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1 Introduction

The study of hypercontractivity in quantum mechanics dates back to the work of Nelson [1]
who showed that semiboundedness of certain Hamiltonians H associated to a bosonic system can
be obtained from the hypercontractivity of the semigroup e=** : Ly(RY, 1) — Lo(R?, p1), where
L is the Dirichlet form operator for the Gaussian measure p on R?. After some contributions
(see [2-4]), Nelson finally proved in [5] that the previous semigroup is contractive from L, (R?, )

to L, (R%, 1) if and only if e =2 < %. By that time a new deep connection was shown by Gross
tL

)

in [6], who established the equivalence between the hypercontractivity of the semigroup e~
where L is the Dirichlet form operator associated to the measure u, and the logarithmic Sobolev
inequality verified by p. The extension of Nelson’s theorem to the fermonic case started with
Gross’ papers (see [7-8]). Namely, he adapted the argument in the bosonic case by considering
a suitable Clifford algebra C(RY) on the fermion Fock space and noncommutative L, space
on this algebra after Segal [9]. In particular, hypercontractivity makes perfectly sense in this
context by considering the corresponding Ornstein-Uhlenbeck semigroup

UV =N Ly(CRY), 7) = La(C(RY), 7).

Here N—! denotes the fermion number operator. After some partial results (see [7, 10-11]),
the optimal time hypercontractivity bound in the fermionic case was finally obtained by Carlen
and Lieb in [12]:

p—1

1US| Loy = 1 if and only if e=2f < T
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As a by-product, Carlen and Lieb [12] proved that the above hypercontractivity in the fermion

case is equivalent to the following logarithmic Sobolev inequality:
7(|af*) log|al* — ||a|3log [lal3 < 2 (a, N™'a)

for all a € C(RY).

Biane [13] who extended Carlen and Lieb’s work and obtained optimal time estimates for
the ¢-Gaussian von Neumann algebras I';(—1 < ¢ < 1) introduced by Bozejko and Speicher [14]
(see Section 2 for the construction of the von Neumann algebra I'; and a precise definition of
the ¢g- Ornstein-Uhlenbeck semigroup on I';). These algebras interpolate between the bosonic
and fermonic frameworks, corresponding to ¢ = £1. The semigroup for ¢ = 0 acts diagonally on
free semi-circular variables in the context of Voiculescu’s free probability theory (see [15]). As a
consequence, Biane [13] derived from the optimal hypercontractivity inequality for ¢-Ornstein-
Uhlenbeck semigroup Ut(q) =T,(e7'I) a logarithmic Sobolev inequality (see [13, Corollary 1]):

7q(|af* log|al*) — [lal|3 log [lall3 < 2 &4[a]

for all a in D(g), where D(¢) is the domain of Dirichlet form ¢,4[a] = 7,(a*N%a), 74(a) = (Q2, af2),
for all a € T';(H), is the tracial state on I';(#), 2 is the vacuum vector.

In addition, under the framework of inductive limit C*-algebra, Olkiewicz and Zegarlinski
[16] established the relations between hypercontractivity and logarithmic Sobolev inequality on
the basis of suitable regularity condition of corresponding noncommutative Dirichlet form.

We observe that Biane [13] did not characterize the relation between hypercontractivity and
logarithmic Sobolev inequality for ¢g-Ornstein-Uhlenbeck semigroup. Based on the above men-
tioned materials, the main work of this paper is to prove the equivalence of hypercontractivity
and logarithmic Sobolev inequality for g-Ornstein-Uhlenbeck semigroup. This result refines the
work of Biane [13].

This paper is organized as follows. In the first part we describe the ¢-Ornstein-Uhlenbeck
semigroup which was introduced in [17], and related concepts and conclusions. In the second

part, we state our main result and give the proof.

2 @-Ornstein-Uhlenbeck Semigroup

We begin by briefly reviewing the ¢g-Fock spaces F; and the von Neumann algebras I'y (which
are related to the creation and annihilation operators on F,), and the basic concepts and facts
of Markov semigroups and associated noncommutative Dirichlet forms. It is emphasized that

the Hilbert spaces appearing in this paper are all separable.

2.1 The g-Fock spaces F; and the von Neumann algebras I'y

Let H be a real Hilbert space with complexification H¢e. Let € be a unit vector in a 1-
dimensional complex Hilbert space (disjoint from H¢). We refer to  as the vacuum, and by
convention define He®® = CQ. The algebraic Fock space F(H) is defined as

F(H) = PHE™,
n=0
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where the direct sum and tensor product are algebraic. For any ¢ € [—1, 1], we then define a
Hermitian form (-,-), to be the conjugate-linear extension of

(Q,Q),=1;
(1®f®  ®f,010900 - Qgrq =10k Z a1, g ) (Frs Gr (i)

TESk
for f;, g; € H, where S is the symmetric group on k symbols, and i(7) counts the number of
inversions in 7, that is

i(m) =#{(i,5) 1 1 < i< j < k,w(i) >7(5)}.

The form (-, -)_; reduces to the standard Hermitian form associated to the Fermion Fock space.
Similarly, the form (-, -) 1 yields the standard Hermitian form on the Boson Fock space. In each
of these cases the form is degenerate, thus requiring that we take a quotient of F(#) before
completing to form the Fermion or Boson Fock spaces. It is remarkable that, for —1 < ¢ < 1,
the form (-, -), is already non-degenerate on F(H) as below.

Proposition 2.1 (see [18]) The Hermitian form (-,-)q is positive semi-definite on F(H).
Moreover, it is an inner product on F(H) for =1 < ¢ < 1.

For —1 < g < 1, the g-Fock space F,(#) is defined as the completion of F(#) with respect
to the inner product (-, -),. These spaces interpolate between the classical Boson and Fermion
Fock spaces F1 (H) which are constructed by first taking the quotient of () by the kernel of
(+,-)+ and then completing.

As in the clasical theory, the spaces F, come equipped with creation and annihilation
operators. For any vector f € H C Hc, define the creation operator ¢, (f) on F4(H) to extend

C(Z(f)Q:fa
cq(f )i @fi=f0H® - fi

*

T (f ) is its adjoint, which the reader may compute satisfies

The annihilation operator ¢

k
GNOhe 0= ¢ NG @ fi1®fin® 8 fi

j=1

Remark 2.1 Since the cases ¢ = 1 are well known, in the sequel we shall only give proof
of statements for —1 < ¢ < 1.

It can be verified that these operators fulfill the relation

cz(9)eq(f) — acq(f)ey(9) = (f, 9 F, )

for all f,g € Hc, where Iz, (3 is the identity on F,(H).

The operators ¢, ¢; satisfy the above g-commutation relations, which interpolate between
the canonical commutation relations (CCR for short) and canonical anti-commutation relations
(CAR for short) usually associated to the Boson and Fermion Fock spaces. For both Bosons
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and Fermions, the operators ¢y, ¢ also satisfy additional (anti) commutation relation. In the
Boson case, for example, ¢(f) and ¢(g) commute for any choices of f and g. However, that if
g # =1 there are no relations between ¢4 (f) and cq(g) if (f,g) = 0.

When —1 < ¢ < 1, the operators ¢,(f) and c;(f) are bounded on F,(#) with

Ifll(1—¢)~2, f0<g<1,

leg (Ol = ||CZ(f)|| = {|f|, if —1<¢<0,

and they are adjoints of each other with respect to our scalar product (-, -),.
Now we can define I';(7{) for a real Hilbert space H, as the von Neumann algebra of operators
on F,(H) generated by the selfadjoint ¢-Gaussian operators

w(f) =cq(f) +c(f), feH.

It was proved in [14] that ©Q is a cyclic and separating trace vector for I';(H) and the state
T4(a) = (Q,aQ)) for a € T'y(H), is a faithful normal trace on I'y(H).

Let LP(T'y(H), 7,) be the non-commutative LP-spaces with the trace 7, for 1 < p < oo; i.e.,
LP(T4(H),7q) is the completion of T'y(H) = L>(Ty(H), 74) with respect to the norm

lally, = 7l(a*a)%], 1<p < oo,

These spaces share all the functional analytic features of the classical LP-spaces, such as the
uniform convexity for p € (0, 00), duality between LP(I'y(#), 7,) and L¥' (Ty(#), ;) with p~! +
p'~! =1, and Riesz-Thorin interpolation, Hélder’s and Clarkson’s inequalities.

Among the properties of these spaces, in the sequel we will use in particular the following

one.

Proposition 2.2 (see [19, Lemma 3.1]) Ift € R — ¢(t) € LY ,1 < p < oo is differen-
tiable (with respect to the LP-norm) at to, and ¢(tg) # 0. Then t € R — 14(¢(t))? € Ry is
differentiable at to and

t:tg).

d

Cr 0 hmto = 7 (9(10) ™ T)

Remark 2.2 Since 7, is a faithful trace, the map
O :Ty(H) = Fy(H)

defined as ®(a) = a(f) is a continuous imbedding of I';(H) into F,(H) which extends to an
unitary isomorphism of L?(I'y(H),7,) with Fy(H).

2.2 Markov semigroups and Dirichlet form on the above noncommutative space
L*(Tq(H), 1q)
In this subsection we briefly recall the concepts and Deny-Beurling
correspondence of Markov semigroup and the associated Dirichlet form on L*(T(H), 74).
The details can refer to [20-26].
When a € L} (Ty(H),7,), the symbol a A 1 will denote the projection of a onto the closed
convex set {x € L3 (T'q(H),74) : @ < 1}, where 1 is the unit of I'y(H).
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Definition 2.1 A closed, densely defined, nonnegative quadratic form (e, D(g)) on L*(T'y(H), 7,)
s said to be

(1) real if for a € D(e) then J(a) € D(g) and e[J(a)] = €|al;

(2) a Dirichlet form if it is real and ela A 1] < g[al, for a € D(e) N L} (T4(H), 74);

(3) a completely Dirichlet form if the canonical extension (", D(e™)) to L*(Dy(H)@M,(C),77") :

eMlaijli=1] == 32 elayl, s a Dirichlet form for all n > 1, where [a;]};—, € D(") =
ij=1
D(e) ® My, (C), and 7} = 74 @ try, is the faithful, normal trace on the von Neumann algebra

M, (Ty(H)) =T4(H) @ M,(C), here tr, is a normalized trace on M, (C).

Proposition 2.3 (see [20, Proposition 4.5 and Proposition 4.10, 25, Lemma 2.3, 26, Propo-
sition 2.12]) Let (e, D(e)) be a closed, densely defined, nonnegative real quadratic form, and
1 € D(e), where 1 is the unit of T'q(H). Then the following statements are equivalent:

(1) (e,D(¢e)) is a Dirichlet form with respect to 1.

(2) For every real-valued Lipschitz function ¢ : R — R, which satifies |o(t) — o(s)] <
colt — s|,Vt,s € R and ¢(0) = 0, where ¢, is a positive constant, we have e[p(x)] < elx]
whenever x € D(g) N L} (Ty(H), 74)-

(3) e(1,2) >0 for allz € D(e)N L% (Dy(H)), and e[|z|] < e[z] for all z € D(g) N L} (Ly(H)).

Recall that a sub-Markov semigroup {T;};>0 on I'q(H) = L>®(T4(H),74) is a semigroup
consisting of positive normal linear operators on I';(#), such that 731 < 1 and the map ¢ —
Ti(a) from [0,00) to I'y(H) is continuous with respect to the o-weak topology on I'q(#) for
each a € T'y(H); if {T} ® I,,} is sub-Markovian on the von Neumann algebra I';(H) @ M, (C)
for all n > 1, then {7}},;>¢ is called to be completely sub-Markov semigroup, where I,, is the
unit of matrix algebra M, (C).

For 1 < p < oo, we have the following concepts of sub-Markov semigroup on L?(T'y(H), 7).

Definition 2.2 A strongly continuous contractive semigroup {T; = e_tL}tZO consisting of
bounded linear operators on LP(Ty(H),74), p € [1,00), is said to be sub-Markov semigroup,
if 0 < x <1then0 < Tix <1, for all t > 0, where L is the infinitesimal generator of the
semigroup Ty, 1 is the unit of Ty(H); furthermore, if {T; @ I, }4>0 on LP(Ty(H), 14) ® M, (C)
is sub-Markovian for all n > 1, then {T;}1>¢ is called to be completely sub-Markovian.

Theorem 2.1 (Beurling-Deny Correspondence, see [25, Theorems 2.7-2.8, 26, Theorem
3.3]) Given a strongly continuous symmetric semigroup Ty = e~' with infinitesimal generator
L, and the associated quadratic form e[x] = (v/Lz,v/Lz), for x € D(¢) = D(V/L). Then the
following are equivalent:

(1) The form e is a (completely) Dirichlet form.

tL

(2) The semigroup Ty = e~ is (completely) sub-Markovian.

Remark 2.3 (1) From [26, Proposition 3.1] and [27, Theorem 3.3] the (completely) sub-
Markov semigroup on I'y(#) can be extended to (completely) sub-Markov semigroup on
LP(Tg(H), 7q)-

(2) Given a Dirichlet form (, ), if the unit 1 € D(e) then it is called a conservative Dirichlet
form; sub-Markov semigroup 7} is Markovian in case T¢(1) = 1. From the above Theorem 2.1
it is easy to check that {T;} is (completely) Markovian if and only if the associated quadratic
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form is (completely) conservative Dirichlet form.

2.3 @-Ornstein-Uhlenbeck semigroup

Let T : H1 — Hs be a contraction between real Hilbert spaces H;, Ho with complexification
T, then the linear map defined on elementary tensors by

F(T) (i@ fn)=Tc/i®- - @Tcfn

extends to a contraction

Fo(T) : Fg(H1) = Fq(Ha).

Now we define ¢-Gaussian functor I'; as a map
Lg(T) : Tq(H1) = Tg(Ha)

as follows:
(1) Dy(T)w(f) = w(T'f) for f € H;
(2) (Tg(T) (X)) = Fy(T)(XQ).

Proposition 2.4 (see [17, Theorem 2.11]) Let T : H1 — Ha be a contraction between real
Hilbert spaces, then there exists a unique map I'y(T) : Tg(H1) — T'y(Hz2) such that

Ly(T)(X)Q2 = Fy(T)(XQ)

for every X € T'q(H1). Moreover, the map I'(T') is bounded, normal, unital, completely positive
and the trace preserving.

I',(T) is a functor, that is, if Th : H1 — Ha, To : Ho — Hg are contractions, then
Ly(ToTh) = Tg(T2)g(T5).

Thus, by the above Remark 2.3, T';(T") has a completely positive and unital extension on all
LP(Ty(H), 4)-spaces.
Now we can introduce g-Ornstein-Uhlenbeck semigroup as follows (see [17]).

Definition 2.3 Let H be a real Hilbert space, and Ty = e~ t13,t > 0; the completely positive
maps Ut(Q) = Ty(Ty) on T'y(H) = L®T4(H),1q) form a semigroup, called the g-Ornstein-
Uhlenbeck semigroup.

By the meaning of Ut(Q) we see that it is a completely Markov semigroup on I'q(#). From the
above Remark 2.3 it implies that Ut(q) can be extended to completely Markov semigroup on all
noncommutative LP(I',(H), 74)-spaces and Ut(q) = e tN" where its generator on L*(T,(H), ;)
is the number operator given by

NIQ = 0;
and
Ni(fr@-- @ fo) =n(fr®---@fn), fi €Hc(j=1,2--,n)

Then by the above Theorem 2.1 the corresponding quadratic form e[x] = (V N9z, Niz) for
all x € D(v/NY), is a completely conservative Dirichlet form.
Furthermore, Ut(q) has the Feller property as below.
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Proposition 2.5 Ut(Q) is a Feller semigroup, that is, Ut(q)Fq(H) CTy(H) and Ut(Q)F;(H) C
Lr(H).

Proof Indeed, given a fixed orthonormal basis {e; };cn in H, for any subset [ = {1,492, - ,in}
C N, by [17, Proposition 2.7] we can construct the ¢-Wick product ¢y = ¢(e;, ®e;, ®---Qe;, ) €
I'y,(#H) by induction as below:

¢(€z‘k) = W(eik) = cq(eik) + C;(eik);
Pley, ®e, @ ®@e;,) =wle (e, @ - Qej,)

o qu_1<ei1aeik>w(ei1 K& e;k QR ein)'
k=1

Then from the construction of the g-Ornstein-Uhlenbeck semigroup Ut(q), we have Ut(q)d)[ =
e~y Therefore, UV Ty(H) C Ty(H) and UVTF(H) C T (H).

Proposition 2.6 The subset of invertible positive operators in D(e) is dense in every non-
commutative space LP(L'q(H), Tq) with respect to LP-norm for all p > 1.

Proof Given a fixed orthonormal basis {e; };cn in H. For any subset I = {i1,i9, - ,in} C
N, we can construct the ¢-Wick product ¢y = ¥(e;, R e, @ -+~ ®e;,) € I'y(H) (see the above
Proposition 2.5). Then from the construction of the ¢-Ornstein-Uhlenbeck semigroup Ut(q) =
e t™N" we have N%); = n1);, from which follows that ¢); € D(e). Denote by T'y(H) the set of

all finite linear combinations of such operators in ;. It follows that I'y(H) C D(e) since D(e)

is a subspace of L*(I'j(H),7,). Since I';(H) is dense in T'y(H) with respect to the operator
norm, and I'y(#) is dense in every LP(T'y(H), 74) with respect to LP-norm for all p > 1, notice
that the operator norm is stronger than LP-norm, then I‘/q@L/) is dense in every LP(T',(H), 74)
with respect to LP-norm for all p > 1 also. It follows that the subset of positive operators in
I'y(H) is dense in every LP(T'y(H),7,) (p > 1). Furthermore, since N71 = 0, where 1 is the

unit in Iy(H), so that 1 € D(e). Thus, for any positive operator z € I'y(H), then z + 11 is
invertible for any natural number n, and x + %1 converges to x in the operator norm. This

shows that the subset of invertible positive operators in I'y(#), and then the subset of invertible
positive operators in D(e) is dense in every noncommutative space L?(I'y(H), 7,) with respect

to LP-norm for all p > 1.

3 The Main Results and Their Proofs

The main theme of this section is to prove the equivalence of hypercontractivity and loga-
rithmic Sobolev inequality for g-Ornstein-Uhlenbeck semigroup {U”}(—1 < q < 1).

3.1 Hypercontractivity and logarithmic Sobolev inequality

First, recall the concept of hypercontractivity as follows.

Definition 3.1 A Markov semigroup {T;}>0 in the interpolating family LP(Ty(H), 1) is
called hypercontractivity, if for every 1 < p < r < oo there exist a(p,r) > 0 and b(p,r) > 0

such that ¥t > a(p,r) we have | Tyz|, < b(p,r)||z||p, for each x € LP(Tq(H); it is called strictly
hypercontractivity if the constant b(p,r) < 1.
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Remark 3.1 Given a >0 and b > 0, let p(t) = 1 + (p — 1)e . Then the above hypercon-
tractivity in Definition 3.1 is equivalent to the following statement.
For all p € (0,00) one has
Tl < e =70 2]l

for Vt > 0 and each x € LP(T',(H), 74)-
In the commutative case, it is equivalent to ||Tix||s < c||z]|2,VE > 0, here ¢ is a positive
constant (see [28, Chapter 3, Theorem 3.2.2]).

Let Ent(z) = 14(zlogx) — ||| L2 log ||z| L2 denote the relative entropy of a positive element
z. Now we can state the main result of this paper.

Theorem 3.1 Given constants a >0 and b > 0. For p > 1, let p(t) = 1+ (p— 1)e’s, b(t) =

b(}—lj — ﬁ) Then the following statements are equivalent:

() U]y < O], for all z € Ty(H), ¥p > 1, ¥t > 0;

(2) Ent(|z|?) < 2aelx] + b||z||3 for all z € D(e).

We need the following lemma which plays a crucial role for proving the above Theorem 3.1.
It was proved by Biane in [13] (see [13, Lemma 3]), its special case in the Clifford algebra setting

had been proved by Gross in [8] (see [8, Lemma 1.1]). Here we use spectral decomposition to
give a new proof that is different from Biane’s. This lemma is also very interesting itself.

Lemma 3.1 For all invertible positive x € D(e), and 1 < p < 0o, one has
cle¥] < L ez, 2P Y.

That is

P P p
x2, Nigz) < ————
< ) 4(p—1)

Proof First, notice that x is invertible and positive, then there exists a constant ¢ > 0 such

(x, N9gP~1),

that Spec(x) C [c, ||z||]]. Hence, by the above Proposition 2.3 item (2) combining the function
calculus of it is easy to check that % and zP~! are in D(e). By the definition and spectrum
decomposition of N,

p p 1 p P p
(o8, N12%) = Jim Sro[(0F — U0 2%)28];
1
(x, NigP~™1) = (N9g 2P~ 1) = }1_1)% gTq[(x — Ut(q)a:)xp_l].

So, it suffices to prove

2

| < ﬁﬂ][(x - Ut(q)x)xp_l]. (3.1)

P
2

[NIS]

Tl — U2z
For any fixed ¢ > 0. Since Ut(q) is symmetric and Markovian, then for ¢ and 1 positive and
continuous functions on R, 7, [np(:z:)Ut(q) (¥(x))] is positive and linear in ¢ and . Moreover for ¢
and ¢ such that ¢(a) < c|a| and ¥ («) < ¢|a|, where ¢, ¢’ are constants. As a general property
for normal traces on von Neumann algebras (see [25-26]), there exists a positive measure p, on
R\{0} x R\{0} with support contained in Spec(z)xSpec(z) such that p, (e, 8) = p. (8, @) and

Tolp (@)U / / B)dpz (e, B).
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Consider now the quadratic form 7,[z(1 — U?)z]. Notice that U” (1) = 1, we then have

Talo(@)(1 = U™ )p(@)] = mlp(2)? (1 — UL (1))] + 74lo(@) 20 (1) — (@)U (p(2))]
= 7l(2)?UL” (1) — p(@) U (p(2))] = mlp(x)? — (@)U (p(2))].

Therefore we have
rle@)(1 - Ul = 5 [ [lela) - () dusta 6). (3.2

In the following let ¢(a) = a%, o € Spec(x). Take ¢(z) = 22 in the above equation (3.2), we

Tq[(x%_Ut r2)xs) = // B%)dpa(a, B).

obtain

Similarly,
nler o= U] = 3 [ [la= et = o sl ).

Then (3.1) holds true from the above two formulas combining the following fact

2o P a—"b)(a?"t =P, a,b>0, p> 1.
? < g (e - ) ab>

The Proof of Theorem 3.1 First, from [12, Theorem 3] and [13, Lemma 4] we see that
the norm of Ut(q) from L7 (Ty(H),7q) to L} (Tg(H),74) (p,r > 1) is achieved on the positive
cone L% (Ty(H), 74). So it is sufficient to consider hypercontractivity on positive cones. Given
an invertible positive x € D(g), put ¢(t) = e_b(t)HUt(Q)pr(t). By [29, Lemma 2] and the above
Proposition 2.2, a straightforward calculus shows that

d d @
g loset) = 4 (= b(t) + log [|U% 2 pw)
1 dJU2ly

U]y A
1 d

=-b'(t) +

R O ———— (5 S LG CR (1)
10y A6
Since
d (@) N2 5 dr1 (9)
D — il p(t)
iU DO = U 2l g | o ogma(Uf)
(q) p'(t) D Pt 1 1 dHUt(q)ngEg
= Ul | - 55 0g UVl — ,
p?(t) pt) |U P x| dt
p(t)

and since

(@), 1P()
M = ir [(U(Q)x)p(t)]
dt de Int
_ dU(q)x
=17, [(Ut(q)x)p(t) (p/(t)logUt(q)x—|—p(t)(Ut(q)x) 1t_)}7

dt
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then take the above equation to formula (I), we have

d p'(t
Srogo(t) = —4/(6) ~ L\ 1og it

P2 (1) p(t)
1 AUV
+ (U2 (0 (0 og Ul 4 p(0) (U) " =5 )|
pO)Uf V|2
i p'(t) q) p(t) 1 (@), \p(t) (q)
Lllp(t)
(@), \p(t)—1 dUt(q)JC
p(8)—
7y [pu)(m 2O 12D ]. (11)
Notice that de = —N9(UVz), so that
(@), \p(t)—1 dUt(q)x (@) \p(t)—1 77(2)

7y (U2 O 2] = (U2 O UV a).

On the other hand,
Ent(UV2)"®) = 7,[(U 2" og(U;" 2)""] — 7, (U )"V log 7, (U V2" V]]
= (U 2P log (U 2] — U |10 log [|US P al|2(;).

Combing with the above formula (IT) one can obtain

d P'(t) 1 (@) \p(t

log p(t) = —0(t) + ~of — s Ent((U, " 2)PV)
dt p(t)? ”th)xH:D(t) t
p(t)
1
(U 2)pP0=1 D gy, (T11)

10
Assume (1). Since b(0) = 0 and p(0) = p, it follows that p(0) = ||x|/,, then by the hypercon-

tractivity of (Ut(q)) implies that ¢’(0) < 0, which gives, via the above formula (III),

Ent((U(q)x)P(t)) < M Y (t) + ;E((U(q)x)p(t)—l U(q)x) '
t — p/(t) Hqu)ZIJHzEg t » Ut

Let t = 0 and p = 2, from which follows that p(0) = 2, p’(0) = 2, b/(0) = 5-. Therefore, from
the above inequality it implies that

Ent(2?) < 2ag[x] + b||z||3.

Now, given any positive element y € D(e). For any fixed natural number n, then y + 1z is
invertible positive in D(g). By the above proof we have

1 \2 1 1 2
Ent((y + —:z:) ) < 2ae [y + —x} + bHy + —xH )
n n n 2
Notice that

a{y + %x} = <y + %x,Nq (y + %x)> =ely] + %E[m] + %E(x,y).
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Let n — oo, and combining the continuity of norm we obtain
Ent(y?) < 2aely] + blly|l5.
Finally, for general z € D(e), from the above proof we have
Ent(|2]*) < 2ae[]2[] + bl| 3.

Since €[|z|] < €[z] (see the above Proposition 2.3), then combining the above inequality implies
that
Ent(|z]?) < 2ae[z] + b| 2|22

Conversely, assume (2). For a given invertible positive 2 € D(e), we have
Ent(2?) < 2ag[z] + b||z||3.
Replace z with 2%, one can get
Ent(2?) < 2ae[z] + b]la* 3.
By Lemma 3.1 it implies that

ap?
2(p—1)

Ent(zP) < e(a?, z) + blz?.

Set x be Ut(q)x and p be p(t) in the above formula, we have
2
(@) p(t) ap(t) (@) pyp—1 (@) (a) ,1P(1)
(U7 2)") < B e(Ufay = Ufa) + b1 (v)
Notice that the above formula (III),

d P'(t) (@) \p(t
—log p(t) = ———F—= | Ent((U; " z)?")
dt P2() | ULV ]2
P @) p—1 @ Y (Ep()? p(t)
- o () (U )P U x) — T”Ut ||p(t . (V)
Since b(t) = b(L—-k5), p(t) = 1+ (p—1)e™ , then b/(t) = 25} p/(t) = 2(p—1)e ™ . From which
follows that Z ’E) = (';’()t()t)_l), and (;2ft()t) = b. Compare (IV) and (V), then & logp(t) < 0,

thus, £o(t) g 0. Therefore, ¢(t) < ¢(0) = ||z||,- Since the subset of invertible positive elements
in D(e) is dense in all LP(T'y(H), 7,) for all p > 1 (see the above Proposition 2.6), and since
©(t) is continuous in the operator norm, which in turn yields the hypercontractivity of {Ut(Q)}.

Biane (see [13, Corollary 1]) derived a logarithmic Sobolev inequality from strictly hyper-
contractivity. In fact, if @ = 1 and b(t) = 0 in the above Theorem 3.1, the following direct
consequence shows that strictly hypercontractivity and the logarithmic Sobolev inequality in
[13, Corollary 1] is equivalent.

Corollary 3.1 The conditions are the same as in the above Theorem 3.1. Then the following
statements are equivalent:

(1) ||Ut(q)x||p(t) < ||z|lp for all x € Ty(H), Vp > 1, ¥Vt > 0;

(2) Ent(|z|?) < 2 g[z] for all z € D(¢).



626 L. C. Zhang
References
[1] Nelson, E., A quartic interaction in two dimensions, Mathematical Theory of Elementary Particles, M. L.
T. Press, Cambridge, 1966.
(2] Glimm, J., Boson fields with nonlinear self-interaction in two dimensions, Comm. Math. Phys., 8, 1968,
12-25.
[3] Hgegh-Krohn, R. and Simon, B., Hypercontractive semigroups and two dimensional self-coupled Bose
fields, J. Funct. Anal., 9, 1972, 279-293.
[4] Segal, I., Constraction of non-linear local quantum processes I, Ann. of Math., 92, 1970, 462-481.
[5] Nelson, E., The free Markov field, J. Funct. Anal., 12, 1973, 211-227.
[6] Gross, L., Logarithmic Sobolev inequalities, Amer. J. Math., 97, 1975, 1061-1083.
[7] Gross, L., Existence and uniqueness of physical ground states, J. Funct. Anal., 10, 1972, 52-109.
[8] Gross, L., Hypercontractivity and logarithmic Sobolev inequalities for the Clifford Dirichlet form, Duke
Math. J., 43, 1975, 383-396.
[9] Segal, I., A non-commutative extension of abstract integration, Ann. of Math., 57, 1953, 401-457.

[10] Lindsay, J. M., Gaussian hypercontractivity revisited, J. Funct. Anal., 92, 1990, 313-324.

[11] Lindsay, J. M. and Meyer, P. A., Fermionic Hypercontractivity, World Sci. Publ., River Edge, NJ, 1992.

[12] Carlen, E. A. and Lieb, E. H., Optimal hypercontractivity for Fermi fields and related noncommutative
integration inequalities, Comm. Math. Phys., 155, 1993, 27—46.

[13] Biane, P., Free hypercontractivity, Comm. Math. Phys., 184, 1997, 457-474.

[14] Bozejko, M. and Speicher, R., Completely positive maps on Coxeter groups, deformed commutation rela-
tions, and operator spaces, Math. Ann., 300, 1994, 97-120.

[15] Voiculescu, D. V., Dykema, K. J. and Nica, A., Free Random Variables, CRM Monograph Series, American
Mathematical Society, Providence, RI, 1992.

[16] Olkiewicz, R. and Zegarlinski, B., Hypercontractivity in noncommutative LP spaces, J. Funct. Anal.,
161(1), 1999, 246-285.

[17] Bozejko, M., Kiimmerer, B. and Speicher, R., ¢g-Gaussian processes: Non-commutative and classical as-
pects, Comm. Math. Phys., 185, 1997, 129-154.

[18] Bozejko, M. and Speicher, R., An example of a generalized Brownian motion, Comm. Math. Phys., 137,
1991, 519-531.

[19] Kosaki, H., Applications of uniform convexity of noncommutative LP spaces, Trans. of the AMS, 283(1),
1984, 265-282.

[20] Cipriani, F., Dirichlet forms and Markovian semigroups on standard forms of von Neumann algebras, J.
Funct. Anal., 147, 1997, 259-300.

[21] Zhang, L. C. and Guo, M. Z., The characterization of a class of quantum Markov semigroups and associated
Dirichlet forms, ICM 2010, 15 minutes talks, Sessions 9, Functional analysis and applications, Short
communications and poster sessions, Hindustan, Book Agency, India, 2010.8.

[22] Zhang, L. C. and Guo, M. Z., The characterization of a class of quantum Markov semigroups and the
associated operator-valued Dirichlet forms based on Hilbert W*-modules, Acta Math. Sinica (English
series), 29(5), 2013, 857-866.

[23] Zhang, L. C. and Guo, M. Z., Beurling-Deny correspondence of a class of quantum Markov semigroups
and the associated operator-valued Dirichlet forms, ICM 2014, Seoul, 2014.8.

[24] Zhang, L. C., Hilbert C*-module theory and applications, China Science Press, Beijing, 2014.

[25] Albeverio, S. and Hgegh-Krohn, R., Dirichlet forms and Markov semigroups on C*-algebras, Comm. Math.
Phys., 56, 1977, 173-187.

[26] Davies, E. B. and Lindsay, J. M., Non-commutative symmetric Markov semigroups, Math. Z., 210, 1992,
379-411.

[27] Guido, D., Isola, T. and Scarlatti, S., Non-symmetric Dirichlet forms on semi-finite von Neumann algebras,
J. Funct. Anal., 135, 1996, 50-75.

[28] Accardi, L. and Fagnola, F., Quantum Interacting Particle Systems, World Scientific, New Jersey, London,
Singapore, Hong Kong, 2002.

[29] Fuglede, B. and Kadison, R. V., Determinant theory in finite factors, Ann. of Math., 55(3), 1952, 520-530.



