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A Unified Boundary Behavior of Large Solutions to
Hessian Equations®
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Abstract This paper is concerned with strictly k-convex large solutions to Hessian equa-
tions Sk(D*u(x)) = b(z) f(u(z)), = € Q, where Q is a strictly (k — 1)-convex and bounded
smooth domain in R™, b € C*°(Q) is positive in 2, but may be vanishing on the boundary.
Under a new structure condition on f at infinity, the author studies the refined boundary
behavior of such solutions. The results are obtained in a more general setting than those
in [Huang, Y., Boundary asymptotical behavior of large solutions to Hessian equations,
Pacific J. Math., 244, 2010, 85-98], where f is regularly varying at infinity with index
p>k.
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1 Introduction and the Main Results

For any n x n real symmetric matrix A, we let A(A) denote the eigenvalues of A and

Se(A) = Sk(A, -, A) = D A, (1.1)

1<i1<--<ig<n

denote the k-th elementary symmetric function, £k =1,2,--- n.
Define the set I'j, which is the connected component of {\ € R™ : Si(\) > 0} containing the
positive cone
It i={A=0\1, -, \) ER": N; >0, i=1,2,--- ,n}.

It follows from [4] that

I'*=r,c---Clgyy1CclyCc---CTIy.

Let D?u(z) = (gi"a(g) denote the Hessian of u € C2?(Q). We say that a function u € C2%(Q)
is k-convex (or strictly k-convex) in Q if Sp(D?*u) € Ty (or Si(D?u) € T') for all z € Q and
Sy (D?u) turns to be elliptic in the class of k-convex functions.

While, for an open bounded subset 2 of R with boundary of class C? and every T € 092, we
denote k1(T), - - , kn—1(T) the principal curvatures of 92 at T. For k € {1,2,--- ,n—1}, we say
that 2 is k-convex (or strictly k-convex) if (k1(T), - - , kn—1(T)) € Tk (or (k1(T), -+ , kn_1(T)) €
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I')). In this paper, we analyze the boundary behavior of strictly k-convex solutions to the fol-
lowing boundary blow-up problem

Sk(D*u(z)) = b(z) f(u(z)), = €Q, ulgg = +o0, (1.2)

where the boundary condition means that u(x) — +o00 as d(x) = dist(x, 0Q)— 0, Q is a strictly
(k — 1)-convex and bounded smooth domain in R™ with n > 2, f satisfies:

(f1) f € C[0,00), f(0) = 0 and f(s) is increasing on [0, 00)(or (fo1) f € C(R), f(s) >0, Vs €
R and f is increasing on R);

(f2) the Keller-Osserman type condition (see [16, 29])

Up(r) = /Oo((k+ 1)F(7’))_ﬁdr <oo, Yr>0, F(r):= /OT f(v)dv.

b satisfies:

(b1) b € C>=(Q) is positive in Q.

And the solution is called ‘a large solution’ or ‘an explosive solution’.
For convenience, we denote v, the inverse of Uy, i.e., 1 satisfies

/Oo (k+1)F(r)"=1dr =t, Vit>0. (1.3)
P (t)

While, we introduce two kinds of functions.
Firstly, the regularly varying function is introduced as follows.

Definition 1.1 A positive continuous function f defined on [a,00), for some a > 0, is
called regularly varying at infinity with index p, denoted f € RV, if for each & > 0 and some
pER,

i F(69)
= F(s)

In particular, when p =0, f is called slowly varying at infinity.

=", (1.4)

Clearly, if f € RV,, then L(s) := f(s)/s” is slowly varying at infinity.

Some basic examples of slowly varying functions at infinity are

(i) every continuous function on [a,00) which has a positive limit at infinity;

(ii) (Ins)? and (In(Ins))?, g € R;

(iii) exp((Ins)?), 0 < ¢ < 1.

Secondly, let A denote the set of all positive nondecreasing functions @ in C'*(0,dg) (59 > 0)
which satisfy

Jim, %(%) =Dy €10,00), O(t) ::/0 0(v)dv. (1.5)

Now let us return to problem (1.2).

Problem (1.2) was widely and deeply researched by many authors and in many contexts,
see for instance [1, 18-19, 23, 27, 33] for k = 1, i.e., Laplace operator; and [6-8, 11, 20, 24-25,
32, 34] for k = n, i.e., Monge-Ampeére operator. In particular, Matero [24] established the exis-

tence, uniqueness and asymptotic behavior such as d(li])m . % of strictly convex solutions
xT)—r
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under the condition that b € C>°(Q) is positive on 2. Then, by using a perturbation method
and Karamata regularly varying theory, and constructing comparison functions, Cirstea and
Trombetti [8] established the existence, uniqueness and refined boundary behavior of solutions
for f € RV, with p > n. Their results were extended to problem (1.2) and k-curvature equation
by Colesanti, Salani and Francini [9], Huang [13], Jian [16], Ji and Bao [15], Jin, Li and Xu [17],
Nakamori and Takimoto [26], Salani [29], Takimoto [30], Zhang and Zhou [35], respectively. In
particular, Huang [13] extended the results of [8] to problem (1.2) for f € RV, with p > k.

For the existence, regularity theory and other properties of solutions for the Hessian equa-
tions, see for instance [2, 4-5, 10, 12, 14, 21-22, 31] and the references therein.

Inspired by the above works, in this paper we investigate the unified boundary behavior of
strictly convex solutions to problem (1.2) under the following structure condition on f:

(f3) there exists Cir € (0, 00] such that

< dr

s Hi(7)

lim Hj(s)

s——+oo

= Chs, Hi(s) = ((k+ 1)F(s)) "1, Vs> 0.

A complete characterization of f in (f3) is provided in Lemma 2.2.
Our main results are summarized as follows.

Theorem 1.1 Let f satisfy (f1)—(f3), and b satisfy
(b1) with the additional condition;
(ba) there exist € A and positive constants by; (i = 1,2) such that

bi1 = d(lil)trioinf % < b = d(lzil)triosup %
If
Cry > 1, (1.6)
or
Cry =1, Dg>0, (1.7)

then for any strictly k-convex solution u to problem (1.2), there hold
N u(x) . u(x)

1< lim inf ———M———— lim sup—— —— <1, 1.8

 d(x)—0 lﬂk(fkg@(d(x))) d(xz)—0 P lﬂk(fkl@(d(x))) ( )

where Yy, is the solution to (1.3),

1

. b1 T _ bro =T
gkl = (Mk(l — Ck_fl(l — DH))) ) 5/@2 = (mk(l — Ck_fl(l — D@))) ’

and
M, :Tné%}ésk(’il(i)a 7'%71—1(5)); mg :Tnelgglsk(’il(f)a a’{n—l(f))' (19)

In particular,
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(i) when Ciy =1, u verifies

. u(z)
lim ————————
d(2)—0 P (O(d(x)))
(i) when Q = Bgr which is a ball of radius R centered at the origin, r = |z|, Ciy € (1,00)

=1 (1.10)

and by = bra = bro in (b2), u verifies

1-Cps

u(x) B broRF1 T
i ey~ ogapy) -

(ili) when @ = Br, Ciy = 00 and b1 = by = bro in (b2), u verifies

. U(ZE) k—1y—1—
lim =1, where = (bpo R RHT 1.12
r—R wk (kaG(R — T‘)) 51@0 ( kO ) ( )
If f further satisfies the condition that
% increasing on (0,00), (1.13)

then problem (1.2) has a unique strictly k-convex solution.

Remark 1.1 Lemmas 2.1 and 2.2 ensure that Dy € [0,1] and that Cjy € [1,00]. Hence
(1.6) or (1.7) implies 1 — C;/ (1 — Dp) > 0.

Remark 1.2 For the existence of the minimal (strictly) k-convex solution to problem (1.2),
see Theorems 2.1 and 4.1 in [29].

Remark 1.3 Some basic examples of functions which satisfy (f3) are the following:

( ) For Ckf = 1,

(1) f(s) =coexp((Ins)?), ¢ > 1, cog >0, s > Sy, where Sy > 0 is a large constant;

(2) f(s) = coexp(s?), co >0, q >0, s >Sy. In particular, when F(s) = ¢gexp(s), s > Sp,
)=kln(k+1)—(k+1)lnco — (k+1)Int for sufficiently small ¢ > 0;

(3) f(s) =coexp(slns), co >0, s > Sp;

(4) f € CH(Sp, ) and HIEO (S)F(S) =1 (see Lemma 2.2);

(

f2(s)
5) F(s) = cpexp (fso 5 ), co > 0, s > Sy, where ( is a positive C''-function on [Sp, o)
and hm ¢'(r) = (see Lemma 2.2).

( ) FOI" Ckf =

(1) when F(s) (k + 1) ek (Ins) 1D ey > 0, s > Sy with ¢ > 1, ¢y(t) =
exp((co(qg — 1)t) "« 1) for sufficiently small ¢ > 0

(2) F(s) = (k+ 1)~ tch sk exp((k + 1)s7), ¢ > 0, ¢ € (0,1), s > Sp;

(3) when F(s) = (k + 1) Lok gk +1(In s) k4 (In(In s)) 94D ¢g > 0, ¢ > 1, s > So, Px(t) =
exp(exp((co(q — 1)t) " a-1)) for sufficiently small ¢ > 0.

(II)Ferfe(l OO)
when F(s) = cosPt1L(s), co > 0, s > Sy, where p > k and L is slowly varying at infinity,
Crr = 5%1. In particular, when f(s) = ¢os?, s > 0,

p+ly kE+1 \FI\iis _knr
Ui(t) = (k—H(m) ) £, VE> 0.

The outline of this paper is as follows. In Section 2 we give some preliminary. The proof of
Theorem 1.1 is provided in Section 3.
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2 Preliminaries

Our approach relies on Karamata regular variation theory, which was first introduced and
established by Karamata in 1930 and is a basic tool in stochastic process (see [3, 28]).

In this section, we present some basic facts from the theory and some preparations.

Corresponding to Definition 1.1, we also say that a positive continuous function 6 defined
on (0,a) for some a > 0, is regularly varying at zero with index p (and denoted by 6 € RV Z,)
if t — 6(1) belongs to RV_,.

Definition 2.1 For some a > 0, a positive continuous function f defined on [a,0) is called

rapidly varying at infinity if for each p > 1,

lim f(s) = o0. (2.1)

s—o00 SP

Definition 2.2 For some a > 0, a positive continuous function f defined on [a,o0), is

called rapidly varying at infinity if for each £ > 1,

T CC N (2.2)

im =
2%
Proposition 2.1 (Uniform Convergence Theorem) If f € RV,, then (1.4) in Definition

1.1 holds uniformly for & € [c1, ca] with 0 < ¢1 < ca.

Proposition 2.2 (Representation Theorem) A function L is slowly varying at infinity if
and only if it may be written as the form

L(s) = z(s) exp (/S MdT), s> ay, (2.3)

ai T

for some a1 > a, where the functions z and y are continuous and for s — oo, y(s) — 0 and
z(s) = co, with ¢y > 0.

We say that a function is normalized slowly varying at infinity if it can be written as

T

L(s) = coexp (/: Md7'), s> ay, (2.4)

where ¥, co, a1 are defined as above and a function is normalized regularly varying at infinity
with index p if it can be written as

f(s)=s"L(s), s>a, (2.5)

which is denoted by f € NRV,,.
Equivalently, a function f € NRV, if and only if
sf'(s)

f € C'lay, 00) for some a; >0 and lim =p. (2.6)

5—00 f(s)

Similarly, 0 is called normalized regularly varying at zero with index p, denoted by 6 € NRV Z,
if t — (1) belongs to NRV_,,.
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Proposition 2.3 If functions L, Ly are slowly varying at infinity, then

(i) L? (for every p € R), ey L + caly (1 >0, ¢2 > 0 with ¢y +¢2 > 0), L- Ly, Lo Ly (if
Li(s) = 00 as s = o0) are also slowly varying at infinity;

(ii) for every e >0 and s — oo, s*L(s) — oo and s *L(s) — 0;

(iii)forpERandsﬁooM ln(snﬂ

— 0 and — p.

Proposition 2.4 Let f € RV, with p # 0. If f is strictly monotonous, then the inverse of
f belongs to RV1.
P

Proposition 2.5 (Asymptotic Behaviour) If a function L is slowly varying at infinity,
then for a > 0 and t — oo,

(i) fat sPL(s)ds = (p+ 1)~ M TP L(t) for p > —1;

(i) [ s”L(s)ds = (—p — 1)"HFPL(t) for p < —1.

Proposition 2.6 (Asymptotic Behaviour) (see [3, Karamata’s Theorem|) If a function
z € RV_y and [°z(1)dr < oo, s > 0, then [ z(r)dr is slowly varying at infinity and

sa(s)
Sli{{.lo 22 2(r)dr =0.

Lemma 2.1 (see [33, Lemma 2.1]) Let 0 € A. We have

N o ©
(i) lim 0((;)) =0;

t—0+t
. . Ot)o' (t
(i) lim OQEY =1 lim & () =1 Do and Dy € [0,1];

(iii) when Dy € (0,1], 0 € NRVZ1 b, and © € NRVZp-;
Dy
(iv) when Dy = 0, 0 is rapidly varying to zero at zero.

Recall that

Vs > 0, where Hg(1) = ((k + 1)F(7))7

+\~
—
—
o
N |
~—

Hy (1)’
Our results in the section are summarized as follows.

Lemma 2.2 Let f satisfy (f1)—(f2). We have
(1) if f satisfies (f3), then Cry > 1;

(i2) f satisfies (f3) with Cry € (1,00) if and only if F' € N RV}, 41) with p = C = >
(i3) if f satisfies (f3) with Cyy = 1, then F' is rapidly varying at infinity;
(ia) if
() F(s)
lim -1, 2.8
oo f2(s) (2.8)

then f satisfies (f3) with Cyy = 1;
(is) if F € NRVk+1, then f satisfies (f3) with Cyy =

w_c—

(o) lim S5y

Proof (i1) Let Ciy € (0,00] and

< dr
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Integrating I, (v) from a (a > 0) to s and integration by parts, we obtain

s * dr < dr
I (v)dv = H, — —H —_— —a, VYs>a.
/a x(v)dv &(5) G w(a) mo +s—a s>a
It follows from the ’'Hospital’s rule that
Hk s oo dr sI d
og1m1—il£—ﬂﬁl:nmléiﬁlg—1:hmzug—1zcw—L
5—00 S 5—00 S 5—00
ie., Crr > 1.
(i2) The necessity is as follows. For Cys € (1,00), we see that
< dr < dr
Hy(s —_— Hy (s —
me M) mE 0 Mmoo
S = lim = = — lim =
500 SHk(S) 500 SH! (s) dr Crf s—oe s Cry
P Hi(r)
i.e., H, € NRV Crs and F € NRVCkf(k+1).
Cry—1 Chrp—1

For the sufficiency, if F' € NRV),(441) with p > 1, we have Hy € N RV, and

/
lim SHk(S) —
$—00 Hk(s)

By the representation theorem, Hy(s) can be written as
Hy(s) = s"L(s), Vs> S, for sufficiently large S,

where L is normalized slowly varying at infinity.
It follows from Propositions 2.3 (i) and 2.5 (ii) that

< dr
lim H,
Jm H) | s
! o0
— lim sHj(s) lim Hk(s)/ dr
5—00 k(S s—oo 8 s Hk(T)

=p lim sp_li(s)/ TP(L(r)) " 'dr = p% = Cy.

s—00 1 B
(i3) When Cjy = 1, we see by the proof of (iz) that

sH(s)
li k
oo Hy(s)

:+OO

Consequently, for an arbitrary p > 1, there exists Sy > 0 such that

Hi(s) _p+1

> 50.
Hk(S) S s Vs = S()

Integrating the above inequality from Sy to s, we obtain
ln(Hk(s)) — hl(Hk(So)) > (p + 1)(111 s—1In S()), Vs > Sy,

i.e.,

Hk(s) > Hk(So)S

o Sg+l , Vs> Sp.

607

(2.9)

(2.10)
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Letting s — oo, we see by Definition 2.1 that Hj, is rapidly varying at infinity. So does F'.

There is another proof. Let

Hi(s) _wls)
Hk(s)_ Pt Vs > 0.

Integrating the above inequality from sy > 0 to s, we obtain

Hy(s) = ¢ exp (/ ykiﬂ dT), s > Sop,

S0

where ¢, = H(Sp).

Since lim yi(s) = oo, we see that for each & > 1,
s——+oo

fgk(fj)) = P (/js yky) dT) = exp (/15 yk(USU) dv) — +00 as s — o0.

So Hj, is rapidly varying at infinity by Definition 2.2. So does F.
(i4) By (2.8) and the generalized 'Hospital’s rule, we see that

F(s)
LE) o FG) o d )Y FE)f ()

Consequently, for an arbitrary p > k, there exists S, > 0 such that

fls) _p+2
F(s)> s

Integrating from .S, to s, we obtain

Sg+2
So
p+2)F(S
f( )2 ( S;+2( P) ;D+17 s > Sp,
which implies
lim @ =
s—o00 SP
Next, since
F(s)= [ f(r)dr <sf(s), s>0,
0
we have that
0< < , s>0
f(s) (f (S))
So
L (F(s)FT
lim =0.
ST
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By Hi(s) = ((k + 1)F(s))™T and (f), we see that

Vs > 0. (2.12)

(i5) When F € NRVj.,1, we see that Hy, € NRVy, (Hx)™! € NRV_; and

lim 51, (5)

= 1.
5—00 Hk(S)

It follows from (f2) and Proposition 2.6 that

s]i{go & dr =0

Hk(s)

Thus

e o] d H/
lim Hj(s) T = lim 2 i(s)

S—00 s Hk(T) S—00 Hk(s) S—00 s

(ig) Follows from (f5) and (2.12).
Recall that vy, satisfies

> dr 1

—t, Vt>0, where Hy(r) = ((k + 1) F(r)) 7.
oty He(T)

Lemma 2.3 Let f satisfy (f1)—(f3). We have
(i) —64() = He(@n(®) = ((k + DFEW(0)7, t > 0, vf(t) = — L and
((k+1)F (dn(t))) FFT

|
|

. . P (t) -1,
(i2) lim 7y = —Ciz s

(i3) when Cyy € [1,00), ¥ € NRVZ1_¢,, and =, € NRVZ ¢, ;
iy) when Cyr = 00, ¥y 1s rapidly varying to infinity at zero.
f

Proof (iy) It is easy to be obtained.
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(i2) and (i) For Cyy € [1,00), let s = 9y (t). It follows from (2.9) and (f3) that
top(t) _ o tHR(WR(®) o Hik(s) [ _dr
e R T S L R /S S S / He(r) (Cry = 1), (2.13)
) - T HY Fodr
g TE = —tim 17{1(0) = = i ) [ s = O, (2.14)

ie,r € NRVZ_¢,, and =5 € NRVZ ¢, ;.
(i4) When Cj ¢ = oo, we see by using the ’'Hospital’s rule that

 dr
hm s f’[}.C (7‘) dT

— i / — 1 =
S5—00 S _Sli>nolo Hk(s) s Hk(T) 1 +OO’

. L tR(t)
ie., t1—1>%1+ oy =

Similarly as the proof to (i3) in Lemma 2.2, we can show that 1) is rapidly varying to
infinity at zero.

3 Proof of Theorem 1.1

In this section, we prove Theorem 1.1.
For any 6 > 0, we let

Qs ={re:0<d(z)<d}.

When 2 is C™-smooth for m > 2, choose d; > 0 such that (see [10, Lemmas 14.16 and 14.17])

deC™(Qs,) and |Vd(z)|=1, Ve Qs,.

(3.1)
Let T be the projection of the point x € Qs to 99Q, and k1(T), k2(T), -+ , kn-1(T) are the
principal curvatures of ) at Z. Then
D?(d(x)) = diag| @) @ 0.
(d(x)) = diag | 7= 0 ) 1— d(z)rn_1(7)

Lemma 3.1 (see [13, Corollary 2.3]) Let h be a C?-function on (0,01). Then, we have

Si(D?h(d(x)))

— (—R(d(z)))* k1(T) Fin—1(T)
= (=R ()" S (= ) (@)’ ’1—d(x)f<:n_1(i))
+ (W @) @) S (1= ;(195321(5) T ;(7;_)1&(:_)1(5) )

Proof of Theorem 1.1 For an arbitrary € € (0, min{%, b’“Tl ), let

¢ _( (bp2 +e)(1+¢)+e
" \my(1 - Gy (1 — Do)

wHT (b —e)l—e)—e \mT
)) and 5—6 - (Mk(l . Ck—fl(l _ Dg)))

where my, My, are given as in (1.9), bx; and byo are given as in (bg).
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Using Lemmas 2.1-2.3 and

0 € C?(0,00) N C([0,80)), ©(0) =0,

we see that

i Q@) R (@) 0
d(z)—0 0(d(z)) 1—d(z)kk(T)

_ O(d(z))0' (d(z))

a0 @) P

i (FE DF@@@@)) =
d2)—0  O(d(2)) f(¥r(O(d(2)))) H

k—1
d(li?io g(l — d(z)ki(T)) = 1;

mirg4 (1~ Ck_f (1 =Dg)) = (bra +e)(1 +¢) =€
Myg"EH (1 = G (1= Dy)) = (bra —€)(1 — ) = —e.

611

(3.2)

It follows from (bz) that there is a sufficiently small 6. € (0, min {1, 52—1}) corresponding to e,

such that for o € (0, ),

(bp1 — )0 (d(x) — o) < (bpy — )0F T (d(2)) < b(x), =€ D5 = Q5. /N

b(x) < (bk2 + )0 (d(2)) < (bpo +€)0" T (d(z) + 0), € DI = Qo5 _o;

1—5<H1— )<1l+e, € Q..

Furthermore, there hold for z € Qs;5_,

My (¢ QU@ @ <<k+1>F< H(§--O(d(@))))) 7

= 0(d@) T d@)ai(@) €-Od@) [ (E-6(d(x)))

L b _ ght OLA@)O () <<k+1>F<w< €@<d<x>>>>>k—-’i1)
- 92<d<x>> —-6(d(@)) f (Yr(E--6(d(x)))

— (b —e)(1-2) <

eyt - Q@) @ (k4 DFWeler Ol D))
¥ b(d(@) 1= d(0)ae(@) E-O(d() f(n(€-0(d(@))))

bt - gty QDN ) (b4 DEW(En:O <<>>>>>ki1)
TN TPAR) &e0d@) f(n(€0(d(@)))

— (b2 +e)(1+¢)>0.
Let

di(w) = d(@) —;  do(a) = d(z) +

= (6-O(d1(2), weDy; wu =vp(£40(da(x))), =€ DF.



612 Z. J. Zhang

By Lemma 3.1, where we let h = ¢, (£_.0(t)) and a direct computation, we see that for z € D,

Sk(D?Ue () — (bpr — £)0" T (da (2)) f (r (6O (di (2))))

— (-6 B () (€O D) Su (g i)
(600 ()R (- O () (€ 02 () (6. O(ds ()
6t (0 ()0 (6Ol (0)) Sk (e et )

— (bry — €)0" (di (@) f (i (€O (di ()
—1pk+1
< (1= )76 (@ () (6O (@) (M (641 G =gy
(k4 DP@r(E O @ 1 s Ol )0 (1 (@)
§-c0(di(2))f(Wr(§-cO(dr(2))) 5  7° 0°(dy ()
i

((k+ DF(r(E-cOm @)™y (o
&ﬁ@&ﬁﬂ%@ﬁm%@ﬂﬂ (b =2)(1 =)

<0,

Q) i)

which means that . is a supersolution to equation (1.2) in D_ .

In a similar way, we can show that u, = 3 (§4+:©(d2(x))) is a subsolution to equation (1.2)
in DY.

Now let u € C%(Q) be an arbitrary strictly k-convex solution to problem (1.2) and let M > 0
be a sufficiently large constant such that

u<u.+Mond(x) =20, u <u+M, ondx)=2—o. (3.10)

We observe that u.(x) — oo as d(z) — o, and ulpo = +o0 > u.|sq. It follows from the
comparison principle for k-Hessians (see [16, Lemma 2.1]) that

w<U.+MinD;, u. <u+M in D], (3.11)
ie.,
B M u(x) .
WEO@@)) ey " <P
and
u(z) M _
hEedm@) = @)y P
Hence, for z € D, N D}, by letting o — 0, we have
- M - u(z) u(x) <14 M .
Uk(§40(d(2)) ~ Yr(§4:0(d(2)))"  ¢r(§-cOd(z)) = ¢r(§-O(d(z)))
Then

—u (x) 11m —_———
L il @@y abe™™P Ut od@)) = - (3.12)

Thus letting € — 0 in (3.12), we obtain (1.8).
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Moreover, one can see by Lemma 2.3 that for Cys € [1,00),

GO
d(z)—0 Vp(0(d(2))) ’

holds uniformly for £ € [¢1, co] with 0 < ¢1 < ¢a.

Finally we prove the uniqueness of solutions.

For arbitrary fixed € € (0, 1), let u1, us be two arbitrary strictly k-convex solutions satisfying
problem (1.2). Tt suffices to show that u; < us in Q.

ui(x)

Since lim @ = 1, we see that there is a sufficiently small constant §. > 0 corresponding

d(z)—0 2
to e, such that

ur(z) < (1 +e)us(z), =z €Qp,.

By fS(S)

- is increasing on (0, 00), we deduce that
Sk(D*((1+ e)ua(x))) = (1 +€)"b(x) f(uz(2)) < b(2) f(1 +e)ua(z)), =€ Q.

It follows by the comparison principle for k-Hessian equations that u; < (1+¢)us in Q. Letting
e — 0, we obtain u; < ug in €. This completes the proof of Theorem 1.1.
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