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1 Introduction

Let ¢,k and h be three integers with ¢ > 3 and k # h. For any integers m and n, the
two-term exponential sum C(m,n, k, h; q) is defined by

mak + nah)
q b)

C(m,n,k,h;q) = Ze(
a=1
where e(y) = e2™Y.

About the properties of C(m,n,k, h;q), some authors had studied it, and obtained many
interesting results. For example, Gauss’s classical work (see [1]) gave an exact computational
formula for C(1,0,2,h;q). Han Di [2] studied the asymptotic properties of the hybrid mean
value involving the two-term exponential sums and polynomial character sums, and proved the

following asymptotic formula:

p—1 p—1 k p—1 3 9 .

ma® 4+ na\ |2 2 2p° + O(|k|p?), if 2]k,
‘Ze(i)‘ -‘Zx(mcH—a)‘ — s A .

m=1 a=1 p a=1 22? + O(|k|p2), if 2 )[ ]{,‘,

where p is an odd prime, x denotes any non-principal even Dirichlet character mod p, and @
denotes the multiplicative inverse of @ mod p. That is, aa = 1 mod p.

Taking £ = —1 in this theorem, one can deduce the asymptotic formula
p—1 p—1 — p—1
+ 2 _ |2
Z’Ze(ma a)‘ -’Zx(mb—kb)‘ =2p* + O(p?).
m=1 a=1 p b=1
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Recently, Du Xiaoying [3] studied a similar problem, and proved the following conclusion.

Let p > 3 be a prime with (3,p—1) = 1. Then for any non-principal even character x mod p,
one has the identity

p—1 p—1 p—1

Z ’Zx(ma3+a ’2 ‘Ze(mb3+b)‘2

m=0 a=1 b=1
5 3 p_l_ Pt (a—1)(a® —u?)
e ol (2)) Shr ()

where (7) denotes the Legendre symbol mod p.
From this formula Du Xiaoying [3] deduced the following asymptotic formula:

pii ‘§X(ma3+a)’2"ge(#)r:zfﬂLO(pg)' (1.1)
m=0 a=1 b=1

Some other works related to the two-term exponential sums, Kloosterman sums and poly-
nomial character sums can also be found in [4-13].
Now for any positive integer k, we consider the following hybrid power mean:

p—1 —1

bS]

e(ma —Hm)r- ‘pilx(mf—i—a)r. (1.2)

m=1 a=1

We want to know whether there exists an exact computational formula for (1.2).

About this contents, it seems that none had obtained any conclusion, at least we have not
seen such a result right now. But the problem is interesting, because it can reveal the profound
value distribution properties of the two-term exponential sums and polynomial character sums.

The main purpose of this paper is using the analytic method and the properties of the
trigonometric sums and character sums to study this problem, and prove some interesting
results.

To complete the proofs of our theorems, we need the following five simple lemmas. Here-
inafter, we shall use many properties of the classical Gauss sums, all of them can be found in
[1], so they will not be repeated here.

Lemma 1.1  Let p be an odd prime. Then for any integer n with (n,p) = 1, we have the
identity
p—1 2
a=0 p

Proof Note that (%) = X2 = Xo. From the properties of Gauss sums we have

:2)(@2;_71): ]:ZO]:Zl)Q ( a’ —l—n))

p—1

) {C

a=0
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From [8, Theorem 7.5.4] we know that
2

G(nip) = pfe(ﬂ) = (5)ewn = (7) §XQ<a>e(g). (14)
a=0 a=1

p

It is clear that x3 = Yo, the principal character mod p. Applying (1.3)—(1.4) and noting the

trigonometric sums

2l ma , ifp|m,
Se(5) = {6 htn 15)
we have the identity
iy a’>+n 1 ik bn _p_l bn _
SICTT A S

This proves Lemma 1.1.

Lemma 1.2 Let p be an odd prime and n be any integer with (n,p) = 1. Then for any
positive integer k with (k,p — 1) = d, we have

k 2
e(mT—i_na)‘ :p2—dp—1.

T
L
|
L

p

1

Proof In fact for any integer n with (n,p) =1, from (1.5) we can deduce that

pz_:l ‘pz_:le(ma —l—na)
)

1

3
Il
o
Il

‘ 2

m=1 a=1
_ -1
- 3 [Se(m P ()
—1p-1
_ i_lj_le(n(ap— b)) mi_le(m(akp_ bk)) L
B Ly n(a —b) B
=p ka:X_b%b_ld e( » ) 1

a=1 b=1 p
ak=1 mod p
p—1
=pp-1)—1-p > L (1.6)
a=2

a*=1 mod p

Now let (k,p—1) = d. So there exist d— 1 integers a with 2 < a < p— 1 such that a* = 1 mod p.
From (1.6) we may immediately deduce the identity

pf ?i (ma +na>’2:p(p_1)—1_p(d—1)=p2—dp—1.
m=1 a=1

This proves Lemma 1.2.
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Lemma 1.3  Let p be an odd prime, r be any integer with (r,p) = 1. Then we have the
identity

p—1 —1

=

() =t -w(F) () o (5)

Proof From (1.5), Lemma 1.1 and noting that (5) = (I) we have

m=1 a=1

Q

1
e

i
-
"U

(mm —|—ma)‘2

T3
—

—
“ m
’_‘ >—-

_ e(mm —|—ma)‘2 (1)

p

m=0 a=1
p—1p—1
=p > 1—(p—1)°
a=1b=1
ra3+a=rb3+b mod p
p—1p—1
=7 >0 1= (p-1)°
a=1b=1
(a—1)(rb?(a?+a+1)+1)=0 mod p
p—1p—1
=plp—D+p D> > 1—(p—1)
a=2b=1

(a2+a+l)E—?E2 mod p
p—1lp—1

b=1

—p-v-2-p((F)+ () XX 1
a=0 b=1
(a2+a+l)E—?52 mod p
—r —3r polr]
R (CIE T
a=0 b=1
(2a+1)25—3—4752 mod p
—r —3r Ly
G B
a=0 b=1
a2=—3—47b" mod p
p—1 . __—2 _ _
L () () + ()
=S () (G- ()

-
p
-r
=p2—2p—1—p(—)
p
:p2—2p—1—2p(_—r
p

(1+ (5 =25+ (5)
)-o(5)0(50)

Lemma 1.4 Let p be an odd prime, x be any non-principal even character mod p. Then
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for any integer m with (m,p) = 1, if x> # Xo, we have

15t +af = 20 (2 )ix ) I CAEETILEL)E
a=1

b=1

If x® = x0, we have

)‘2 —p+1+ (_]Tm)pz_‘ix(a)p_l ((b3a2 —;)(b— 1))'

Proof From the properties of Gauss sums we have

iy

2
)
p—1 p—1 9
= [y 210 Zx0e ()
ik Lty ma?\ |2
= 5| 2 w0(5) S niore(*55)
_ %;d_l (bE)e(b;d) 33 x(aE)e(mba ;mdc )
p—1p—1 p—1 p—1 2(ba2 —
= EZZY(b)e(d(b - 1)) 3 (@) ZG(M)
p b=1 d=1 p a=1 c=1 p
B %P—l p—1X(a5) p—le(d(b _ 1)) p_le(deQ(l;czQ _ 1))
a=1b=1 d=1 c=1
-5 S8 T () )
(a2b—1,p)=1
1 R K dh - )
-i-pT ;; x(ab)d_le( 5 )

a?b=1 mod p

Since x(—1) =1, it is easy to prove that

1p—1 p—1
p—1 _ db—1
>y b o)
a=1b=1 d=1
a?2b=1 mod p
—1 p—1p—1
(P—1)7* X
N SR RS o) i
a=1 a=1 b=2
a?2=1 mod p a2b=1 mod p
_q1rd
=2(p—1)——) x(da’)
a=1
2(p—1), if x* # xo,
= 2_1 .
u ) le3:X0

551

(1.7)

(1.8)
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552
from (1.4) and noting that G?(1;p) = (%)p we have

For any integer n with (n,p) =

—

{y - 1 imde? (ba? — 1)
X8 M) S ()
(a2b—1,p)=1

p—1p—1 p—1 o 2
=G X3 xa zze( L)y (1))
a=1b=1 =1
(a?b—1,p)=1

1(2) S S () S (£)o(12)

mzjzk 5 () ()

gt
p—1 P—
_(—m (b%a? —1)(b—1)
—p(T)aZ:lX(a) — ( D ) (1.9)
p—1lp—1 p—1
- dib—1
x(ab) e( ( ))
a=1b=1 d=1 p
(a?b—1,p)=1
p—1p—1 p—1 p—1p—1 p—1
_ 7 d(b d(b—1)
"L I AT - IE e ()
a2b 1 mod p
p—1 p—1lp—1 p—1 p—1p—1
=(p-1)) x(a) - x(ab) — (p—1) )+ X
a=1 a=1b=2 a=1 a=1 b=2
a?=1 mod p a?b=1 mod p
—(p+1), if ¥ = yo,
_J-+1 X = (1.10)
—2p, if x* # Xo-
Combining (1.7)—(1.10) we know that if x* # xo, then
p—1 — p—1
(b3a? —1)(b—1
‘Zx(ma —|—a‘ —2p—|—( )ZX Z( )) (1.11)
=1 =1
If x* = x0, then we have
= 2 = = Pa? - 1)(b—1
‘Zx(ma3+a)‘ :p+1+( )Zx ( )). (1.12)
=1 a=1 b=1

Now Lemma 1.4 follows immediately from (1.11)—(1.12)
Lemma 1.5 Letp be an odd prime. Then for any quadratic non-residue r mod p, we have

the identities
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and

=

5= p-1

mla+a 1
Se(" ) = 50t -,

m=1 a=1
Proof For any integer 1 < m < p — 1, from the properties of the reduced residue system

mod p we have

—1 _ p—1

Se(Im Ty Y (Tt iy (1.13)
a=1 p a=1 p

From (1.5) and (1.13) we have

—1 —1
B p-1 _ b p-1

Se(aen

mra—l—mﬁ)‘?

I
I

m=1 a=1 m=1 a=1 p
1 . ‘p_le(mra—kmﬁ)‘?
2 m=1 a=1 p
1 p—1p—1
_ - _ 2
D> SN
a=1b=1

ra+a=rb+b mod P
p—1p—1

1 1
= 1—=(p—1)~% 1.14
5P ;; S —1) (1.14)
(a—b)(@b—7r)=0 mod p

It is clear that if » is a quadratic non-residue mod p, then the congruence equation a? — r =

0 mod p has no solution. So we have

ii 1=2(p—1). (1.15)
a=1b=1

(a—b)(ab—r)=0 mod p

Combining (1.14)—(1.15) we may deduce the first identity of Lemma 1.5.
Similarly, we can also deduce the second identity of Lemma 1.5.

2 Several Theorems

Theorem 2.1 Let p be an odd prime with p = 3 mod 4, n be any integer with (n,p) =1, x
be any non-principal even character mod p. Then for any even number k # 0 and (k,p—1) = d,
we have the identity

| S [ w40
m=1 a=1 b=1
P —dp—1), xS # X,

{(p+1)(p —dp—1), if X’ = xo,

where xo denotes the principal character mod p.
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Proof For any odd prime p, it is clear that if r is a quadratic non-residue mod p, then we
have (%) = —1 and (%) + (%) =0. If p =3 mod 4, then (_71) = —1. From these properties
and Lemma 1.4 we have

p—1 9 p—1 9
‘Zx(ma?’—i—a)‘ + ‘Zx(—ma?’—i-a)‘
a=1

=ap+ (=" ):x i(bga?_;)(b_l))
+ (%) ng(a)]é ((b3a2 _;)(b_ 1)) = 4p. 2.1)

Now let k& > 2 be an even number with (k,p— 1) = d, x be any non-principal even character
mod p, and 3 # xo. If m passes through a reduced residue system mod p, then —m also
passes through a reduced residue system mod p. It is clear that

S - ()

Thus, we have

p—1 p-1
S (e o

= pi pie((_m)(_a;k ”(_“))\2 ' ’pfx((—m)b?’ +b)’2
R

S S S o)

:pii p—le(ma —i—na)‘ ‘ZX mb3—|—b‘ (2.2)

1

Il
-
Q
I

p—1 p—1 k 5 P71

Z e(ma +na)‘ -‘Zx(mb3+b)‘

m=1 a=1 p b=1

1220 22 a4 nay |2 L 4
=5 2 [ e(F5 ) ([ x4 o]+ | o xmet +0)])

m=1 a=1 b=1 b=1
R ma® + na\ |2
=2y e( . )‘ = 2p(p? — dp — 1). (2.3)
m=1 a=1

If x* = xo0, then from Lemmas 1.2, 1.4 and the method of proving (2.3) we also have

pz_:l piie(ma +na)‘2-‘§x(mb3+b)‘2: (p+1)(p* —dp—1). (2.4)
m=1 a=1 =1

Now Theorem 2.1 follows from (2.3) and (2.4).
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Theorem 2.2 Let p be an odd prime, x be any non-principal even character mod p. Then
we have the identity
p—1 p—1 3 p—1
ma” + a\ |2 2
Ze(i)‘ -‘Zx(mbB—i-b)‘
m=1 a=1 p b=1

=@+RHp+1 —R(x))(pQ —2p-1 +2p(_71))

2+ (DT o]

That is, x is a three order character

where R(x) = 1, if x> # xo0 and R(x) = 0, if X* = xo.

mod p.
Proof Let r be a quadratic non-residue mod p. It is clear that 12, 22, ... (E31)7
rl2, r22, ..., 7“(”2;1)2 pass through a reduced residue system mod p. So if x> # xo, then

from (2.1) and Lemma 1.3 we have

e(ma —|—a)‘ ‘ZX mbg—l—b‘

1

T
—
=

|

i

=
Q
Il
—_

-1

1
'U

2 3
e(ma +a)‘ ‘ZX Qb?’—i—b‘

rm2a® + ay |2 pl 2
e(i)’ . ‘ X(rm2b3 + b)‘

mad +man 2 |2 .2
e(ma - ma)‘ .‘;X(mb?’—l—mb)‘

a=1

3
I

]
|
-
iS]
|
-

_|_

3
Il
-
Il
=

T
—
"? Q

I
i\

2
Il

o= 3
s L
h
'UI)—A
h

rma® + ma |2 p! 2
6(7)‘ ‘ xrmb3+mb ‘
ST o+

(]

_|_

)
Il
—

() e o]

p

L3
Il

]
e

Il
DN | =
¢)
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-1 ~1 I NN = 2
— ot —4p? — 2+ 4p2(—) —p(2(—) n (—)) ’ S+ b)’ . (2.5)
p p p /=
If x* = xo, then from Lemma 1.4 and the method of proving (2.5) we also have
1 p—-1 9 p—1 9
e[S w40
m=1 a=1 b=1
9 -1
= p+1)(p —2p—1+2p(?))

D) ()T ) 29

b=1

556

pP—

—

Combining (2.5)—(2.6) we may immediately deduce Theorem 2.2.
Theorem 2.3 Let p be an odd prime, x be any non-principal even character mod p. Then

we have the identity

PR matay? (& 2
e . x(mb® +b
22 e(F5)] | X xm + )
p—1 2
R R R GE] N S )
- p—1 2
(p+1)(p2—1)—p‘b21x(b3+b) . X = xo

Proof It is clear that for any integer m with (m, p) = 1, from the properties of the reduced

residue system mod p we have

p—1 9 p—1 9 p—1 2
‘Zx(m2b3+b)‘ - ‘Zx(mmmb)‘ - ‘Zx(b3+b)‘ (2.7)
b=1 b=1 b=1

and
2

p—1 p—1 9
Z x(rmb® + mb)‘ Z x(rb* + b)‘ . (2.8)
b=1 b=1

p—1 9
> x(rm? +b)| =
b=1

If X3 # o, then from (2.1), (2.7)—(2.8) and Lemma 1.5 we have

p—1 p—1

> [ e(mE) \meb‘°’+b\
m=1 a=1
S So(miarmy \Zx )
m=1 a=1
+ i pile(rm:ﬂ)‘? . ’ZZ_;LX(TmeB +) ’

(TS
b=1
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+Z fe(w)‘ S Tb3+b‘
m=1 a=1 p b=
Lo, - 3 21, p-t 5 2
= 50 —2p—1)‘;x(b +0)] + 50 —1)‘;X(rb +)
p—1 p—1 p—1
= %(pz’—l)( Zx(b3+b)‘2+ Zx(rb3+b)‘2) . Zx(b3+b)‘2
b=1 b=1 b—1
p—1
=0 p‘sz3+b)‘ (2.9)
b=1

If x* = xo0, then from Lemma 1.4 and the method of proving (2.9) we have

-1

} e(ma+a)‘2-}§><(mb3+b)‘2

m=1 a=1

p—1

hS]

p—1

= (p+ 1 =1~ Y b3+b)’ (2.10)
b=1

From (2.9)—(2.10) we may immediately deduce Theorem 2.3.

3 Two Corollaries

If p is an odd prime with (3,p — 1) = 1, then for any non-principal even character x mod p,
one has x® # xo. So from Theorems 2.2-2.3 we can deduce the following corollary.

Corollary 3.1 Let p be an odd prime with (3,p—1) = 1. Then for any non-principal even
character x mod p, we have the asymptotic formulae

p—1 p-—1 ma3 +a 9 p—1 9
Ze(i)‘ . ‘Zx(mlﬁ—i—b)‘ =2p® + O(p?)
m=1 a=1 p b=1
and
p—1 p—1 -1
e(ma—l—a)‘ x(mb* +b) } =2p® + O(p?).
m=1 a=1 b=1

It is clear that the first result in Corollary 3.1 improves the Du Xiaoying’s work. That is,
our result is much better than asymptotic formula (1.1).

If 3| (p—1), and x mod p satisfies x> = xo and x # xo, then noting the estimate for
character sums

xb2+1 ‘ =p+O0(yp),

x (b° +b) ’
from Theorems 2.2—2.3 we may 1mmed1ate1y deduce the following corollary.

Corollary 3.2 Let p be any odd prime. Then for any three order character x mod p, we
have the asymptotic formulae

> ‘p_le(#)r ' ‘pz_:lX(mb3 +b)‘2 =p2(p— 1- (_?3)) +0(p?)
m=1 a=1 b—1
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-1 p-—-1 p—1

S S

m=1 a=1 b=1

bS]

2 5 3
‘ =p° + O(p2).

Note: Our Theorem 2.2 is much better than the corresponding result in [3].
In fact in Theorem 2.1, we only consider the case p = 3 mod 4. Does there exist a similar

formula for the case p = 1 mod 47 This is an open problem.
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