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On the Compactness of Grunsky Differential Operators*
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Abstract Grunsky operators play an important role in classical geometric function theory
and in the study of Teichmiiller spaces. The Grunsky map is known to be holomorphic on
the universal Teichmiiller space. In this paper the authors deal with the compactness of
a Grunsky differential operator. They will give upper and lower estimates of the essential
norm of a Grunsky differential operator and discuss when a Grunsky differential operator
is a p-Schatten class operator.
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1 Introduction

The universal Teichmiiller space T is a complex Banach manifold and can be regarded as
a bounded domain of the Banach space of holomorphic functions outside the unit disk which
are bounded in the Poincaré metric. Each point in the universal Teichmiiller space corresponds
to the Schwarzian derivative of a univalent function outside the unit disk. The univalent
function theory is thus very useful to study the universal Teichmiiller space. Actually, Grunsky
inequalities for univalent functions yield a lot of properties of the universal Teichiiller space
(see [14-15, 29, 35]). Recently, Grunsky operators play an important role in the study of
subspaces of the universal Teichmiiller space (see [23-28, 30-31]). It is known that the Grunsky
map sends holomorphically each point in the universal Teichmiiller space to the corresponding
Grunsky operator. This fact was used to deal with the compactness of Grunsky operators by
Takhtajan-Teo [30] and Shen [23], respectively. In this paper, we will continue to discuss the
compactness of the Grunsky differential operators, a topic which was initiated to study in [25]
where we discussed the Kobayashi and Carathéodory metrics on the asymptotic Teichmiiller
space. We will estimate the essential norm of a Grunsky differential operator and discuss when
a Grunsky differential operator is a p-Schatten class operator. Main results will be stated in
the next section (see Theorems 2.2 and 2.3 below).

2 Preliminaries and Statement of Main Results

In this section, we recall some basic definitions and results on univalent functions and
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Teichmiiller spaces and state the main results of the paper. For primary references, see Gardiner-
Lakic [10], Lehto [16], Nag [18] and Pommenerke [19].

2.1 Universal Teichmiiller space

Let M denote the open unit ball of the Banach space L>°(A) of essentially bounded mea-
surable functions on the unit disk A = {z : |z| < 1} in the complex plane C. For pu € M, let f,
be the quasiconformal mapping on the extended plane C with complex dilatation equal to u in
A, conformal in A* = C — A, normalized by fu(z) = 2+ O(|z|71) as z — co. We say that u
A= [, | A*. The equivalence class of p is denoted by [u]. The set

and v are equivalent if f,
T of all equivalence classes is called the universal Teichmiiller space.

Let © be an arbitrary simply connected domain in the extended complex plane C which
is conformally equivalent to the unit disk. Recall that the hyperbolic metric Aq in €2 can be
defined by

M(fDIf ()= A —[z)7" z€A, (2.1)

where f: A — Q is any conformal mapping. Let B(£2) denote the Banach space of functions ¢
holomorphic in 2 with norm

[0l 30y = sup [6(2)|Ag” (). (2.2)
z€Q

It is easy to see that a conformal mapping ¢ : 3 — 2 induces an isometric isomorphism
¢ (pog)(g")? from B(Qy) onto B(Q1).

Consider the map S : M — B(A*) defined as S(u) = S(fula~), where S(f) denotes the
Schwarzian derivative of a locally univalent function f of a domain in the extended plane @,
defined as (f”/f') — 3(f”/f)* . It is known that S is a holomorphic split submersion and the
differential of S at u has the following expression:

4,8()() = // T ‘m ))) dedn, v e L¥(A). (2.3)

Now S descends down to a 1-1 map B: T — B (A*), which is known as the Bers embedding.
Via the Bers embedding, T' carries a natural complex structure so that the natural projection
® : M — T is a holomorphic split submersion, and B is a biholomorphic isomorphism from T’
onto its image.

2.2 Grunsky map

For each u € M, its Grunsky coefficients a,,, (1) are determined from the expression

1ng - Z ()2, 2, (€ AT, (2.4)

m,n=1

where the branch of logarithm is equal to zero for z = { = .
We denote as usual by [? the Hilbert space of sequences # = (z,,) with the inner product
and norm

oo

o= 3 e ol = (3 lol?). @2:5)

m=1

N|=
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Then 1 determines the so-called Grunsky operator G([u]) : 12 — % by

Gl : @) = (D2 Vimnama (). (2.6)
so that

Gz T) = > Vmnom, (1) zmwn, (2.7)

1l = 32| S vimmag (e 28

m=1 n=1

Since mn (1) = Qnam (1), Schur’s result (see [21]) implies

1G(EDll = sup [[G([u))xll = sup [(G([u])z, T)], (2.9)
©€51(12) 2€51(12)
where S;(I?) is the unit sphere in [2. A classical result known as the Grunsky inequality says
that ||G([u])|| < [|#t]lco, which implies that G([u]) is a bounded operator with norm strictly
less than one. It is well known that Grunsky operator plays an important role in the study of
univalent function theory (see [19]) and, as remarked above, in the study of Teichmiiller spaces
as well (see [14-15, 23-31, 35]).

The Grunsky map G is defined by sending [11] to G([u]). We denote by £(I?) the space of all
bounded linear operators of I2 into itself. Then G is a mapping from the universal Teichmiiller
space T into the unit ball of £(I?). In [23] we gave a complete proof of the holomorphy of the
Grunsky map, a fact which was asserted and frequently used in the literature (see [14-15]).
Furthermore, setting G = G o ®, we (see [25]) showed that the derivative dué(u) at € M in
the direction v € L>®(A) is

(Tm) (% i \/a;z_n //fu(A) (1 —V|M|2 g:]f[:) o fu_le’n(u)F,/l(,u)dudv). (2.10)

Here F,,(u) is the n-th Faber polynomial for u, which is determined by the following expression:

fulz) —w

log =Y CR(@)s ", wez oo (2.11)
n=1

2.3 Statement of main results

Let Lo(A) be the closed subspace of L>°(A) which consists of those functions p such that
w(z) — 0 as |z| — 1, and Bo(A*) be the closed subspace of B(A*) which consists of those
functions ¢ such that ¢(z)(]z|*> —1)? — 0 as |z| — 1. Set My = M N Lo(A). Then Ty = ®(My)
is a closed sub-manifold of T, and B(T,) = B(T) N Bo(A*) (see [2, 11, 20]). Tp is usually
called the little universal Teichmiiller space. It plays an important role in the recent study on
asymptotic Teichmiiller spaces (see [6-8, 10-11, 25]).

The points in Ty can be characterized by means of the compactness of the corresponding
Grunsky operators. It was proved respectively by Takhtajan-Teo [30] and Shen [23] that [u] € Tj
if and only if G([u]) is a compact operator. In the infinitesimal setting, we have proved the
following result.
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Theorem 2.1 (see [25]) For p € M and v € L*®(A), the following conditions are
equivalent:

(1) duS(w) € Bo(A”);

(2) There exists some v € Lo(A) with d,S(V) = d,S(v);

(3) dﬂé(u) is a compact operator.

Note that (1) < (2) was first proved by Earle-Gardiner-Lakic [6]. Theorem 2.1 plays an
important role in [25] where we discussed the asymptotic Grunsky operators and the asymptotic
Teichmiiller space. Here we will continue to discuss the compactness of the Grunsky differential
operator d,S(v) by estimating its essential norm |d,S(v)|. and prove the following result,
from which Theorem 2.1 follows immediately. For simplicity, we fix some notations. C(-),
Ci(+),Ca(+), - - - will denote constants that depend only on the elements put in the brackets and
might change from one line to another. The notation A =< B means that there is a positive
constant C' independent of A and B such that A/C < B < CA. The notation A < B (A 2 B)
means that there is a positive constant C' independent of A and B such that A < CB (A > CB).

Theorem 2.2 For u € M and v € L>®(A), it holds that
I1d.Gw)lle = Cl(HMHoo)liImISlip |duS@) ()] (l2]* —1)?
z|—
= Co (||l oc) M {||7|a—Elloo : dpS(¥) = d,S(v), E C Acompact}.

Now let p > 1 be a fixed number. We denote by £P(€2) the Banach space of all essentially
bounded measurable functions p on € with norm

oo = lolle + (5 [[ 10PN )ama) " (212)

Set MP = M N LP(A). Then T, = ®(MP) is called the p-integrable Teichmiiller space, T5 is
also called the Weil-Petersson Teichmiiller space.
We denote by B,(€2) the Banach space of functions ¢ holomorphic in € with norm

ol = (5 [[ 16 o) 2.13)

For a conformal mapping g : Q1 — Qa, the correspondence ¢ — (¢ o g)(¢9’)? again induces an
isometric isomorphism from B,(£22) onto B,(€21). Thus, for 1 <p < ¢, B,(Q2) C B,(?) C B(Q),
and the inclusion maps are continuous (see [34]).

Under the Bers embedding B : T — B(A*), B(T,) = B(T) N By(A*) (see [4, 12-13, 30]).
The points in 7}, can also be characterized by means of the corresponding Grunsky operators.
It was proved respectively by Takhtajan-Teo [30] and Shen [23] that [u] € Tb if and only if
G([u)) is a Hilbert-Schmidt operator. In fact, in [13] we learned recently, Jones asserted that
[u] € T, if and only if G([u]) is a p-Schatten class operator. We will prove an analogous result
in the infinitesimal setting. In [23-25], we have obtained some partial results, which were used
in [25] to prove Theorem 2.1.

Theorem 2.3 Let p > 2. Then for p € M and v € L=(A), the following conditions are
equivalent:

(1) d,S(v) € By(A*);
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(2) Thire exists v € L®(A) with d,S(¥) = d,S(v) such that vo ' € LP(fu(A));
(3) duG(v) is a p-Schatten class operator.

3 Bers’ Reproducing Formula Revisited

In this section, we review a reproducing formula of Bers [3], which plays an important role
in Teichmiiller theory. It will also be used in the proof of our results.

Let I' be a closed Jordan curve in the extended complex plane (E, and let D and D* denote the
domains interior and exterior to I', respectively. I' is called a quasicircle if it is the image of the
unit circle under some quasiconformal mapping of the whole plane. By an anti-quasiconformal
reflection about I' we mean an orientation-reversing homeomorphism A of the entended complex
plane such that hlpr = id, h o h = id, and h is quasiconformal. Then we have the following
well-known result of Ahlfors [1].

Proposition 3.1 (see [1]) T is a quasicircle if and only if there exists some anti-quasicon-
formal reflection about I'. When T" passes through oo, there exists an anti-quasiconformal re-
flection about T' satisfying a uniform Lipschitz condition.

Now we state the reproducing formula of Bers [3].

Proposition 3.2 (see [3]) Let T' be a quasicircle passing through oo with complementary
domains D and D*. Let h be an anti-quasiconformal reflection about T satisfying a uniform
Lipschitz condition. Then for any ¢ € B(D*) it holds that

2
o) =2 [[ E2anqpomenacan, = e 0 (31)
mJJp ((—2)

In our situation, we need the formula (3.1) for a bounded quasicircle I'. This can be achieved
by means of the conformally natural anti-quasiconformal reflection j(D) associated to the inte-
rior domain D introduced by Earle-Nag [9], which is defined by using the conformally natural
extension operator of Douady-Earle [5]. As observed by Earle-Gardiner-Lakic [6], j(D) satisfies
a uniform Lipschitz condition when I' passes through oo, which implies that the formula (3.1)
holds when h is replaced by j(D). By the conformal naturality property of the reflection j(D)
(see [9, Theorem 1]), we conclude that the formula (3.1) still holds with h = j(D) even when I'
is a bounded quasicircle (see [33] for details). We summarize this as following proposition.

Proposition 3.3 (see [33]) Let T be a quasicircle with complementary domains D and D*,

and let j = j(D) be the conformally natural anti-quasiconformal reflection to D. Then for any
¢ € B(D*) it holds that

3 C _j C 2_ . . *
o) =-2 [[ C 50000 e, €D (3.2)
©JJp (C—2)
Now we use Proposition 3.3 to establish a fundamental lemma, which will be used to prove
Theorems 2.2 and 2.3.

Lemma 3.1 For any p € M(A) and v € L*®(A), there exists some v € L°(A) with
17]lo0 S Cllplloc) |duS(V)|| Baxy such that d,S(v) = d,S(v). Furthermore, v can be chosen so

~
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that
inf{[[7|a-plle : £ C Acompact} S C(Ilulloo)lilmlsup |, SW)(2)[(|2* = 1) (3.3)
z|—1

and Uo f ot € LP(fu(A)) if d,S(v) € By(A*).

Proof Most part of this lemma was obtained by Zhai in [33]. For completeness, we will give
a detailed proof here. Set f = f,, 9= f~', D= f(A), D* = f(A*), and ¢ = (d,S(v) 0 g)(¢')*.
Then ¢ € B(D*), and 8] 5o+ = [duS(m)l|par). More precisely, since Ap-(f()|f(2)] =
(|z|* — 1)~, we have

B(f(DIAD2(f(2)) = [duS@)(R)([2]* = 1)*, 2 €A™ (3-4)

Thus, ¢ satisfies (3.2) with j being the conformally natural anti-quasiconformal reflection to
D. Recall that Earle-Nag [9] showed there exists some positive constant C'(||i||) such that

1

G < 1) = wlPAo(Ao () < (). we D, (3.5)
m < j(w) — wPAe. (w)[05 (5 (w))| < C(||ulleo), w € D*. (3.6)

Now we define

7(2) = LU~ DI - DI en @)

It follows from (3.4) and (3.6) that

2(2)] S Cllulloo)|e(G (f(2))AD2 (1(f(2)) = Cllulloo) [d S () E)[(2> = 1) (3.8)
for 2= g(j(f(2))). Thus, 7 € L®(A) with [|[F]lec S C([l1t]lo)|duS ()| 5(a-), and (3.3) holds.

~

Now we suppose that d,S(v) € B,(A*). Then ¢ € B,(D*), and ||¢[|5,(p+) = [|[duS¥)| 5, a%)-
It follows from (3.5), (3.6) and (3.8) that

/ [7(g(w))[PAL (w)dudv < C (]| 4]]o / 160G () |PALZ (G (w))AS (w)dudv
< Collulloe / 160 ()P AFZ 2 (w)) () — w]~*dudy
S Cullull) [ / 160 ()P A5:22 (i (w)) 3 (w) Pdudv

< Calllloo / |3(uw) [P X227 (w) dud.

Therefore, 7o g € LP(D), that is, Do f,;! € LP(f.(A)).
It remains to prove that d,S(v) = d,S(v). By (2.3) and (3.2) we have

'I‘/' 2
4, S()(2) = —2(f'(2))? / / HOOFC)” (C)§ dedn

™

=200 [[ R i)y

= ¢(f(2))(f'(2))?
=d,Sv)(z).

This finishes the proof of Lemma 3.1.
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4 Proof of Theorem 2.2

We first recall a general formula due to Shapiro [22] for the essential norm ||L||. of a linear
operator L on a Hilbert space H.

Proposition 4.1 (see [22]) Suppose L is a bounded linear operator on a Hilbert space H.
Let {K,} be a sequence of compact self-adjoint operators on H, and write R, =1 — K,, with
I being the identity operator. Suppose ||Ry,|| = 1 for each n, and ||R,x| — 0 for each x € H.
Then ||L||e = lim |[LR,].

n—oo

Now we use Proposition 4.1 to obtain an upper estimate to a bounded operator L on the
Hilbert space 12. For simplicity, we call a sequence () in I? to be degenerating if ||z()|| < 1,
and (x(j )) converges to zero weakly. Then we have the following basic result.

Proposition 4.2 For any L € L(1?), it holds that

IL] = sup limsup L2, (4.1)

(2@) j—oo
where the supremum is taken from all degenerating sequences.
Proof We can obtain ||L||. > sup limsup|Lz")|| by a standard discussion (see [25,
(m(j)) Jj—oo
Lemma 7.3]). We apply Proposition 4.1 to obtain the other direction. To do so, we bor-
row some discussion from Shapiro [22] (see also [32]). For each n > 1, we define K,, by
Knx = (11,22, ,2,,0,0,---) for x = (x,,) € [?. Then K,, satisfies the conditions in Propo-
sition 4.1, which implies that ||L|| = lim ||LR,]| with R, = I — K,,. Then for each n there
n—oo
exists (") € S(1%) such that

ILle < limsup || LR, ™.
n—r oo

Now it is easy to see that (R,z(™) is a degenerating sequence, which implies that |L|l. <
sup limsup ||Lz9)|| as required.
(@) j—oo

Lemma 4.1 For any p € M(A) and v € L=(A), we have
~ 1.
1d.G@)]le = = limsup |d,S(w)(2)I(|2]* — 1)
6 |z=1

Proof We need some close relation between Schwarzian derivatives, Grunsky coefficients
and Grunsky operators. We use some discussion form [23-25]. Consider a subset of [? as follows:
For any finite z € A*, set z, = (z,,) with z,, = /m(|z|?> — 1)z~ (™D, Then

12 = S feml? = (22 = 1)2 Y ml2| 720740 =1,
m=1 m=1

Noting that for each fixed m, z,, — 0 as |z| — 1, we conclude that (z,) converges to zero
weakly as |z| — 1.

Differentiating both sides of the equation (2.4) partially with respect to z and ¢ yields the
relation

LEMLO
Ful2) = FulOF 1

102 = - Z My, ()2~ MDD s ce A,
- _

m,n=1
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Letting { — 2z, we get

> —(matn é W)T, T
m,n=1

Consequently,

LSWIE) = =6 3 mnda ()= = ‘6%

m,n=1

(4.2)

By Proposition 4.2, we conclude by (4.2) that
14, G @)l > sup limsup [(d,G(v)z?),z)|

(z ])) Jj—o0

> lim sup |<d#G(V)$z,fz>|

|z|—1
1
= — limsup |[d,S(¥)(2)[(]z]* — 1)*.
6 |21=1
To obtain an upper estimate of ||dué(1/)|\e, we use an operator introduced in [24]. Let
i € M be given with Faber polynomials F,(u). It was proved in [24] that Z "2 converges

absolutely and locally uniformly in f,(A) and thus represents an analytic functlon in f,(A).
More precisely, it holds that

5 W) Sdz(w(?é{?(m)xcm)Aa(A)(w), w € fu(8), (4.3)
=1 ’ H

where d(w,df,(A)) = inf{|¢ —w| : ¢ € df,(A)}. Consequently, for each fixed x € [?, the
function

Py = Z %Fm (4.4)

converges absolutely and locally uniformly in f,(A) and thus represents an analytic function
in f,(A). It was proved in [24] that

: ? = ||lz||® - 212
;‘//‘“(A) |Pu$(w)| dudv = || H ||G([u]) ” ' (4.5)

It was also proved there that { P, ()} converges to zero locally uniformly in f,(A) when (2())
converges to zero weakly.
Using the operator P, the Grunsky differential operator (2.10) has the following simple

expression
4, G (m) = // - ‘%) - Fy () Pyrdud). (4.6)
Loy N =2 af,
Therefore,
(du G(v // v 3 %) o fu_l(PMx)Qdudv, (4.7)
f (A) 1— |l Ofu

d
1d, G(v)z||> = 22 ’//f " 1_”“”2 f“)of;IF;n(u)PdeuduQ. (4.8)
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By Schur’s result (see [21]) again, we have

~ 0
4G = sup // S f“) ~1(P,z)2dudv. (4.9)
z€S1(12) fu(D) L —|ul*0
Lemma 4.2 For any u € M(A), v € L>®(A), and x € 1, we have
d,G Y ||? < // ‘ ‘ flpa: dudov. 4.10
||# ( H (A 1_|M|2 1% | | ( )
Proof We first recall the Hilbert transformation H defined by the Cauchy principle value
integral
1 A
= —// L)Qdudv. (4.11)
T JJe (w—¢)

It is well known that H is an isometric isomorphism on the space of square integral functions
on C.
It follows from (2.11) that

[z —m— .
W ZF/ Lowe fu(A), z € fu(AY). (4.12)
M
Combining this with (4.8) we obtain
1, é(V)$||2

2
// Y 8f“) o f;lF,’n(u)P“xdudv)z_m_l‘ dady
u(8)

- // . 1-|u? o7,
B // //M(A 1_V|ﬂ|22;5) o ){fi())i()dud ‘ dzdy
//f (&%) “/‘/u(A) 1_V|H|2 g;z) Ofu_l(w)%dum)‘ dédn

%//fM(A*) H((1 _V|u|2 ngZ:) © fﬁlP#xx(f#(A)))(C)rdgdn

% //fu(A) ’ﬁr o fiH(w)| Pua(w)|*dudy,

by the norm-preserving property of the Hilbert transformation #, where x(D) denotes the

characteristic function of a set D.
Lemma 4.3 For any pu € M(A) and v € L>(A), we have
14, GW)]le S Cllulloo) inf{||v|a—plo : E C Acompact}. (4.13)

Proof For any compact subset E of A and any degenerating sequence (x(j)) in 12, we
obtain from (4.10) that

I, G ()= ??

o f P,z 2dudu

// (A)’1_|M|2 pemr

Sl (W2 [[ 1P Pdudo+ [olacel [ (P Pduay).
fu(E) fu(A=E)
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Recalling that {P,2)} converges to zero locally uniformly in f,(A) when j — oo, we obtain
lim sup [|d,G()zW)| < O(||pl|so)||V|a—E|lo- By the arbitrariness of E and (z(7)), we obtain
Jj—o0

(4.13) as desired.

Proof of Theorem 2.2 It follows from Lemmas 3.1, 4.1 and 4.3.

5 Proof of Theorem 2.3

In this section, we will prove Theorem 2.3. Recall that, for p > 2, a compact operator L from

oo .
a Hilbert space H into itself is a p-Schatten class operator if and only if 3 ||Lz()|P < oo for
j=1

any orthonormal basis (z/)) of H (see [35]). A 2-Schatten class operator is also called a Hilbert-
Schmidt operator. Now Lemma 3.1 implies that (1) = (2). We need to prove (2) = (3) = (1).
For simplicity, set as before that f = f,, g = f~!, D = f(A), D* = f(A*), and Fy,(p) = Fpy,
P, =P

(2) = (3) Suppose that there exists v € L>(A) with d,S(7) = d,S(v) such that vo g €
£P(D). Since d,G(¥) = d,G(v), we may assume without loss of generality that v o g € £P(D).
Let (z()) be any orthonormal basic of I2. By (4.10) we have

14,6w)s0 1 £ Cullulle) [ 192 o glPo Pdud.
D
The Holder inequality yields
_ _ _ _ 21
14,60 < Collull) [ 1917 0ol PaD Pudo( [[ Path Paudv)
D D
Calllnl) [[ o glPa® Paude,
D

which implies that

an G [P < Colllul) // (g(w)|? Z|Px w)P?) dudo. (5.1)

Noting that

Pr) (w i 2 <(F’I’\}%’))W>

and (29)) is an orthonormal basic of 2, we conclude that

Sipar = () I - I e

It follows from (4.3), (5.1) and (5.2) that

SO 14, G P < C(u / (g (w)P X (w)dudo < .

Thus, d#é(y) is a p-Schatten class operator from [? into itself.
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(3) = (1) We will use the atomic decomposition of Bergman functions (see [34]) following
an idea of Jones [13]. Let A% denote the Bergman space in the usual sense, which is the Hilbert
space of all holomorphic functions ¢ in A* with the inner product and norm

/Aﬁ Y(w)dudv, |l = // w)| dudv) < oo, (5.3)

For each x € (2, set

Pox(w Z Vmz,w ™ w e AR (5.4)

m=1

It is easy to see that Py is an isometric linear isomorphism from 12 onto A2. In particular, for
z € A*, we consider z, as in the proof of Lemma 4.1. Then a direct computation shows that

. |Z|2_1 *
¢Z(M)ZPQ£CZ(U}):m, w e A*. (55)

Let p denote the hyperbolic distance in A*. Precisely,

14 \
1 —
p(27<):§10g1724-7 ZaCEA*'
1 —=¢
A sequence (z;) in A* is called an r-lattice if A* = |J D(z;,r) and p(2;,2;) > § whenever

j=1
i # j, where D(z,7) = {C : p(z,¢) < r} is the hyperbolic disk. For each x = (x,,) € I?, set

oo

ij(sz Z$3P0$zj Z lzﬂ_| Z_wl (5.6)

The atomic decomposition of Bergman functions says that, when r is small, L is a bounded
operator from [? onto A? (see [35]).

Now we suppose that dué (v) is a p-Schatten class operator from [? into itself. Then dué (v)o
PO_1 o L is also a p-Schatten class operator from [? into itself. Set e; = (z,,) € [ by z; = 1 and
Zm = 0 whenever m # j. Then eq, e, -+, €;, -+ is an orthonormal basic for 2. So we have

S 1duGv) 0 Py o Lie)) P < ox.
Noting that Py ' o L(e;) = Py '(¢.,) = x.,, we obtain
D N GW)ze,, TP <D [duG ), || < oo,
j=1 j=1

which is by (4.2) equivalent to

Z|d SW)(2)P(|z]* — 1)*F < . (5.7)
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On the other hand, from [17] we known that for any analytic function ¢ in A*, it holds that

/ / DP(a? — 12 2dady = 3 (o) (|22 — 1)
j=1
which implies by (5.7) that

// I, S()(2)[P(|2]2 = 1)2P~2dady < oo

as desired.

It should be pointed out that (1) < (2) in Theorem 2.3 was first proved by Zhai [33], even
for 1 < p < 2. Now we show that (2) = (3) in Theorem 2.3 also holds when 1 < p < 2. We
state this as following proposition.

Proposition 5.1 Let p > 1 be a fized number. If pn € M and v € L*> satisfy v o fu_l
LP(fu(A)), then d,G(v) is a p-Schatten class operator.

Proof Recall that, for p > 1, a compact operator L from a Hilbert space H into itself is a

p-Schatten class operator if and only if 3 |(Lz(?), 24))[P < oo for any orthonormal basis (7))
=1

of H (see [35]). Set as above that f = f,, g = 7, D = f(A), D* = f(A*), Fu(p) = Fn,
P, = P. It follows from (4.6) that for z,y € I?

<dMC~¥(u)x,y> = %//D (1_71/“422:?) o gPxPydudv. (5.8)

Let () be any orthonormal basic of [2. Then we have from (5.8) that
(4,G@)2, 2] 5 Cllule) [[ v 9lPo? P20 duc 5.9
D

Then

> G, a0 < Cllle) [[ o032 1P P auar
j=1

=1
Noting that

(Z | Pz (w) Pz (w ) i Pz (w)? i | P20 (w)[? = ( i |F7/nr(nw)|2)2
J=1 j=1 m=1

by (5.2), we conclude by (4.3) again that

oo

> 1P2D (w) P20 (w)| £ Ca(w)Ap (w). (5.10)
j=1
Consequently,
Z |<du(~¥(y)x(j),x(j)>| < Co(p) // [v] 0 gA%dudv < oco.
j=1 b

This proves the proposition in the case p = 1.
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When p > 1, we obtain from (5.9) that

(d, G ()2, 2D

503(||u||00)// |y|Pog|Px<j>PW|dudu(// |P:c(j)|2dudv// |13W|2@1udv)T
D D D

< Cy([llo) / / V[P o g P2 P20 |dudv.
D

Therefore,

S 14,60)a? O < Colll) [ o a( 3 1P PO )dud

j=1 j=1

< Ca(p) / /D WP 0 gA3dudu < oo,

by (5.10). This completes the proof.
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