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Abstract The fluid flows in a variable cross-section duct are nonconservative because of
the source term. Recently, the Riemann problem and the interactions of the elementary
waves for the compressible isentropic gas in a variable cross-section duct were studied.
In this paper, the Riemann problem for Chaplygin gas flow in a duct with discontinuous
cross-section is studied. The elementary waves include rarefaction waves, shock waves,
delta waves and stationary waves.
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1 Introduction

When the cross-section area a(x) dose not change rapidly, a duct flow of an isothermal fluid

in a nozzle can be described as a one dimensional flow:






(aρ)t + (aρu)x = 0,

(aρu)t + (aρu2 + ap)x = pax,

at = 0,

(1.1)

where ρ, u, and p represent the density, the velocity and the pressure of the fluid, respectively.

In this paper, the pressure p is given by the state equation

p = −ρ−1, (1.2)

which was introduced by Chaplygin [4] and Tsien [19] as a suitable mathematical approximation

for calculating the lifting force on a wing of an airplane in aerodynamics. It is called Chaplygin

gas. Brenier [3] studied the one dimensional Riemann problems and obtained the solutions

with concentration. In addition, Serre [15] studied the interaction of pressure waves for the

2-D isentropic irrotational Chaplygin gas. He constructively proved the existence of transonic

solutions for two cases: Saddle and vortex of 2-D Riemann problem. Guo et al. [6] considered
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the 2-D Riemann problem for the Chaplygin gas. Lai et al. [10] discussed simple waves for

two-dimensional self-similar flow for the Chaplygin gas and found a new type of discontinuity

which is a discontinuity supported by a pressure delta function in course of constructing the

global solutions, also see [7] for related results. Generally, a(x) is given as a prior, here we view

it as a variant which is independent of time (see [12, 14]).

We know that the system (1.1) is not conservative because there is source term which can

be seen as nonconservative product (see [5, 11]). The source term plays an important role in

numerical approximations for both variable section the nozzle model and the multiphase flow

model (see [2, 8–9]). The usual definition of weak solution cannot be applied to the system. A

general definition based on the nonconservative product was given in [5].

In 2003, LeFloch et al. [13] solved the Riemann problem of the system (1.1). The Riemann

problem of nonisentropic fluid was also studied by Andrianov et al. [1] and Thanh [18]. LeFloch

and Thanh divided the (u, ρ) plane by coinciding characteristic curves. In each area, the system

(1.1) can be viewed as strictly hyperbolic. LeFloch and Thanh selected a admissible stationary

wave relying on the monotone criterion. While Andrianov et al. gave the evolutionary criterion.

In 2018, Sheng and Zhang [16] studied the interactions of the elementary waves of isentropic

flow in a variable cross-section duct.

In this paper, we study the Riemann problem for Chaplygin gas flows in a nozzle with

discontinuous cross-section. In Section 2, characteristic analyses for the system (1.1) with (1.2)

are given in the preliminaries. In Section 3, the elementary waves of the system for Chaplygin

gas are shown. In Section 4, the Riemann problems of system (1.1) for Chaplygin gas (1.2) are

studied.

2 Preliminaries

Denote U = (u, ρ, a). The system (1.1) can be rewritten, when considering a smooth

solution, as

∂tU +A(U)∂xU = 0, (2.1)

where

A =













u
p′(ρ)

ρ
0

ρ u
ρu

a

0 0 0













.

The matrix A has three eigenvalues

λ1 = u− c , λ2 = 0, λ3 = u+ c , (2.2)

where c =
√

p′(ρ) = 1

ρ
. The corresponding right eigenvectors are

~r1 = (−c, ρ, 0)t, ~r2 =
(

− c2, ρu, au
( c2

u2
− 1

))t

, ~r3 = (c, ρ, 0)t.
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All the characteristics families are linearly degenerate

∇λi(u) · ri(u) = 0, i = 1, 2, 3.

The first and the third characteristics may coincide with the second one, so the system is not

strictly hyperbolic. More precisely, setting

Γ± : u = ±c,

we see that

λ2 = λ1 on Γ+, λ2 = λ3 on Γ−.

In the (u, ρ)-plane, the curves Γ± separate the half-plane ρ > 0 into three parts. For conve-

nience, we will view them as D1 (supersonic), D2 (subsonic) and D3 (supersonic):

D1 = {(u, ρ) | u < −c }, D2 = {(u, ρ) | |u| < c }, D3 = {(u, ρ) | u > c }.

D2 = D+
2

⋃

D−
2 , where

D+
2 = {(u, ρ) | 0 < u < c}, D−

2 = {(u, ρ) | −c < u ≤ 0}.

In each of the region, the system is strictly hyperbolic and we have

λ1 < λ3 < λ2 in D1,

λ1 < λ2 < λ3 in D2,

λ2 < λ1 < λ3 in D3.

3 The Elementary Waves of System (1.1) for Chaplygin Gas (1.2)

3.1 The rarefaction waves

We look for self-similar solutions U(ξ) = (u, ρ, a)(ξ), ξ = x
t
. The Riemann invariants of each

characteristic are






























λ1 = u− c :
{

a, u−
1

ρ

}

,

λ2 = 0 :
{

aρu, u2 −
1

ρ2

}

,

λ3 = u+ c :
{

a, u+
1

ρ

}

.

(3.1)

We see that, for the rarefaction waves, the cross-section a(x) remains constant, so the system

(1.1) degenerates to the gas dynamic equations

{

ρt + (ρu)x = 0,

(ρu)t + (ρu2 + p)x = 0.
(3.2)
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For a given left state (u0, ρ0, a0), we determine the 1-wave and 3-wave rarefaction curves that

can be connected on the right by














←−
R 1(U,U0) : u− u0 =

1

ρ
−

1

ρ0
, ρ < ρ0,

−→
R 3(U,U0) : u− u0 =

1

ρ0
−

1

ρ
, ρ > ρ0.

(3.3)

3.2 The stationary waves

The Rankine-Huguniot relation associated with the third equation of (1.1) is that

−σ[a] = 0,

where [a] := a1−a0 is the jump of the cross-section a. And we derive the conclusion as follows.

(1) σ = 0 : The discontinuity speed vanishes. We assume [a] 6= 0 and call the stationary

contact discontinuity.

(2) σ 6= 0 : It gives that [a] = 0. So the cross-section a remains constant across the non-zero

speed discontinuity.

Across the stationary contact discontinuity, the Riemann invariants remain constant. From

the second equation of (3.1), the right states (u, ρ, a) satisfy

S0(U ;U0) :











a0ρ0u0 = aρu,

u2
0 −

1

ρ20
= u2 −

1

ρ2
,

(3.4)

where (u0, ρ0, a0) is the left state. Then, we get

S0(U ;U0) :



















ρ2 = ρ20

(a0

a

)2

ρ20u
2
0 − 1

ρ20u
2
0 − 1

,

u =
a0ρ0u0

aρ
.

(3.5)

As shown in [13], the Riemann problem for (1.1) may admit up to a one-parameter family

of solutions. This phenomenon can be avoided by requiring Riemann solutions to satisfy an

Admissibility Criterion: Monotone condition on the component a.

Figure 1 The curves K±

1 (left) and K±

2 (right).
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From (3.5), we can easily get the following results (see Figure 1).

Lemma 3.1 There has been a stationary wave S0(U ;U0), if and only if it satisfies that

(1) ρ20u
2
0 >

(

a
a0

)2
or ρ20u

2
0 < 1, when a > a0;

(2) ρ20u
2
0 <

(

a
a0

)2
or ρ20u

2
0 > 1, when a < a0.

See Figure 1, where K±
1,2 denote the curve ρ2u2 =

(

a
a0

)2
.

Lemma 3.2 Any stationary wave has to remain in the closure of only one domain Di, i =

1, 2, 3.

Proof From the second equation of (3.4), we get

ρ2u2 − 1

ρ2
=

ρ20u
2
0 − 1

ρ20
. (3.6)

Thus, ρ20u
2
0 − 1 ≷ 0 if and only if ρ2u2 − 1 ≷ 0. From the first equation of (3.4), we know that

the sign of u is equivalent to that of u0.

From the lemma, we get some properties of the stationary curve in (u, ρ)-plane in the

following.

Lemma 3.3 The stationary wave can be viewed as a parameter curve S0(U(a);U0) depend-

ing only on a with respect to (u, ρ)-plane, and it has the following properties:

(1) S0(U(a);U0) is strictly increasing (decreasing) in u if u < 0 (> 0).

(2) S0(U(a);U0) is concave with respect to u if |u| ≤
√
3

3
c, or |u| >

√
3

3
c.

(3) The increasing (decreasing) velocity and density with respect to U0 lead to the increasing

(decreasing) velocity and density with respect to U .

(4) S0(U(a), U0) has asymptote ρ = 0 no matter which region U0 lies in; it also has asymp-

totes u = ± 1

ρ0

√

ρ20u
2
0 − 1 when U0 lies in D3 or D1.

Proof Differentiating the two equations of (3.4), we get















da

a
+

dρ

ρ
+

du

u
= 0,

udu+
dρ

ρ3
= 0.

(3.7)

Then we get
dρ

du
= −uρ3,

du

da
=

u

a(u2ρ2 − 1)
,

dρ

da
= −

u2ρ3

a(u2ρ2 − 1)
.

It follows the first statement. For the proof of the second statement, we calculate

d2ρ

du2
= ρ3(3u2ρ2 − 1).

From (3.4), we get

u =
a0ρ0

a1ρ
u0, ρ =

a0u0

a1u
ρ0.
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Taking derivatives with respect to u0, ρ0 respectively, we get

∂u

∂u0

=
a0ρ0

a1ρ
> 0,

∂ρ

∂ρ0
=

a0u0

a1u
> 0.

Thus the third statement is proved.

The last result follows from (3.4) directly.

From Lemmas 3.2–3.3, S0(U(a);U0) are in the same domain with U0 (see Figure 2).

Figure 2 S0(U(a), U0) in (u, ρ)-plane.

✲

✻

U0

U0
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a > a0
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a > a0

−

1

ρ0

√

ρ2
0
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0
− 1 1

ρ0

√

ρ2
0
u2
0
− 1

Γ− Γ+

U0
r

❜

❜
r

r

r

a < a0a < a0

r

r
a > a0

a > a0

U0

S0(U, U0) S0(U, U0)

S0(U, U0)S0(U, U0)

q q u

ρ

O

3.3 The shock waves

For the non-zero speed discontinuity, the cross-section a remains constant. So the left state

U0 and right state U are connected by the Rankine-Hugoniot relations corresponding to (3.2),

{

−σ[ρ] + [ρu] = 0,

−σ[ρu] + [ρu2 + p(ρ)] = 0,
(3.8)

which is equivalent to

σi(U,U0) = u0 ∓
1

ρ0
= u∓

1

ρ
, i = 1, 3.

The 1-families and 3-families of discontinuities with non-zero speed connecting a given left to

the right are constrained by the Hugoniot set

(u− u0)
2 =

( 1

ρ0
−

1

ρ

)2

. (3.9)

Shock waves should satisfy the Lax shock conditions (see [11])

λi(U) < σi(U,U0) < λi(U0), i = 1, 3. (3.10)
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Using the Lax shock conditions, we get the 1- and 3-shock waves
←−
S 1(U,U0) and

−→
S 3(U,U0)

consisting of all right-hand states U by















←−
S 1(U,U0) : u− u0 =

1

ρ
−

1

ρ0
, ρ > ρ0,

−→
S 3(U,U0) : u− u0 =

1

ρ0
−

1

ρ
, ρ < ρ0.

(3.11)

The 1- and 3-shock wave speeds σi(U,U0) (i = 1, 3) may change their signs along the shock

curves in the (u, ρ)-plane, more precisely,

σ1(U,U0)

{

< 0, U0 ∈ D1,

> 0, U0 ∈ D2 ∪D3,
σ3(U,U0)

{

< 0, U0 ∈ D1 ∪D2,

> 0, U0 ∈ D3.
(3.12)

Let us define the backward and forward wave curves

W1(ρ;U0) =

{←−
R1(ρ;U0), ρ < ρ0,
←−
S1(ρ;U0), ρ > ρ0,

W3(ρ;U0) =

{−→
R3(ρ;U0), ρ > ρ0,
−→
S3(ρ;U0), ρ < ρ0,

and stationary wave

W2(ρ;U0) = S0(ρ;U0).

We conclude that the wave curve W1(ρ;U0) is strictly decreasing and convex in the (u, ρ)-plane,

while the wave curve W3(ρ;U0) is strictly increasing and convex.

3.4 The delta waves (δ-waves)

By the results in [6], from (3.3) and (3.11), we conclude that the rarefaction waves and the

shock waves are coincident in the phase plane, which correspond to contact discontinuities of

the first and the third families. Namely, for a given left state (ul, ρl), the contact disconti-

nuity curves, which are the sets of states that can be connected on the right by a 1-contact

discontinuity or a 3-contact discontinuity, are as follows:

W1,3 : ξ = u∓
1

ρ
= ul ∓

1

ρl
. (3.13)

In the phase plane (ρ > 0, u ∈ R), through the point (ul, ρl), we draw curves W1,3 and

Sδ : u+
1

ρ
= ul−

1

ρl

(see Figure 3). W1,3 and Sδ divide the phase plane into five parts I, II, III,

IV and V.

For a given right state (ul, ρl), according to Figure 3, we can construct Riemann solutions

of (3.2) with (1.2) locally. When (ur, ρr) ∈ I ∪ II ∪ III ∪ IV, the Riemann solution contains a

1-contact discontinuity, a 3-contact discontinuity and a nonvacuum intermediate constant state

(u∗, ρ∗), where

u∗ =
1

2

(

ur +
1

ρr

)

+
1

2

(

ul −
1

ρl

)

,
1

ρ∗
=

1

2

(

ur +
1

ρr

)

−
1

2

(

ul −
1

ρl

)

. (3.14)
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Figure 3 Wave curves for a given left state (ul, ρl) in (u, ρ)-plane.

✻

✲ u

ρ

III

←−
S1

−→
S3

←−
R1

SδV

II

IV
(ρl, ul −

2

ρl

)

I

ul −
1

ρl
ul +

1

ρl

−→
R3

(ρl, ul)rr

r r

When (ur, ρr) ∈ V, a δ-wave, which satisfies the δ-entropy condition

ur +
1

ρr
< σ < ul −

1

ρl
, (3.15)

appears in the solution (see [6, 17]),

Sδ : (ρ, u)(x, t) =











(ρl, ul), x < σt,

(ω(t)δ(x− σt), σ), x = σt,

(ρr, ur), x > σt,

(3.16)

where ω(t) and σ are weight and velocity of delta wave respectively. When ρr 6= ρl,











ω(t) =

√

ρrρl

(

(ur − ul)2 −
( 1

ρr
−

1

ρl

)2)

t, σ =
ρrur − ρlul + ω′(t)

ρr − ρl
,

x(t) = σt.

(3.17)

When ρr = ρl,











ω(t) = (ρlul − ρrur)t, σ =
1

2
(ur + ul),

x(t) = σt =
(1

2
(ur + ul)

)

t.

(3.18)

Similarly, for a given right state (ur, ρr), in the phase plane (ρ > 0, u ∈ R), we can also draw

curves W1,3 and Sδ : u−
1

ρ
= ur +

1

ρr

through the point (ur, ρr) (see Figure 4).

Therefore, the elementary waves of system (1.1) consist of rarefaction waves
←−
R1(
−→
R3), shock

waves
←−
S1(
−→
S3), stationary wave (S0) and δ-shock wave Sδ.
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Figure 4 Wave curves for a given right state (ur, ρr) in (u, ρ)-plane.

✲

✻
ρ

uq q

r r

ur −
1

ρr
ur +

1

ρr

(ρr, ur) (ρr, ur +
2

ρr

)
I

II

III

IV
V

Sδ

−→
S3

−→
R3

←−
S1

←−
R1

4 The Riemann Problem (1.1) with (1.2)

In this section we establish the global existence and uniqueness of the Riemann problem for

(1.1)–(1.2) with Riemann data

(u, ρ, a)|t=0 =

{

U− = (u−, ρ−, al), x < 0,

U+ = (u+, ρ+, ar), x > 0.
(4.1)

Without loss of generality (by changing coordinates x 7→ −x, u 7→ −u, if necessary), we

assume for definitiveness in this section that

al < ar. (4.2)

To construct Riemann solutions of (1.1)–(1.2), we project all the wave curves on the (u, ρ)-

plane. Moreover, we will use the following notations:

(i) Wk(Ul, Ur) (Sk(Ul, Ur), Rk(Ul, Ur)) denotes the kth-wave (kth-shock, kth-rarefaction

wave, respectively) connecting the left-hand state Ul to the right-hand state Ur.

(ii) Sδ(Ul, Ur) denotes the δ-wave connecting the left-hand state Ul to the right-hand state

Ur.

(iii) Wk(Ul, Um) ⊕Wn(Um, Ur) indicates that there is a kth-wave from the left-hand state

Ul to the middle state Um, followed by an nth-wave from the middle state Um to the right-hand

state Ur.

(iv) S0(Ur, Ul) denotes the stationary wave, of which Ul (Ur) is on the left (right) side.

There are nine cases of the Riemann problem, which are U− ∈ D1, U+ ∈ D1,2,3; U− ∈ D2,

U+ ∈ D1,2,3; U− ∈ D3, U+ ∈ D1,2,3. Next we discuss the Riemann problems case by case.
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Figure 5 (u+, ρ+) ∈ D1, (u−, ρ−) ∈ D1 ∪D2.

✲

✻

r

r

r

U+

U+

u+ + 1

ρ+
O

u

ρ

W3(U+)W1(U+)

Sδ(U+)

Γ− Γ+

III

I

II

IV
V

Case 1 (u+, ρ+) ∈ D1 and (u−, ρ−) ∈ D1 ∪D2.

For a given right state (u+, ρ+) ∈ D1, from (3.13), we know that the wave speeds of both

W1 and W3 through the point (u+, ρ+) are negative. Besides, if there is a δ-wave Sδ(Ul, Ur),

where Ur ∈ D1, Ul ∈ D1,2, from the δ-entropy condition (3.15), we have σδ < 0 obviously (σδ

is from (3.17) or (3.18)). Therefore, there must be a stationary wave S0(U+, U+) connecting

U+ to a state U+ firstly.

Thus, the solutions to the Riemann problem (1.1)–(1.2) can be constructed as follows (see

Figure 5):

(1) When U− ∈ I ∪ II ∪ III ∪ IV, the solution is

W1(U−, U∗)⊕W3(U∗, U+)⊕ S0(U+, U+);

(2) when U− ∈ V\D3, the solution is

Sδ(U−, U+)⊕ S0(U+, U+).

Case 2 (u−, ρ−) ∈ D1 and (u+, ρ+) ∈ D2 ∪D3.

From (3.13), we know that the wave speed of W1 through the point (u−, ρ−) are negative.

While, the wave speed of W3 through the point (u+, ρ+) are positive. Noticing Lemma 3.2, we

can construct W1(U−, U∗) connecting U− to a state U∗ ∈ D2 firstly. Besides, from Figure 3, we

know that there is no delta wave in this case.

We give the following notation: W±
1 (U−) is the part of the W1(U−) for u ≷ 0 in the

region D±
2 . S±

0 (U−) are made of the right states reached by S0(U,U0), where U0 ∈ W±
1 (U−).

S0 = S+
0

⋃

S−
0 .

Then the curve S0 has some properties shown in the following lemma.

Lemma 4.1 The curve S0 has the properties:

(1) S+
0 is monotone decreasing, while S−

0 has an extreme point, before which the curve is

increasing and after which decreasing;
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(2) S0 has two asymptotes ρ = 0 and u = 0;

(3) S+
0 lies below the curve W+

1 (U−);

(4) W3(U+) intersects S0 at only one point.

Proof (1) Assume that (u0, ρ0) ∈ W1(U−), (u, ρ) is the right state reached by S0(U,U0).

Then, we have



























u0 −
1

ρ0
= u− −

1

ρ−
,

arρu = alρ0u0,

u2 −
1

ρ2
= u2

0 −
1

ρ20
.

(4.3)

We view u0, ρ, u as the functions of ρ0. Now we differentiate the two sides of the above three

equations with respect to ρ0. Then we get



























u′
0 = −

1

ρ20
,

aruρ
′ + arρu

′ = alu0 + alρ0u
′
0,

uu′ +
ρ′

ρ3
= u0u

′
0 +

1

ρ30
.

(4.4)

Then we get

du

dρ
= −

u

ρ3
ρ0 + ρ2u0

u0 + ρ0u2
(4.5)

Therefore we have du
dρ

< 0, when (u0, ρ0) ∈ D+
2 . It follows that S

+
0 is monotone decreasing.

When (u0, ρ0) ∈ D−
2 , from Lemma 3.3, u0 + ρ0u

2 < u0 + ρ0u
2
0 = u0(1 + ρ0u0) < 0. Next,

we determine the sign of the factor ρ2u0 + ρ0.

From (3.5), we get

ρ2u0 + ρ0 =
ρ0

ρ20u
2
0 − 1

(a2l
a2r

ρ30u
3
0 + ρ20u

2
0 − ρ0u0 − 1

)

. (4.6)

Setting t = ρ0u0 ∈ (−1, 0), G(t) =
a2
l

a2
r

t3 + t2 − t − 1, then we have G′(t) = 3
a2
l

a2
r

t2 + 2t − 1,

G′(−1) = 3
a2
l

a2
r

− 3 < 0, G′(0) = −1 < 0, so G′(t) < 0, t ∈ (−1, 0). While, G(−1) = 1 −
a2
l

a2
r

>

0, G(0) = −1. Thus, there is only one solution to the equation G(t) = 0, which means that

there is an extreme point at the curve S−
0 .

(2) When u0ρ0 → −1, i.e., u
2
0−

1

ρ2
0

→ 0, from (3.4), we know that u2− 1

ρ2 → 0. If ρ is finite,

then u is finite, which contradicts arρu = alρ0u0. So u → 0−, ρ → +∞ and ρu → − al

ar

; when

ρ0 → 0+, u0 → +∞, from u0 −
1

ρ0
= u− −

1

ρ−
, we know that ρ0u0 → 1; from arρu = alρ0u0,

we get ρu→ al

ar
; from u2 − 1

ρ2 = u2
0 −

1

ρ2
0

, it holds that u2 − 1

ρ2 → 0. So, u→ +∞, ρ→ 0+.
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Figure 6 (u−, ρ−) ∈ D1, (u+, ρ+) ∈ D2 ∪D3.

✲
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0
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r

r

r

r

Ou− −

1

ρ
−

U+

✲

✻

x

t

O

W1

W3
S0

(3) The slope of the curve W+
1 (U−) : u−

1

ρ
= u− −

1

ρ−
at any point (u, ρ) is

dρ

du
= −ρ2, (4.7)

and the slope of the curve S+
0 at any point (u, ρ) is

dρ

du
= −ρ2

ρ

u

u0 + ρ0u
2

ρ0 + ρ2u0

. (4.8)

The value of (4.7) is larger than that of (4.8), which is sufficient from ρ > ρ0, u0 > u. It follows

the result.

(4) Providing that W3(U+) intersects S0 at two points (ρi, ui) (i = 1, 2), where (ρi, ui) (i =

1, 2) are the states reached by S0(U,U0) using (ρi0, ui0) ∈ W1(U−) (i = 1, 2), respectively. It

holds that

u10 −
1

ρ10
= u20 −

1

ρ20
, u1 +

1

ρ1
= u2 +

1

ρ2
. (4.9)

Thus

ρ10u10 − 1

ρ10
=

ρ20u20 − 1

ρ20
=

ρ10u10 − ρ20u20

ρ10 − ρ20
, (4.10)

and

ρ1u1 + 1

ρ1
=

ρ2u2 + 1

ρ2
=

ρ1u1 − ρ2u2

ρ1 − ρ2
=

al

ar

ρ10u10 − ρ20u20

ρ1 − ρ2
. (4.11)

From (4.10)–(4.11), we get

ρ1u1 + 1

ρ1
=

al

ar

ρ10 − ρ20

ρ1 − ρ2

ρ10u10 − 1

ρ10
. (4.12)

The left side of the above equation is positive, and the third factor of the right side is negative,

so the second factor must be negative, but this contradicts ρρ0
> 0 (see Lemma 4.1(1)).
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Therefore, from Lemma 4.1, the solutions of the Riemann problem (1.1)–(1.2) can be con-

structed as follows (see Figure 6):

W1(U−, U0)⊕ S0(U0, U0)⊕W3(U0, U+).

Case 3 (u−, ρ−) ∈ D2 and (u+, ρ+) ∈ D2 ∪D3.

The solutions to the Riemann problem (1.1)–(1.2) can be constructed as follows (see Figure

7):

W1(U−, U0)⊕ S0(U0, U0)⊕W3(U0, U+).

The analysis is similar to Case 2.

Figure 7 (u−, ρ−) ∈ D2, (u+, ρ+) ∈ D2 ∪D3.
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Figure 8 (u−, ρ−) ∈ D3 and ρ−u− >
ar

al

, (u+, ρ+) ∈ D2 ∪D3.
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Case 4 (u−, ρ−) ∈ D3, ρ−u− >
ar

al
and (u+, ρ+) ∈ D2 ∪D3.

For a given left state (u−, ρ−) ∈ D3, from (3.13), we know that the wave speeds of both W1

and W3 through the point (u−, ρ−) are positive. Besides, if there is a δ-wave Sδ(Ul, Ur), where

Ul ∈ D3, Ur ∈ D2,3, from the δ-entropy condition (3.15), we have σδ > 0 obviously (σδ is from

(3.17) or (3.18)). Therefore, there must be a stationary wave S0(U−, U−) connecting U− to a

state U− firstly. And also from Lemma 3.1, we know that (u−, ρ−) must satisfy ρ−u− >
ar

al
.

Thus, the solutions to the Riemann problem (1.1)–(1.2) can be constructed as follows (see

Figure 8):
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(1) When U+ ∈ I ∪ II ∪ III ∪ IV, the solution is

S0(U−, U−)⊕W1(U−, U∗)⊕W3(U∗, U+);

(2) when U+ ∈ V\D1, the solution is

S0(U−, U−)⊕ Sδ(U−, U+).

Case 5 (u−, ρ−) ∈ D3 and (u+, ρ+) ∈ D1.

In this case, from (3.13), we know that the wave speed of W1 through the point (u−, ρ−)

is positive, while the wave speed of W3 through the point (u+, ρ+) is negative. In this case,

δ-wave is needed.

By simple calculations, from (3.17)–(3.18), we get the sign of δ-wave speed as in the following

lemma.

Lemma 4.2 For a given state (ur, ρr) ∈ D1, when (ul, ρl) ∈ D3, there is a delta wave

Sδ(Ul, Ur), and σδ(Ul, Ur) ≷ 0 (σδ is denoted by (3.17) or (3.18)) if and only if (ul, ρl) satisfies

that when ρl 6= ρr,

ρ2l u
2
l ≷ 1 +

ρl

ρr
(ρ2ru

2
r − 1); (4.13)

when ρl = ρr,

ul ≷ −ur. (4.14)

From Lemma 4.2 and δ-entropy condition (3.15), we know that if there is a Sδ(U−, U0)

(Sδ(U1, U+)) satisfying σδ < 0 (σδ > 0), then it must hold that (u0, ρ0) ∈ D1 ((u1, ρ1) ∈ D3).

And noticing Lemma 3.2, we know that in the same case the Riemann solutions cannot contain

two delta waves, the speeds of which are negative and positive, respectively. Besides, the

Riemann solutions cannot contain delta waves and W1 or W3 in the same case because the wave

speeds of both W1 and W3 through (u+, ρ+) ∈ D1 are negative and through (u−, ρ−) ∈ D3 are

positive. Therefore, the Riemann solutions only contain stationary wave and one delta wave.

One case is that the delta wave speed is negative, the other is that the delta wave speed is

positive.

Subcase 1 σδ < 0. For a given (u+, ρ+), from (3.4) and Lemma 4.2, we have






















arρ+u+ = alρ0u0,

u2
+ −

1

ρ2+
= u2

0 −
1

ρ20
,

ρ2−u
2
− < 1 +

ρ−
ρ0

(ρ20u
2
0 − 1).

(4.15)

Then we get

ρ2−u
2
− < 1 +

ρ−
ρ+

√

(ρ2+u
2
+ − 1)

((ar

al

)2

ρ2+u
2
+ − 1

)

. (4.16)

Denoting J1(U+) : ρ2u2 = 1 + ρ
ρ+

√

(ρ2+u
2
+ − 1)

((

ar

al

)2
ρ2+u

2
+ − 1

)

, we conclude that the curve

J1(U+) lies in the right of Γ+ and is strictly decreasing in the (u, ρ)-plane. Therefore, when

U+ ∈ D1 and U− ∈ D3 lies in the left region of the curve J1(U+), the solution is (see Figure 9)

Sδ(U−, U0)⊕ S0(U0, U+).
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Figure 9 Delta wave speed is negative.
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Subcase 2 σδ > 0. For a given (u−, ρ−), from Lemma 3.1, (u−, ρ−) must satisfy ρ−u− >
ar

al
.

From (3.4) and Lemma 4.2, we have



























arρ1u1 = alρ−u−,

u2
1 −

1

ρ21
= u2

− −
1

ρ2−
,

ρ2+u
2
+ < 1 +

ρ+

ρ1
(ρ21u

2
1 − 1).

(4.17)

Then, we get

ρ2+u
2
+ < 1 +

ρ+

ρ−

√

(ρ2−u
2
− − 1)

[( al

ar

)2

ρ2−u
2
− − 1

]

. (4.18)

Denoting J2(U−) : ρ2u2 = 1 + ρ
ρ
−

√

(ρ2−u
2
− − 1)

[(

al

ar

)2
ρ2−u

2
− − 1

]

, we conclude that the curve

J2(U−) lies in the left of Γ− and is strictly increasing in the (u, ρ)-plane. Therefore, when

U− ∈ D3 and ρ−u− >
ar

al
, U+ ∈ D1 lies in the right region of the curve J2(U−), the solution is

(see Figure 10)

S0(U−, U1)⊕ Sδ(U1, U+).

Figure 10 Delta wave speed is positive.
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In summary, we get the Riemann solutions for the system (1.1)− (1.2) constructively.

Theorem 4.1 For the Riemann problem for Chaplygin gas flows to the system (1.1)− (1.2)

in a duct with discontinuous cross-section, there exists a unique global solution with any given

Riemann initial data (4.1), which can be established constructively.
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