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Abstract The author deals with a semi-linear edge-degenerate parabolic equation, and
proves that the solution increases exponentially under the initial energy J(uo) < d, where
d is the mountain-pass level. Moreover, the author estimates the blow-up time and the
blow-up rate for the solution under J(ug) < 0.
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1 Introduction

Let X be a closed compact C°°-smooth sub-manifold of dimension n embedded in the
unit sphere of R"*! and let Y be a bounded subset in RY containing the origin. Assume
E =10,1) x X x Y, which can be regarded as the local model near the boundary of stretched
edge-manifolds, i.e., manifolds with edge singularities. Denote Eg for the interior of [E, and the
boundary of E by 0E = {0} x X x Y (see [2-3]).

In this paper, we consider initial boundary value problem with the following semi-linear

edge-degenerate parabolic equation

Ou — Agu — eVu = |[ulP~tu, 0<t<T, (w,z,y) € Eo,
u(t,w,z,y) =0, 0<t<T, (w,z,y) € JE, (1.1)
U(Oawaxay) = uo(w7x7y)7 (w,x,y) S ]E07

nt1 nt1
where ug € ’H;:O 2 (E), and ’H;:O 2 (E) is called an edge Sobolev space (see [2, 6]), T' € (0, +c] is
the maximal existence time of the solution. 1 < p < %, N =1+4n+gq > 3 is the dimension of
E and the coordinates (w,z,y) = (w, 1, ,Zp, Y1, - ,Yq) € E. The edge-Laplacian operator

is defined as
Ag = Vi = (w0y)* + 02, + -+ 07+ (wdy,)* + -+ (wdy,)?,

the corresponding gradient operator is Vg = (w0, 0z, " ,0,, w0y, , -+ ,w0y,). Assume

that V is a positive potential function which can be unbounded on the edge manifold E and is
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controlled by the following edge type Hardy’s inequality

/qu|u|2dU < CO||Veul|? nia
E L£,? (E)

n41
for all u € 'H;:O 2 (E), where

n+1 0 n+1
)

Ly (B) =Hyo® (E), do=(w 'dw)dzy - de,(w  dyr) - (w'dy,).

n+1 0 n+1

For all p € (1,400), the norm in the space £,” (E) =H,," (E) is defined as follow

1
[ —— (/wq|u|pda)p.
L£," (E) E

As in [2], we let

1
O<e< W, (12)
where
IVVu| i
o Lsup{ o e HYF(E), | Veul wn  # 0}. (1.3)
HVEU|\£TLT+1(E) ’ £,% (E)
2

n+1l n+1
Since 1 < p < £2£2, by [2, Propositions 2], we know that 7—[;:02 (E) = £} (E) compactly,

and there exists a optimal positive constant C, such that
lull wer < ClVeull oy (1.4)
pi (E) Ly* (E)
Problem (1.1) was studied in [2, 6, 13], in order to introduce those results, we introduce

some necessary notations, definitions and sets. We define the energy functional

1 1 1

J(u) 2 _/ 9|V gul2do — —/wq5V|u|2da— —/wq|u|p+1da, (1.5)
2 Je 2 Je p+1Jg
then the corresponding Nehari functional and Nehari manifold can be defined as follow:

I(u) & / 1| Vgu|?do — / wleV|u|*do — / w?|uPdo, (1.6)

E E E

ntil
N £ {u € H§;02 (E): I(u) = O,/wq|VEu|2dU # 0}. (1.7)
E

Further, we denote the mountain-pass level by
d= inf J(w). (1.8)
For 6 > 0, we define
Ls(u) £ 5/wq|vEU|2d0— 5/quV|U|2d0—/wq|u|p+1dg,
n_ﬂ
Ns & {ue 7{;:02 (E) : Is(u) = 0} \ {0}, (1.9)

£ inf .
ds Inf. J(u)
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F0r0<5<%,welet

Wy = {u e Hyy? (B): J(u) < d(5), Is(u) > 0} U {0},

. T (1.10)
5 = {u € Hyo? (E): J(u) < d(6), I5(u) < O}

Finally, we give the definition of the weak solution to problem (1.1).

Definition 1.1 (see [2, Definition 1.1]) Function u = u(t, w,z,y) is called a weak solution
of problem (1.1) on [0, T) x E in which T is either infinity or the limit of the existence interval
of solution, if it satisfies

(1) ue L0, T;Hys ™ (E)) and yu € L2(0,T; £37 (E));

(2) (0, w,.) = uo(w, z,y) in Eg

(3) for any v € Hég_;l (E) and t € (0,T),u satisfies:

/ wldu - vdo + / wIVgu - Vgvdo — / wleVu - vdo = / wi|ulP~ u - vdo. (1.11)
E E E E

In [2], by introducing a family of potential wells, the authors proved that the weak solution
of problem (1.1) exists globally and blows up in finite time under some appropriate initial
conditions with J(ug) < d respectively. Moreover, they obtained the exponential asymptotic
behavior for the global weak solutions. For the blow-up weak solution, the authors given a
lower bound estimate for blow-up time with J(up) < d. The upper bound estimate of blow-up
time was given in [13]. In [13], the authors given a upper bound estimate of blow-up time and
blow-up rate for the blow-up solution of problem (1.1) with 0 < J(up) < d. In [6], using a new
functional, the authors derived the possibility of finite time blow-up for the weak solution with
high initial energy.

However, up to our knowledge, there is no paper consider asymptotic behavior of blow-up
solution for problem (1.1), further, we note that the upper bound estimate of blow-up time
with J(ug) < 0 is still unsolved. The purpose of this paper is to study those questions.

First, by utilizing the method in [7, 9, 10, 12, 14], we get a upper bound estimate of blow-up
time and blow-up rate for the blow-up solution to problem (1.1) with J(ug) < 0.

ntil
Theorem 1.1 Let ug € 7—(;:0 2 (E), J(ug) < 0. Assume u(t) = u(z,t) is a weak solution of
problem (1.1), then u(t) blows up at a finite time T. Moreover, the upper bound estimate of T
be given by

o] s

T<— 2
- opP=1 J(uo)

Moreover, the upper bound for the blow-up rate can be given by

(p+1)J(uo)

(p = Dlluol" s
LT ®)

2
WD) min g2ﬁ[—
el =2
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Secondly, we prove that the solution of problem (1.1) increase exponentially under the initial
energy J(ug) < d.
Theorem 1.2 Let J(ug) < d,I(ug) < 0. Assume u(t) = u(z,t) is a weak solution of
n+1

problem (1.1), then u(t) increase exponentially in Eﬂ (E)-norm. In detail, we have
(1) if J(uo) < d,I(ug) < 0, then for allt € [0,T) we get

d
Ju®I = Cre® - =
['pprll (]E) 4

(2) if J(uo) = d, I(ug) < 0, then there exists a sufficiently small t1, for all t € [t1,T) we get

lu()Pfh, > Cee' — ol
LP(E) 4

where C; (i = 3,4,5,6) are positive, time-independent constants and will be given later.

The rest of this paper is organized as follows. In Section 2, we give some important lemmas,
which will be used in the proof of the main results. In Section 3, we give the proof of the above

theorems.

2 Preliminaries

We begin this section with following lemma, which will be used later.

Lemma 2.1 (see [2, Remark 1]) Let u be a solution of problem (1.1), then the functional
J(u(t)) defined in (1.5) is non-increasing with respect to t and

t
/ 10,ul? npn  d7+ J(u(t)) = J(uo), 0<t<T. (2.1)
0 £,% (B)

Next, we introduce the edge type Holder inequality and Poincaré inequality.

n+1 n+1

Lemma 2.2 (see [2]) Ifue L,” (E),v¢€ Ep,7 (E) with p,p" € (1,+00) and 1—:5 + % =1,
then we have the following edge type Holder inequality

1

/}qu|uv|da < (/}qu|u|pd0);(/]qu|v|p,dcr)p/.

Moreover, if u(w,x,y) € H;:g(Rf) for 1 < p < +o0,v € Ry, then we have the following edge

type Poincaré inequality

||u(w, €L, y)“ﬂg(]E) < d]EHV]EU(’UJ, xz, y)HL'g(]E)v (22)
where dg is the diameter of E.

ntil
Lemma 2.3 (see [2, Lemma 2.4]) Assume that u € 7—(;’02 (E), [Veu| nTH( : # 0, we
’ £,?2 (B
have

(1) im J(Au) =0, lim J(Au)= —o0;
A—0

A——+oo
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(2) there exists a unique \* = \*(u), that is,

IVeul® vy —ellVVul?®
L,° (E) £,° (

- E)\ p—1
N = 2 2.3
( P4 ) 23
Ly (B)
such that

d
—J(\ =0,
dt (Au) A=A~

and J(Mu) is strictly increasing on 0 < X\ < \*, strictly decreasing on \* < X\ < +00 and takes

the maximum at A = \*;

(3) I(Au) >0 for 0 < A < A, I(Au) <0 for \* < A < 400, and I(\*u) =0

By the conclusion of Lemma 2.3, we now give the concrete value of d defined in (1.8) as

follows.

Lemma 2.4 For the mountain-pass level d defined in (1.8), we have

d =

p—1 (1—50*2)%. (2.4)

2(p+1) C?
Proof In fact, by [1, 5], the mountain pass level d may also be characterized as

d= iflf sup J(Au).
ey, (@\(0}

By Lemma 2.3 we know there exists a unique positive constant A* defined in (2.3) such that
Mu € N, and J(A\u) attains its maximum at A = \*. Hence,

d= inf sup J(Au) = inf J (N ). (2.5)

+1 nt1l
— A>0 1,—=
- u€Ht, o 2 (E)\{0}

weHyo? (E)\{0}

By the definition of J(u) in (1.5) and (2.3), we have

/\*2 ) )\*2 ) /\*p+1 i1
JOu) = - Veul? s = e VValP s+ Sl
£,7 (E) £,” ® P+ cri (B
HVEU’”2TL_+1 _‘€||\/VU‘H2”_+1 pt1
_ -1 £,% (E) L£,%2 (E)\rp—1
20 +1) Tl
Lyl (E)
elVVull? np IVeul? nis 0
__p-1 _ L7 ®)Y £y <E>}ﬁ
2(p+1) IVEul® opn [l nys
L2 +

27 (B) Ly (B)
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Then by the definition of C*,C, in (1.3) and (1.4) respectively, we get

inf J(Nu)
1,0l
u€H,, ? (E)\{0}
elVVull? i IVeul? nes o
= inf p—1 1— L7 B £,% (B)]»1
ot 2(p+1 Vieul|? , 2
v oy 20T TVl Ty

p—1 /1 —eC*2\ 5
T2+ 1)( C2 )
Lemma 2.5 (see [2, Lemma 2.7]) Assume d(9) is defined in (1.9), then it satisfies the
following properties:
(1) lim d(5) = 0,d(Z2) =0 and d(5) < 0 for all § > 2L,
(2) d(6) is increasing on 0 < § < 1, decreasing on 1 < § < p_42-1 and takes the maximum
d=d(1) at 6 =1.

For a constant e € (0,d), by Lemma 2.5 we know that the equation d(§) = e admits two
roots. Then, we next show that both sets defined in (1.10) are invariant sets of the solution to
problem (1.1).

Lemma 2.6 (see [2, Lemma 2.9]) Letug € ’H;JTH (E),e € (0,d). Suppose that §; <1 < 09
are two roots of the equation of d(d) = e, then

(1) all weak solutions of problem (1.1) with J(ug) = e belong to Ws for 6 € (61,92) provided
that I(ug) > 0;

(2) all weak solutions of problem (1.1) with J(ug) = e belong to Vs for § € (61, 02) provided
that I(up) < 0.

Lemma 2.7 (see [13, Lemma 2.2]) Let u(t) = u(x,t) be the weak solution of problem
(1.1). If J(uo) < d, I(ug) <O, then

1

1 —eC*2\ 7=

HWMM%®>M=C?Fr). (2.6)

Moreover, there exists a positive constant as > a1 such that
HV]EU(LL)H@% - >ap, V>0 (2.7)

and
||u(t)|| nt1 > Chan, Vt>0 (2.8)
prr (E)
Lemma 2.8 (see [13, Lemma 2.3]) For allt € [0,T), let

H(t)=d— J(u(t)). (2.9)

If J(ug) < d, I(up) < 0, then we have

|

0<H)<H()< .
PHLT i @)




Semilinear Edge-Degenerate Parabolic Equation

3 The Proof of Main Results
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On the basis of the above lemmas, we are now in a position to prove our main results. We

first prove Theorem 1.1.

Proof of Theorem 1.1 Let u(t) = u(z,t) be a weak solution of problem (1.1). We define

=5 / wilu(t)2do
and

g9(t) = =(p +1)J (u(t))

__p+tl pt1

E
By the definition of f(t), taking v = w in (1.11) we get

4G :/wqu(t)aTu(t)da
E
_ —/wq|V]Eu(t)|2da+/wq5V|u(t)|2do+/wq|u(t)|p+1da.
E E E
Combining the definition of g(¢) and (2.1) we have

J1) =~ + ) ST wlt) = o+ DG n >0,
L£,? (E)

wVeu(®)Pdo + P02 [ wreViu®Pdo+ [ wilupido,
E E

(3.1)

(3.2)

(3.3)

(3.4)

then by J(up) < 0 and the definition of g(¢) in (3.2) we have g(0) > 0. So it follows from
above inequality that g(¢) > 0 for all ¢ € [0,7). Due to the assumption in (1.2) we know that

1 —eC*? > 0, then combine (1.3) we get
- / w?|Veu|*do + / wieV|u|*do
E E

_HVIEU||2"_+1 +EC*2||V]EU||2"_+1
£,7 (E) £,% (E

IN

2

(eC*2 = 1) VEu|? np
L,? (E)
<0.

Combining (3.3), (3.2), p > 1 and above inequality we have
) > gt) >0, vie[oT).
Then f(t) > 0 for all ¢ € (0,T).

By (3.1), (3.4), Schwartzs inequality and above inequality, we obtain

’ p+1
f)g'(t) = 5

> %(/}quu(t)ﬁtu(t)day

p+1_,
ZT[f )

> P2 a0,

lu@I wsr 107u()]]? asa
Ly2 (B) L,* (E)

2
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which can be rewritten as

g'(t) _p+1f()
a0 "2 0 0
Integrating above inequality from 0 to ¢ we get
gt) o _ 90
KO V(lley
then by (3.6), we have
MONS (O (3.8)
F@®)= 0]
Integrating inequality (3.8) from 0 to ¢, we see
! .t p-l 9(01_1 t. (3.9)

FO)= OO 2 [f0)*

Clearly, (3.9) cannot hold for all time, this means f(¢) blows up at some finite time T, i.e.,

lim f(t) = +oc. (3.10)

t—T
Next, we estimate the blow-up time and blow-up rate. Let ¢ — T in (3.9), by (3.10) and
the definition of f(t), g(t) we get

[uoll? g
2

re 2 fO_ 1 £," (B)

“p—1g0)  p2—1  J(uo)

Moreover, integrating inequality (3.8) from ¢ to T', by (3.10) we have

2¢(0) } =
(p—DIfO)=

then by the definition of f(¢) and g(t) we have

) < (T -7

1)J =
a0 age <o [ - EDIO) 1 gy
Ly? (B) (p — 1)fuol nt1
L2

Next, we prove Theorem 1.2 and the idea of the proof comes form [4, 8, 11, 15].
Proof of Theorem 1.2 The proof is divided into two steps.

Step 1 the case (J(ug) < d) Assume u(z,t) is a solution of problem (1.1), we define a

functional

G(t)=H(t) + f(t), Ytel0,T), (3.11)
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where H(t), f(t) defined in (2.9) and (3.1) respectively, then by (2.1), (3.3) and the definition
of I(u) we get

G'(t) = — S Tu(t)) + F(t)

de
B O e MO MO
£,? (B) £,% () (®) 7 ()
— O s — I(u(t)). (3.12)
L£y2 (E)

Using the definition of J(u), I(u), H(t) and (1.3), we obtain

—1
I(u) = (p+ 1) J(u) — anvEunQ N
L,? (E)

—1
L VWl s
2 £,? (E)

-1
<(p+1)d—(p+1)H(t) - pT@ - 60*2)||V]Eu||inT+1 " (3.13)

Since 1 — eC*? > 0, by (2.7) we have

—1
P (11— 0| Vaul? ui
L,? (E)

-1 Lo /a2 —a? a?
= (-0 (S Vaul s+ SR Vaul s )
a3 £, (E) @3 L£y,? (B)

-1 9 fa3 —al p—1 2 9
>P— oy (2 2N v B L (1-eC*®)al. ,
> — (1 —eC )( o2 )|| gul|? +1( . + 5 (1—-eC*)aj (3.14)

It follows form the value of d, ; in (2.4) and (2.6) respectively that
-1
(p+1)d = pT(1 — eC*?)al. (3.15)
Then combine (3.12)—(3.15) we have

1

G (1) > 0P s — (p+1)d+ (p+ V)H(E) + o= (1 — eC?) | Vau(®)]]?
L,? (E) 2 £,? (E)

2

-1 N
> (p+ DH() + 2= (1 - 20 (550 | Vau(®)|2
2 E22 (E)

By Lemma 2.8 that H(t) > 0, then take
-1
Clzmin{p—l—l, 1)7(1—50*2)},
so we get

G'(t) = Cr(H(t) + [IVeu(®) | nsa ). (3.16)
L,? (E)

2

On the other hand, by (2.2) we have

1 1
Gt)=Ht) + S [u®)|? on < HE) + 5(de)?|Veu()|® s
2 £, (E) 2 £,% (E)
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taking Co = max {1 (dgr) } then
G(t) < Co(H(t) + [ VEu®)|? nsa - (3.17)
Ly? (E)
Combining (3.16) and (3.17) we get
G'(t) > C3G(t),
where C3 = Cl > 0. It follows form Gronwall inequality that

G(t) > G(0)e“st, Vvt e [0,T). (3.18)

Finally, we estimate the functional G(t). By Lemma 2.6 we know that V; is a invariant set,
then it follows form 0 < J(ug) < d, I(ug) < 0 that

I(u(t)) <0, Vtel[o,T). (3.19)

If J(up) <0, by the fact that J(u(t)) is non-increasing respect to ¢, we have J(u(t)) < 0 for all
t € [0,7). Then by the definition of J(u(t)) and I(u(t)) we get

STu() < Ju() <0,

so for J(ug) < d,I(ug) < 0, we have (3.19) holds.
Together with (3.19) and the definitions of I(u), C* we obtain

IVEu®)|? s <elVVu@)? nsa  + lu@)Ph,
£,2 (E) L£,% (E)

; . £ril(®)
<eC?|Vau®)|® ner  + u@®"Eh,
L,?% (E) Pl (E)
ie.,
2 1 P+
[VEU@)® npa < Sl (3.20)
,? ®) 1-¢eC P (E)

Then by the definitions of G(t), H(t), f(t), J(u) and C*, we have

1 1
Gt) <d+ §6IIVVUI|2n_+1 + IIuII” s F Sllull? ns
Ly% () £,?

2

p+1 2

1 1
<d+ —eC*?||Veu|? nsy 4+ —— ||u||” a1
2 7 ® Pl e

p+1

1
ol
() L,? (E)

then combine edge type Poincaré inequality and (3.20), we get
1 1

+ U pn +_d 2 V’U,t 2n
(E) p+1|| @)l pf(lE) 2( )| VE ()||£2%(]E)

1
G(t) < d+ 5eC | Veu] aps
L 2

2

(3.21)

eC*? 4 (dg)? ot
<+ (Gae * =)l “ol 2y
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Taking

_ eC*? + (dg)? 1
201 —eC*?)  p+1

4 >0,

then combine (3.18) and (3.21) we have

[P, > Ot~ L wefo,T), (322)

where
Cs = = (a= (o) + 5 lluol s ) >0.
L£,? (E)

ntil
Then we know that the solution of problem (1.1) grows as an exponential function in £} (E)-

norim.

Step 2 the case (J(ug) =d) By J(up) =d > 0,I(up) < 0 and the continuities of J(u(t))
and I(u(t)) with respect to ¢, we know that there exists a sufficiently small ¢; > 0 such that
J(u(t1)) >0 and I(u(t)) <0 for 0 <t <#;. Then for 0 <t <t it follows from (3.3) that

/wqu(t)aTu(t)do
E
_ —/wq|VEu(t)|2dU+/wq5V|u(t)|2dU+/wq|u(t)|p+1da
E E E
= —I(u(t)) > 0. (3.23)
On the other hand, by edge type Holder inequality it is easy to see that

/wwwwgﬁwu;mmﬂ
E £,2 (E £, (

2 2 )

Then by (3.23), for 0 < ¢ < t1, we have ||0-u(t)||* ... > 0.
L,? (E)

2
It follows from the continuity of fg 0;ull? s dr that
L£y? (B)

t1
0< d—/ 0-ul|? ney  dT < d.
0 L£y,? (B)
Then from (2.1) we can get
t1
J(u(ty)) = d — / 1Omulf? ey dr < d.
0 L,2 (E)

Thus if we take ¢t = ¢; as the initial time, we can see J(u(t1)) < d, I(u(t1)) < 0, the remainder

of the proof is similar as that in Step 1 and we can obtain

d
@I, =0 - L e,
Ll (E) 4
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where

1

Cs = Ch

(d — J(u(ty)) + %Hu(tl)”i"f(m) >0

n+1

Namely, the solution of problem (1.1) grows exponentially in E;’_Ti (E)-norm.
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