even or odd, then the determinant of order m thus formed by selecting the above m
verticles is equal to ‘ , ’
4.3) 0 (J1y G2, ***5 Gm) T4, 572, 55Ty gme
Since

B R I ORT.A
the ‘term of the highest degree in #*, denoted by A#"7, is found to be
20(31; 2y ** QM>T1,71T2,Ja “T oty jms

. _ (ji, i27 "'g jm) = (1, 27 "% » ).
Hence we arrive at

i gy (=it D | a1 (e D |
Aj-Ecr(ﬁ, 25 ***5 Gm) (n—ja) 1 (n—jzfl) v (= jm—m+ 1)1’

(.?1) .72’ % jm) (1 2 . )'.

Whence follows immediately the determmant form of 4, namely,

(n—m~+1)! (n m+1D! (n—m+1)]
(n—m) (n—m—1)] (n—2m+1)1

(n—m+2)1 (—m+2)1 . (n—m+2)

D¥=| (n—m+1)! (m—m)! (a—2m+2)! |-
n! ol o
- (1)) —2)1 (n—m)y
By means of direct caloulation or ma’shematloal induction we obtain finally
Dy= H (m— v)!

fe=yil
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or
(4.4) o gv=

Thus Jshe first of (2. 9) is proved.
As to the term B#*¥~* in D*, “we have merely to discuss ‘how the coefficient B is

Nl P I

(n m)lpl

formed. During the précedure of finding out -4 it was revealed that in the present case -
- two of j1, jo, ***, jm must be equal. If both of them are less than m, the determinant
thus formed would vanish identically. On the other hand if j,=m, then we should
‘select the left neighbour of the mth verticle in the ,LbJGh column instead of the mth
verticle itself. But the top term of the left nelghbour Vertlcle is lacunary. Therefore
the corresponding determinant thus _cons’ﬁruoted i9 also equal o zero. Thus we have
proved B=0, that is, gN 1—0 '

- Xin Yuanlong also evaluated Jshese coefficients gN and gv-1 Py an alternative
method (cf 2.

§ 5 Applications
Tn the case m=2 we have obtained certain invariants of parameteric cubics (n=38)
and of parametric quintics (n=>5) with two additional conditions (cf. [3] [4]). We
“shall- appljthe above theorem fo these special cases, and obtain simply the affine
invariants. | a . '
For the parametrie. plane cublo (m=2, n=38) we consider the vectors
a= (@1, as, as), b= (b1, b3, b3),
as well as theirlvector product |
- ~axb=(p, g, 7).
The inflexion equation (2.1) takes the form
D () =pt?—2qt+2r=0,
In general, p#O o
Our theorem gives that

[CE -  D@)=D@-R),
In other words: ‘ :
| J 1 *h— *
(6.2 - 1+§3 Gt D( 23 D(@*—R).
_ In the ‘present case we are led to the affine invariant
A ', - (9N _o 1
5.5) 1 (p) 2L,

Wthh is a relative invariant of weight —2 with respeot to 7.
A second application is found in the ease of parametrlo plane quinties with
additional conditions '
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b.4) / 035=0, ps5=0, pa5#0,
In this case we can put ,
as=>MAas, = by=AMAbs,
. _ { as=pas, byi=ubs,
USmg (5.2), we reach three affine invariants, namely,

w=,5 (,/f«— %;?),

1 5\2
b=20 {% D15 D5 },
Pas Pz 5 2 ( Pes > ’

g=—120 (B2 — 2 (Bn) o Ly (B o ()7,

which are of weights —1, —2, —4 with respect to 7T, respectively.

(5 5)
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