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ON A FREE BOUNDARY PROBLEM
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1. Introduction

- D. G. Schaeffer™# disoussed a free boundary problem rising in the supersoriic
plane flow past a ourved wedge. By means of the Nash-Moser implicit funotion theorem,
he proved that the flow possesses the same qualitative features as the corresponding
flow past a straight wedge..In this note we shall prove that, using the general results
on the free boundary problems for quasrlmear hyperboho systems in [4; 5, 6], the
same result can be easﬂy obtamed mthout the additional hypothesis on the Holder
continuity. ’

For the isentropio irrotational steady plane flow (the number of equations is equal
10 2) , using the hodograph method we have transformed this problem in to a linear one
and obtained the local solution'™; for the general steady plane flow (the number of
equations is equal f0 3 with entropy as the third’ unknown), by means of the stream
function, this problem has been transformed in to a problem w1th the fixed bounda,ry
ourves and the similar result has been obtained"®.

‘ In this note we restrict our discussion to the general steady plane flow for
polytropic gases. For the isentropio irrotational steady plane flow, a similar disoussion
* ean be given (see also [11]). '

2. A theorem for typlcal free boundary problems
with a characterlstlc boundary curve

- 'We consider the following free bounda:cy problem for the quasi-linear hyperbolio
system '

32,6, 5, 0 (2 ity 2 W) 3% )<ty @ W) (@=L, v w). (2.0
- On the known boundary curve a;=g(t) (¢(0) =0) ; | v |
=0, 0 =1, oy m), BCE)
On the free boundary curve w_=a;(t) (x(0) =0):
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N =Gult, 5, 8)  (G=m+L, -, ) @.9)
=1
and
da '
T F(t @, u), 2.4

where {y;, A, w1, G @, j=1, ., ) and F are continuously dlﬂ'erentlable functions
with respect to all arguments on the considered. region, -
© det[{y| #0 (2.5)
and ¢(¢) has a continuous second derivative. '
We assume that at the origin the boundary conditions (2.2), (2.8) possess a
unique solution u=u"={ul, -+, w3} and |

CH-—ZZ,(O 0, u) S S (@2.8)

. We assume . » :
‘ h°<F°<g (0) <A (fr =1, -, m; s’—m+2 ., MY, 2.7
where
=40, 0, u?), F°=F (0, O, u") (=1, +-, n), (2.8)

VVe assume again that the condltlon (2 2) mplles the following condltmn
on o= g(t) '
YD ity 0w @9
Thus, 2= g(t) is a (m+1) -th characteristic curve.

We call this problem a typlca.l free boundary problem with -a characteristio
boundary curve. : C

- Let-
. ” ’vj— 2 {3, ) ‘ ) o '. (2.10)
'Introduolng the charactenzmg ma.tnx of Jﬁh1s problem , o
= (6,) = (2% - .
6= () =(G2 ©, 0, ). : @11

We have proved in [5] the followmg
Theorem 1. Suppose

l@lmm_ inf max 2 <1, ‘(2.12)

{:#0 1=1,-n k=1

')’z gm

where v; ( g L1, 2, e, n) are arbitrary real n'umbefr‘s', ‘then the Mé?)lém (2.1)'—"—“(2.4)

possesses a unique solution on a suitably small region . o
R(®) ={({t, o) |0<i<9, 2(t) <a;\g(t)} o (2.13)

%. e., there ewist uniquely @ twice contmuously differentiable functwn r= w(t) (= (O) =0;

@ (t) >g(t), t>>0) on the interval 0<t<d and a contmuously ds ﬁeq‘entwble vector- fwwtwn

u=u(t, ©) defined on the region R(J) such that they satisfy (2.1)—(2.4) on R(d),

where 0>0 4s suitably small.

From the demonstration of theorem 1 ( [4 5] see also [101), we oan obba,m
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Remark 1. The ,he‘ight 8 of the emistence fegz'on »R(B)_ of the solution depends
contmuously only on: _ : :
1° the O* norm of the functwns ty, h;, M, Gz, F(d, 3

1, -, 1) and the modulus
6G’z @ 3 l- - .l

of contimuity of "t n); .

2° the O norm of g(t),

“8° the C° norm of 1/det|C”|

Remark 2. 'If all the lmown functions have the additional Holdefr continuity, then
the solution u=u(t, ) and w=a(t) have dlso the corresponding additional Hilder

. continuity.

We pomt out that 1f 0 is a3 % 3 matrix as follows

10 0 a\. - R
0=[b.0 0} » (2.14)
\¢c 0.0 - | ‘ ' '
then. = - e |
|0 min=~/Tac] ., o (2.1B)

3. Statement for the supersonic plane flow
pasta curved wedge

For a umform supersomo oncoming flow (Velocﬂ;y g=(u, v)= (qo, 0), pressure
p=po, sound speed ¢=cy, density p= po, entropy : S l y o ;
. S= SO) , if the equation of the surface of the
curved wedge is y=5(@) (f(0)=0) (cf. Fig. 1) ,we =~
are réQuire'to_'ﬁnd‘ an unknown shock wave curve ‘
y=g/»(a,*j (y(0) =0) and the functions u—%u(m, Y),  ——— |
v=v(z, ), p=p, v) deﬁr_ied on a suifable
angular region ‘befvs're.ex‘l the wedge and'the _Shqdk

such that they satisfy the following systém ' - Fig.1l-
WICONRICONY |
ow oy 0,
ou 1 op
“ow Y W“L? 5;;“0’ S
{ o iop_o o RN
“or to 8y Wt P 6y ' . ;
3S o8 _
8{1: —+ -—aTy*-—O,

. “p= A(S)p“’ (A08) = (y~1)exp0;7(§-5,))
mth the Bernoulh g law ’
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20,2 2 { — 112\ a2 2 2. y—1 2
p? (@ +0%) + (1 —p?) e®=c’ (M 7,+1> (3.2)
and the following boundary conditions (ef. [3]):
on y=7F(a):
v=Ff'(2)u, | 3.8)
on y=y(o): | .
= (go—u)s/ LY | 3.4
v (qo ’U}) Uo___u; ( )
P —Po= Pogo(go—u) . (3.5)
and -
Y _ o=t (8.6)

da v
where v is the adiabatio exponent, O, is the specific heat at constant volume, S, is an
appropriate constant, ¢, is the eritical speed and

~

2 ) ~
=y Uom= (1= ) o+, 8.7)
0

If Go=1g~* '(0) >0 is not too great, according to the property of the shock polars,
(8.4) and

v=F"(0)u ‘ (3.8)
possess a unique supersonic solution (uy, v4): u§+w§>ci‘. Thus we can determine the
direction of the shock curve at the origin '

Y 0)=tg Bo=202 (3.9)
1
and the corresponding values p=mp,, §=3; eto.

For the supersonio flow, the preceding system is a hyperbohc system There are
three charaoteristic directions

o tle@xd)=0, F—igd={, G109

where 6 is the angle between the flow direction and the positive z—cxis: tg 0=%; A ig

the Mach angle defined by sin? 4 =¢?/¢®. Besides, considering p, 6, S as the unknown
funotions, this system can be written in the following characteristic form (of. [9])

K(p, g, S) (33+Z+ —2—3)—%(2-2—&(* —g%)=0,' '

28 +§° 0, | 3.11)

0.9 (245 2)- (0 B

where

N
K(p, g, S)“p<u2+,02) twd . (3.12)

According to the property of the shock wave, we have As=A (s, v1) >Bo—be.
From this, by means of a simple coordinate transformation '
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(X —gzsinfy— s:‘9','.
{ FEMToY 008b0 (3.13)
o Y =1 cos 0oy sin b, ‘

it i9'easy to see that the characteristic directions satisfy the conditions (2.7) and(2.9)
(in which n=38, m=1) (see Fig. 2).

. Fig. 2—
Thus, in order to use theorem 1, it is sufficient to oheok the oorrespondmg condi-

tlon of solvablhty (2.12).

4. Justification of the condition of solvability
and conclusions

Let | . ’
_ U K1p+9 V=_, W Kip—0, ‘ (4.1)
in which ' o
K1~K(p1, b, S1)>0 <01—tg“1 Z’;) | | 4.2)
The boundary condition - (3 3) can be ertten in the followmg form:
ony=f(a): S B
U=Wflf2tg”1f’(w)_ o (4.3)

Moreover, according to the property of the shock, along the shock polar we have

gZ <0, C;S <0, g? <0, then (le <0. Hence the boundary condition (8.4), (3.5
~can be rewritten in the following form: | ‘ '
ony=y@: S
' V=G0), - : (4.9
. W=HD). (4.5)
‘Thus, the characterizing matrix @ of this problem can be written in the form

(2.14) in which



356 'CHIN. ANN. OF MATH. o VOL. 1

a=1, b=G'(Uy), o=H'Uy) (4.6)
with U;= K 1p1+01 It is sufficient to prove ,
]H’(U1)|<1 - - (4.7

Accordmg Jco the property of the shock, along the shock polar we have —2%>0

Noticing
. e
we obtain (4.7) immediately. ' '

Thus, from theorem 1 we obtain .

Theorem 2. Iff(x) €C%and Gp=tg™f (O) >O is mot 100 gfmwt then on a suitable
dngulm' region between the wedge and the shock, the abow JSree boundary problem @.1)—
(8.6) has a umique solution locally y=y(z) €C* and u=u(g, ), v= (2, ¥), p=
o(z, y), - EC* that possesses the similar structure as the corresponding flow past @
siraight wedge. |

Aecording to remark 2 of theorem 1, if f () €0?*, then y(a) EO’z’"’ u(e, v),
v(z, ¥), p(a, y)--- €C*. :

Moreover, for a corresponding straight wedge, the boundary condition (38.3)
reduces to the following form:

on y=fo(@) =f"'(0)a: . .
v=f"(0)u, (3.3)"
It is well Lnown that the unperturbed problem (3.1), (3. 2) (38.3)', (3. 4)—~(3 6) has
a global solution: the shock is a §traight line y to(®) =1g Bo+# and the state behind
the shoek is uniform, (¥, v) = (u, 1), p=ps, +--. Thus, aocordlng t0 remark 1 of the-
orem 1, a continuity argument shows the following,
- Theorem 8. Under the assumptions of theorem 2, let B>0 be given, if the C*
norm of f (@) — fo(a) is sufficiently small, then the solution én theorem 2 emists on an
angular region oontam'mg the disk of radius R between the wedge and the shock and this
solution s close to the corresponding unperturbed .,olutzon (precisely, the O* norm of
(u—u1, v—24, p— pl, -) and the C2 norm of y (@) —yo(@) are sufficiently small).
If (&) €C2**, from theorem.3 we obtain D. G. Schaeffer’s result.
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